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Abstract
In this paper, second-order macroscopic vehicle traﬃc ﬂow models are discussed from the perspective of
their capability to reproduce stable and unstable traﬃc ﬂow behaviors observed in real traﬃc. To achieve
this goal, a nonlinear traﬃc ﬂow stability criterion is derived using a wavefront expansion technique.
Qualitative relationships between traﬃc ﬂow stability and model parameters are derived for an entire class
of second-order macroscopic traﬃc ﬂow models. The stability criterion is illustrated by numerical results
using the CLAWPACK package for the well-known Payne–Whitham (PW) model. The newly derived
stability results are consistent with previously reported results obtained using both microscopic models and
approximate linearization methods. Moreover, the stability criteria derived in this paper can provide more
reﬁned information regarding the propagation of traﬃc ﬂow perturbations and shock waves in secondorder models than previously established methodologies.
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1. Introduction
Modeling of traﬃc ﬂow has been a key tool to simulate or predict the behavior of transportation systems. An important question regarding the applicability of these models lies in their
capability to replicate how traﬃc congestions, an undesirable phenomenon that is observed in real
traﬃc, occur when disturbances are present in transportation systems. In order to answer the
stability question for a particular model, it is necessary to establish what are the critical model
parameters or traﬃc ﬂow conditions that lead, on one hand, to a stable response to perturbations
or disturbances, or, on the other hand, to a unstable response and therefore to a possible congestion. There is a large body of research that deals with the stability of traﬃc ﬂow. Holland
(1998) discussed traﬃc stability for various well-known microscopic traﬃc ﬂow models, i.e. car
following models. Whitham (1974) presented a stability criterion for a well-known second-order
macroscopic traﬃc ﬂow model, known as the Payne–Whitham (PW) model. Swaroop and Rajagopal (1999) introduced a formal deﬁnition of traﬃc ﬂow stability (based the on macroscopic
traﬃc ﬂow description) and related it to string stability (based on a car-following model). In
Zhang (1999), traﬃc stability analyses are presented for a new second-order continuum traﬃc
model introduced in that paper and for the PW model. Most of these previous works are based
on deterministic traﬃc models. Recently, del Castillo (2001) discussed the propagation of perturbations in dense traﬃc ﬂow using a stochastic approximation approach and a microscopic
model.
The contributions of this paper are twofold. First, a wavefront expansion technique is applied
to an entire class of second-order continuous traﬃc ﬂow models, which allows us to analyze the
shock wave propagation properties of these models. The relevance of this expansion technique lies
in the fact that it is a nonlinear technique and, for that reason, allows us to precisely ﬁnd what are
the global stability conditions under which a perturbation travels along a highway. Using this
technique, it is possible to verify previously established traﬃc ﬂow stability results in the literature, which were obtained with linear and local approximation techniques. In most cases, the
newly results in this paper are in agreement with what has been reported in the literature. In some
cases, however, the conditions derived in this paper for traﬃc ﬂow stability are more precise than
those previously reported. Moreover, in this paper we also determine that, in most second-order
models, downstream-moving waves decay quickly and do not signiﬁcantly aﬀect overall traﬃc
ﬂow. The existence of downstream-moving waves was cited by Daganzo (1995b) as a major deﬁciency of these models, since such waves do not occur in real traﬃc. The second contribution of
the paper is on the use of a numerical tool that employs this wavefront expansion technique to
simulate traﬃc ﬂow. The numerical simulations results are more accurate and conﬁrm the theoretical ﬁndings that explain why, with a proper choice of parameters, most second-order models
can lead to appropriate results in terms of traﬃc ﬂow stability prediction.
This paper consists of six parts. In Section 2, several diﬀerent macroscopic traﬃc ﬂow models are reviewed and a deﬁnition of stability of traﬃc ﬂow is presented. Section 3 discusses the
traﬃc ﬂow characteristics. The stability results using a wavefront expansion technique are presented in Section 4. Traﬃc stability criteria are analyzed using a wavefront expansion technique,
and comparisons among diﬀerent models are discussed. Section 5 presents some numerical
examples to illustrate the stability results in Section 4. Concluding remarks are presented in
Section 6.
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2. Macroscopic traﬃc ﬂow models and stability
In the past 50 years, a signiﬁcant amount of research has been done on macroscopic modeling
of traﬃc ﬂows. In this paper we consider only a one lane highway without any on- or oﬀ-ramps. 3
Let qðx; tÞ denote the highway density, qðx; tÞ the ﬂow and vðx; tÞ the traﬃc velocity at position x
along the highway at time t, respectively. By deﬁnition, qðx; tÞ ¼ qðx; tÞvðx; tÞ. Note that the traﬃc
velocity vðx; tÞ is the average speed of all vehicles on the highway around x. Conservation of
vehicles on the highway gives us the following equation 4
oq oðqvÞ
þ
¼0
ot
ox

ð1Þ

and the velocity dynamics for various models can be written, in the following general form
ov
ov
1 oP 1
þv ¼
þ ðVe  vÞ;
ot
ox
q ox s

ð2Þ

where Ve is the generalized equilibrium velocity, which is given by the steady-state relationship
between highway velocity v and density q (e.g. fundamental diagrams), P is the so-called traﬃc
pressure, and s is the so-called relaxation time, which is the time constant of the regulating traﬃc
velocity v to the equilibrium velocity Ve .
For various macroscopic models, the traﬃc pressure P :¼ Pðq; vÞ, relaxation time s, and the
generalized equilibrium velocity Ve ðq; vÞ 5 are diﬀerent:
1. If s ¼ 0, P ¼ 0, we obtain the LWR ﬁrst-order model (Lighthill and Whitham, 1955; Richard,
1956). 6
2. If P ¼ Ve ðqÞ=2s with Ve ðq; vÞ ¼ Ve ðqÞ, we obtain the PW model (Payne, 1971; Whitham,
1974).
3. Setting P ¼ qH with H ¼ H0 ð1  ðq=qmax ÞÞ results in the model given in Phillips (1979).
4. If P ¼ qH0  gðov=oxÞ, where g is the so-called viscosity coeﬃcient, we obtain the model given
in Kerner and Konh€
auser (1993).
5. If P ¼ ðm=ðc þ 2ÞÞqcþ2 , where m is an anticipation parameter and c a dimensionless constant;
and Ve ðqÞ ¼ Vf , where Vf is the free ﬂow velocity; we obtain the model given in Michalopoulos
et al. (1993). A similar model to that of Zhang (1998) is obtained for P ¼ ð1=3Þq3 Ve02 ðqÞ 7 with
Ve0 ðqÞ ¼ dVe ðqÞ=dq.

3

We can drop this assumption by adding relaxation terms in the conservation laws.
In this paper we assume that the traﬃc ﬂow variables qðx; tÞ, qðx; tÞ and vðx; tÞ are diﬀerentiable.
5
For most second-order traﬃc ﬂow models, Ve is only a function of density q, i.e. Ve ðq; vÞ ¼ Ve ðqÞ. However, here we
extend this assumption, and consider Ve ðv; tÞ to be a function of both density q and ﬂow velocity v, in order to
accommodate various models.
6
To see this fact, multiply s on both sides of Eq. (2) and let s ¼ 0. Then we obtain v ¼ Ve . Combining Eq. (1) and
v ¼ Ve gives the LWR traﬃc model.
7
In this paper, for simplicity, we consider Ve ðqÞ to be piecewise linear in ZhangÕs model, thus Ve00 ðqÞ ¼ 0. If other
complicated functions are used for the fundamental diagram, the results are similar but are more diﬃcult to compute.
4
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6. If P ¼ qAv2 , where A ¼ AðqÞ is a density-dependent function, and
"
#

2
A
qa Tv
Bðdv Þ ;
Ve ðq; vÞ ¼ Ve ðqÞ 1 
Aðqmax Þ 1  qa =qmax
where qa is the density at point xa ahead of x, Bðdv Þ is a macroscopic interaction term and Ve ðqÞ is
the normal fundamental diagram relationship between v and q, we obtain the model given in
Treiber et al. (1999).
We only listed a few continuous traﬃc ﬂow models above. There exists a class of traﬃc ﬂow
models, which are given in the form of discrete space domain and continuous time domain
equations, such as those presented by Cremer and Papageorgiou (1981), Papageorgiou et al.
(1989) and Daganzo (1994). These models are similar to the above continuous models, but use
space discretization and incorporate other modiﬁcations, such as nonlinear density saturation
functions, etc.
Each of these models has been tested either by simulation or against actual traﬃc ﬂow measurements. In this paper we will not discuss or evaluate which traﬃc model more accurately ﬁts
real traﬃc data. Instead, we will analyzed the stability properties of all these second-order models
under perturbed initial conditions, assuming dense traﬃc ﬂow. Since second-order traﬃc models
have been and continue to be widely used for traﬃc ﬂow studies for various purposes, we believe
that a systematic investigation of their stability properties, under several equilibrium states, is
important to better understand their intrinsic properties. A few stability results using linearization
techniques have been reported in the literature for some speciﬁc second-order traﬃc models, such
as the Whitham (1974) and Zhang (1999) models. However, prior to this paper, there did not exist
a uniﬁed nonlinear study of second-order traﬃc models. This paper ﬁlls this gap.
First, we should deﬁne the stability of the system described by Eqs. (1) and (2). In this paper, we
mainly focus on the following deﬁnition of traﬃc ﬂow propagation stability.
Deﬁnition 1 (Traffic flow propagation stability). Let qe ðx; tÞ ¼ ½qe ðx; tÞ; ve ðx; tÞT denote the nominal equilibrium state of the traﬃc system on a highway with length L. Let qp ðx; tÞ be a perturbed
state. The traﬃc ﬂow qe ðx; tÞ is propagation stable under perturbation traﬃc state qp if the spatial
gradient of the perturbed state is bounded, i.e. kðoqp =oxÞðx; tÞk < 1, for 8t > 0, x 2 ½0; L. If, in
addition to the above, limt!1 kðoqp =oxÞðx; tÞk ¼ 0, then, the traﬃc state qe is asymptotically
propagation stable.
The wavefront of a traﬃc system can be illustrated by Fig. 1. Consider a pair of equilibrium
states, qe ¼ ½qe ; ve , of the traﬃc system. If there is a perturbation at position x0 , then the
wavefront is the propagation curve of such perturbation along the unperturbed density and
velocity. If a traﬃc system is propagation stable, then the magnitude of the initial perturbation
should not increase during its propagation. On the other hand, if a traﬃc system is propagation
unstable, a perturbed density or velocity wave may increase in magnitude as it propagates and
ﬁnally form a shock wave or bottleneck on the highway. In this paper, we focus on how a
perturbed density or velocity proﬁle propagates if we use a second-order model to model traﬃc
behavior.
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Fig. 1. A schematic of a solution surface, wavefront and wavefront trace with an initial C 1 discontinuous condition
qðx0 ; 0Þ.

(a)

(b)

Fig. 2. A schematic of perturbed traﬃc density and velocity proﬁles (a) density qðx; tÞ; (b) velocity vðx; tÞ.

The above deﬁnition of traﬃc ﬂow propagation stability is diﬀerent from that used by Swaroop
and Rajagopal (1999), who used the deﬁnition of stability in the sense of Lyapunov for distributed
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parameter dynamic systems. We believe that the traﬃc ﬂow propagation stability deﬁnition used
in this paper is more akin to that used by traﬃc engineers, who in general refer to traﬃc instability
as the formation of a shock wave.
It is important to distinguish between small and large perturbations in the stability analysis of
traﬃc systems (see Fig. 2). Most transportation researchers have used linearized methods to
analyze traﬃc stability by assuming that the perturbations are small. For example, Whitham
(1974), Swaroop and Rajagopal (1999) and Zhang (1999). The approximate linearization stability
analysis of the nonlinear PDE system (1) and (2) is only valid when the magnitude of the perturbations is small, since the analysis neglects higher order terms. However, when the perturbation is fairly large, the linearization method may produce incorrect results as pointed out by
Whitham (1974). Therefore, it is necessary to use other techniques to analyze traﬃc stability under
large perturbations. In this paper, we discuss such an approach by utilizing a wavefront expansion
technique.

3. Traﬃc ﬂow characteristics
To discuss traﬃc ﬂow stability we need to ﬁrst investigate the characteristic velocity of a traﬃc
system given by Eqs. (1) and (2). The importance of the so-called characteristic curves is that all
perturbations propagate along these curves on the highway. Therefore, the characteristics of a
traﬃc system give intrinsic information regarding wave propagation. This important fact and
several methods for calculating the characteristics for speciﬁc second-order models have been
reported in literature, e.g. Whitham (1974) and Zhang (1999). However, there is no systematic
description of such a consideration in transportation engineering.
From now on, we use shortened notations to denote partial derivatives, for example,
qx :¼ oq=ox. We also assume that the traﬃc pressure function Pðq; vÞ : Rþ  Rþ 7!R is smooth,
i.e. P :¼ Pðq; vÞ 2 C1 ðRþ  Rþ Þ. We thus rewrite Eq. (1) as
qt þ vqx þ qvx ¼ 0
and using the fact P ¼ Pðq; vÞ, rewrite Eq. (2) as


1
1
1
vt þ Pq qx þ v þ Pv vx ¼ ðVe  vÞ:
q
q
s

ð3Þ

ð4Þ

Consider the full diﬀerentials of qðx; tÞ and vðx; tÞ as follows:
dqðx; tÞ ¼ qx dx þ qt dt;

ð5Þ

dvðx; tÞ ¼ vx dx þ vt dt;

ð6Þ

and write Eqs. (3)–(6) in matrix form
32 3 2
3
2
1
v
0  q 
0
qt
7
6 7 61
6 0 1 Pq 1
v þ q1 Pv 7
q
76 qx 7 ¼ 6 s ðVe  vÞ 7:
6
5
5
4
4 dt dx
4
vt
dq 5
0
0
vx
dv
0
0
dt
dx
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To admit discontinuous solutions (shocks) for qðx; tÞ and vðx; tÞ, which are observed in real traﬃc
ﬂow, it is necessary that the coeﬃcient matrix of partial derivatives be singular.
Therefore, the characteristic velocities vc are given by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dx
1
1
vc :¼
ðPv Þ2 þ Pq :
ð7Þ
¼ v þ Pv 
dt
2q
4q2
For each of the diﬀerent models discussed above, the characteristic velocities have the following
formulae:
1. For the PW model, P ¼ Ve ðqÞ=2s, and
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 oVe
vc ¼ v  
:
2s oq
2. For PhillipsÕs
model, P ¼ Hﬃ 0 qð1  ðq=qmax ÞÞ and
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


2q
vc ¼ v  H0 1 
:
qmax
cþ2
3. For MichalopoulosÕ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ model P ¼ ðm=c þ 2Þq and
vc ¼ v  mqcþ1 ;

and, for ZhangÕs model, P ¼ ð1=3Þq3 Ve0 2ðqÞ and
vc ¼ v  jVe0 ðqÞjq:
4. For TreiberÕs
model, P ¼ qAðqÞv2 and i
h
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vc ¼ v 1 þ AðqÞ  A2 ðqÞ þ A þ qA0 ðqÞ :
Remark 1. From the above calculations we ﬁnd that, for all the second-order traﬃc ﬂow models
considered in this paper, one of the solutions of the characteristic velocity is larger than the average traﬃc ﬂow velocity v. This is not realistic, since shock waves do not propagate in the
downstream direction in actual highways. This fact has been criticized by Daganzo (1995b) as a
major deﬁciency of most second-order models. Several researchers, such as Liu et al. (1998) and
del Castillo et al. (1994), have proposed some modiﬁed second-order models in which all characteristic velocities are smaller than the average vehicle traveling velocity. However, such modiﬁcations are limited to some speciﬁc situations and the resulting modiﬁed models lack physical
interpretations. From Eq. (7), the characteristic velocity vc 6 v iﬀ
Pv 6 0;

Pq 6 0

and

1 2
P þ Pq P 0:
4q2 v

ð8Þ

Even though there is such a major deﬁciency as discussed above, we investigate the stability
conditions for the various second-order traﬃc models in this paper because most second-order
models have been applied to either simulation tests or real traﬃc measurements and have been
validated to capture some important properties of traﬃc systems. More importantly, in this paper
we ﬁnd that, for most second-order traﬃc models, the perturbation that travels faster than traﬃc
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decays quickly. Numerical examples in Section 5 illustrate this fact. Therefore, we believe that the
eﬀect of such a deﬁciency in some second-order models may not be signiﬁcant under proper tuning
of the model parameters.

4. Stability results
In this section we discuss the propagation stability conditions for second-order traﬃc ﬂow
models (Eqs. (1) and (2)) under large perturbations. Here we consider a fairly large perturbation
around the equilibrium density qe and average velocity Ve . Fig. 2 shows a schematic of such a
perturbation versus small perturbations. Suppose that traﬃc has a constant traﬃc density q0 ¼ qe
and velocity v0 ¼ Ve ðqe Þ, where the (qe ; Ve ðqe Þ) pair is on the fundamental diagram. Obviously,
q0 ; v0 are the solutions of Eqs. (1) and (2). Assume a disturbance, such as a ‘‘bump’’ in Fig. 2,
around the density q0 and its corresponding equilibrium velocity v0 . Without loss of generality,
assume that the ﬁrst derivative of the density proﬁle around the wavefront P is discontinuous. 8
It is convenient to expand the solution of the system around the wavefront in powers of
f ¼ x  X ðtÞ;

ð9Þ

where X ðtÞ is the location of the wavefront P at time t and the wavefront has the characteristic
velocity vc at the equilibrium states, i.e.
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1
0
P 
ðP0 Þ2 þ P0q
ð10Þ
X_ ðtÞ ¼ vc ðq0 ; v0 Þ ¼ v0 þ u0 ¼ v0 þ
2q0 v
4q20 v
and
1 0
P 
u0 :¼
2q0 v

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  0 2
P þ P0q ;
4q20 v

P0v ¼ Pv jðq0 ;v0 Þ

and P0q ¼ Pq jðq0 ;v0 Þ :

Using Eq. (9), we can expand the ﬂow variables q and v behind the wavefront in a power series
of f as
qðx; tÞ ¼ q0 þ fq1 ðtÞ þ 12f2 q2 ðtÞ þ    ;

ð11Þ

vðx; tÞ ¼ v0 þ fv1 ðtÞ þ 12f2 v2 ðtÞ þ    ;

ð12Þ

where


oi q 
qi ðtÞ ¼ i 
;
ox ðX ðtÞ ;tÞ


oi v 
vi ðtÞ ¼ i 
;
ox ðX ðtÞ ;tÞ

i ¼ 1; 2; 3; . . .

We now calculate the partial derivatives of state variables q and v, using Eqs. (11) and (12),
qt ¼ X_ ðtÞq1 ðtÞ þ fq_ 1 ðtÞ þ f½X_ ðtÞq2 ðtÞ þ 12f2 q_ 2 ðtÞ þ    ;

8

ð13aÞ

This assumption can be generalized. For example, if the mth derivatives of q and v are the ﬁrst ones to be
discontinuous, the expanded power series (Eqs. (11) and (12)) beyond q0 and v0 start with the term in fm .
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qx ¼ q1 ðtÞ þ fq2 ðtÞ þ 12f2 q3 ðtÞ þ    ;

ð13bÞ
1 2
f v_ 2 ðtÞ
2

vt ¼ X_ ðtÞv1 ðtÞ þ f_v1 ðtÞ þ f½X_ ðtÞv2 ðtÞ þ
vx ¼ v1 ðtÞ þ fv2 ðtÞ þ

1 2
f v3 ðtÞ
2
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þ ;

ð13cÞ

þ 

ð13dÞ

Similarly, for P and Ve ðqÞ, we obtain
Pv ¼ P0v þ f½P0vq q1 ðtÞ þ P0vv v1 ðtÞ þ    ;

ð14aÞ

Pq ¼ P0q þ f½P0qq q1 ðtÞ þ P0qv v1 ðtÞ þ    ;

ð14bÞ

Ve ðq; vÞ ¼ Ve0 þ f½ðVe Þ0q q1 ðtÞ þ ðVe Þ0v v1 ðtÞ þ    ;

ð14cÞ

where
0

Ve0 :¼ Ve ðq0 Þ;

ðVe Þq :¼

oVe
j
oq ðq0 ;v0 Þ

oVe
j
:
ov ðq0 ;v0 Þ

0

and ðVe Þv :¼

Substituting Eqs. (13a)–(13d) and (10) into Eq. (3) and Eqs. (13a)–(13c) and (14a)–(14c) into
Eq. (4), for the coeﬃcients of the ﬁrst two terms f0 and f1 , we obtain
q1 u0 þ q0 v1 ¼ 0;

ð15aÞ

q_ 1  q2 u0 þ 2q1 v1 þ q0 v2 ¼ 0;
q0 v1 u0 þ
q0 q_ 1 þ

v1 P0v

v2 ðP0v

q1 P0q

¼ 0;

 q0 u0 Þ þ

q2 P0q

þ

ð15bÞ
ð15cÞ
þ

q1 v1 ð2P0qv

 u0 Þ þ

v21 ðq0

þ

P0vv Þ

þ

q21 P0qq

1
þ ½v1  ðVe Þ0q q1  ðVe Þ0v v1  ¼ 0:
ð15dÞ
s
For Eqs. (15b) and (15d), notice that the coeﬃcients of terms q2 and v2 are linearly dependent
since


u0
q0
¼ q0 u20  P0v u0  q0 P0q ¼ 0
det
P0q P0v  q0 u0
and therefore q2 and v2 can be eliminated. Plugging q1 ¼ ðq0 =u0 Þv1 in Eqs. (15b) and (15d), we
obtain
v_ 1 þ av1 þ bv21 ¼ 0;

ð16Þ

where
q0 u0
 1  ðVe Þ0v 
a¼ 
s 2q0 u0  P0v
Notice that
v1 ðtÞ ¼

ovðx; tÞ 
  ;
ox ðX ðtÞ ;tÞ

ðVe Þ0q q0
u0



!
;

b¼

o
q0 oq

2

þ
P0 þ 2q0 P0q


:
u0 2q0 u0  P0v
u0 ovo
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Table 1
Stability conditions for the system given by Eq. (16)
Parameters a and b

Stable region

Unstable region

b > 0,
b > 0,
b > 0,
b < 0,
b < 0,
b < 0,
b ¼ 0,
b ¼ 0,

v1 ð0Þ 2 ½a=b; 1Þ, v1 ðtÞ ! 0
v1 ð0Þ 2 R, v1 ðtÞ ! 0
v1 ð0Þ 2 ½0; 1Þ, v1 ðtÞ ! a=b
;
v1 ð0Þ 2 ð1; a=bÞ, v1 ðtÞ ! 0
v1 ð0Þ 2 ð1; 0Þ, v1 ðtÞ ! a=b
v1 ð0Þ 2 R, v1 ðtÞ ! 0
;

v1 ð0Þ 2 ð1; a=bÞ, v1 ðtÞ ! 1
;
v1 ð0Þ 2 ð1; 0Þ, v1 ðtÞ ! 1
v1 ð0Þ 2 R, v1 ðtÞ ! 1
v1 ð0Þ 2 ða=b; 1Þ, v1 ðtÞ ! 1
v1 ð0Þ 2 ð0; 1Þ, v1 ðtÞ ! 1
;
v1 ð0Þ 2 R, v1 ðtÞ ! 1

a>0
a¼0
a<0
a¼0
a>0
a<0
a>0
a<0

is namely the slope of the wavefront at point P (in Fig. 2). The above Riccati equation gives the
slope evolution at the wavefront. The propagation stability of Eq. (16) can thus be analyzed in
terms of the initial condition v1 ð0Þ and the parameters a and b. Table 1 shows the stability conditions of the system given by Eq. (16). Moreover, the solution of the Riccati equation (16) is given as
v1 ðtÞ ¼

a
eat


;
b 1þ a
 eat
bv1 ð0Þ

ð17Þ

where v1 ð0Þ is the initial condition for v1 ðtÞ at t ¼ 0.
For the second-order traﬃc ﬂow models that were discussed in Section 2, we can use the above
results to calculate the stability criterion for various models. There are two diﬀerent characteristic
velocities for second-order traﬃc models: one moving downstream at speed v0 þ u01 (>v0 ) and
another moving upstream at speed v0 þ u02 (<v0 ), where u01 and u02 are two values of u0 given by
Eq. (10).
Notice that, for the downstream-moving characteristic velocity vc ¼ v0 þ u01 with u01 > 0, and
for most second-order traﬃc models, P0v ¼ 0, ðVe Þ0v ¼ 0 and ðVe Þ0q < 0. Thus,
!
0
jðVe Þq jq0
1
 1; b > 0:
1þ
a¼
2s
u0
As a consequence the magnitude of a downstream-moving perturbation at characteristic speed
v0 þ u01 decays to zero quickly, since v1 ðtÞ ! 0 quickly by the solution (17) for v1 ð0Þ P  a=b. We
can therefore neglect the eﬀect of the forward moving branch of the perturbation for most secondorder traﬃc models.
In the following, we consider the solution branch for which the characteristic velocity v0 þ u02
satisﬁes u02 < 0, i.e. the upstream moving branch.
1. For the PW model,
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ve ðqÞ
V 0 ðq Þ
; u02 ¼   e 0
P¼
2s
2s
and
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1  q0 2Ve0 ðq0 Þs ; b ¼ 1:
a¼
2s
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Thus, from Table 1 in order for traﬃc ﬂow perturbations to have stability for any initial condition
v1 ð0Þ > a=b, we need a P 0. Therefore we obtain the condition
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  q0 2Ve0 ðq0 Þs P 0;
which can be rearranged as
1
P  q20 Ve0 ðq0 Þs:
ð18Þ
2
The ‘‘negative’’ sign in the above inequality arises because Ve0 ðqÞ 6 0. Condition (18) is the same as
that given in Whitham (1974) and Holland (1998). However, in Whitham (1974) and Holland
(1998), the stability conditions were derived using an approximate linearized stability analysis,
and a microscopic traﬃc model, i.e. a car-following model, respectively.
2. For PhilipsÕs model,
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



ﬃ
q
2q
; u02 ¼  H0 1 
;
P ¼ qH0 1 
qmax
qmax
and

0
a¼

1

C
1B
q0 Ve0 ðq0 Þ
B1 þ rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C;


@
A
2s
2q0
H0 1  qmax

b¼

qmax  3q0
:
qmax  2q0

Assume that q0 6 qmax =3, then b P 0. In order to have stability for any initial condition v1 ð0Þ >
a=b, we need a P 0, therefore the stability condition is
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
H0
H0
:
ð19Þ

q0 6 H0 þ
2
0
qmax Ve ðq0 Þ
qmax Ve02 ðq0 Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3. For MichalopoulosÕ model, P ¼ ðm=ðc þ 2ÞÞqcþ2 , u02 ¼  mqcþ1 . Noticing that Ve ¼ Vf is
independent of q and v, we have
1
cþ3
; b¼
:
2s
2
Thus, for any initial conditions v1 ð0Þ > a=b, the system is stable.
For ZhangÕs model, P ¼ ð1=3Þq3 Ve0 2, u02 ¼ jVe0 ðqÞjq and
a¼

ð20Þ

1
a ¼ ; b ¼ 2:
s
Since b > 0, a > 0, the slope of the perturbations around the wavefront converges to zero for
v1 ð0Þ > a=b, according to Table 1. This result is similar to the stability criterion found in Zhang
(1999). In Zhang (1999) the author claimed that the new model was ‘‘inherently stable, as is the
LWR model, in the sense that the magnitude of a small disturbance in the traﬃc stream does
not grow without a bound’’. A linearized approximation was used to ﬁnd the stability result in
Zhang (1999). However, the stability results that were derived in this section for ZhangÕs model
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are more precise since the slope magnitude of the disturbance does asymptotically converge to
zero.
4. For the gas-kinetic-based
traﬃc model (GKT model) proposed
in Treiber et al. (1999),
h
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi
2
2
0
P ¼ qAðqÞv and u02 ¼ v0 Aðq0 Þ  A ðq0 Þ þ Aðq0 Þ þ q0 A ðq0 Þ . In Treiber et al. (1999), the
density-dependent function AðqÞ and generalized equilibrium velocity Ve ðq; vÞ are given by




q  qc
AðqÞ ¼ A0 þ DA tanh
þ1 ;
Dq
"
#

2
AðqÞ
qa Tv
Bðdv Þ :
Ve ðq; vÞ ¼ Ve ðqÞ 1 
2Aðqmax Þ 1  qa =qmax
Thus,
(
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2 
)
A20 þ A0 þ q0 A00  A0
q0 Ve0 ðq0 Þ Bðdv Þ
qa TVe ðq0 Þ
q0 A00 A0 q0 Ve0 ðq0 Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
a¼
þ
A0 þ
þ
;
2u0
Ve ðqÞu0
qmax 1  qa =qmax
Ve ðq0 Þu0
s A20 þ A0 þ q0 A00
#
"
2
1
o
o
ﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q0 þ u0
P0 þ 2q0 P0q > 0:
b ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
oq
ov
s A20 þ A0 þ q0 A00 ð A20 þ A0 þ q0 A00  A0 Þ

where A0 :¼ Aðq0 Þ and A00 :¼ A0 ðq0 Þ. Considering b > 0 and the stability condition in Table 1 for
v1 ð0Þ > a=b, we need

2 

q0 Ve0 ðq0 Þ Bðdv Þ
qa TVe ðq0 Þ
q0 A00 A0 q0 Ve0 ðq0 Þ
þ
A0 þ
þ
> 0:
ð21Þ
1
Ve ðq0 Þu0
qmax 1  qa =qmax
Ve ðq0 Þu0
2u0
If q0 satisﬁes the above condition, we can guarantee traﬃc ﬂow propagation stability.
For most second-order traﬃc models, a > 0; b > 0. If the initial slope of the velocity perturbation v1 ð0Þ satisﬁes v1 ð0Þ P  a=b, then the magnitude of the perturbation reduces to zero and
perturbed traﬃc returns to the equilibrium state. If v1 ð0Þ < a=b, then the perturbation will form
a shock wave. We can estimate the time tf from t ¼ 0 when a shock wave has been formed as


1
a 1
tf ¼  ln 1 þ
;
ð22Þ
a
b v1 ð0Þ
since v1 ðtf Þ ! 1 using Eq. (17).
In the above analysis, we did not discuss the stability property of the ﬁrst-order LWR model
because it has been shown that the LWR model propagates any perturbation upstream with
characteristic velocity vc ¼ Ve ðqÞ þ qVe0 ðqÞ (< Ve ðqÞ) (Whitham, 1974; LeVeque, 1992). This result
can be easily obtained using the techniques presented in this section. We have however not applied
the wavefront expansion technique to the kinetic model proposed by Kerner and Konh€auser
(1993), due to the fact that the existence of the viscosity term o2 v=ox2 in that model will smooth the
wavefront even though the so-called viscosity coeﬃcient g may be tiny. Therefore, the proposed
technique will not give us a correct prediction. A linearized stability condition has been given by
Kerner and Konh€
auser (1993) for a circular highway.
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5. Numerical examples
In this section we illustrate the results of the previous section with some numerical examples.
Computing numerical solutions for conservation equations such as Eqs. (1) and (2) is diﬃcult
because of the subtlety involved in capturing discontinuous solutions such as shock waves. There
are diﬀerent numerical schemes for traﬃc ﬂow computations, such as the ﬁnite diﬀerence methods
used in Daganzo (1995a), Helbing and Treiber (1999), Liu et al. (1997), and RoeÕs ﬂux diﬀerence
splitting method by Leo and Pretty (1992). More details on numerical methods for conservation
laws can be found in LeVeque (1992).
CLAWPACK LeVeque (2000) is one of these packages which have been developed recently
using more accurate numerical methods for conservation laws. It is based on the wave propagation algorithms of LeVeque (1997). Rewriting the macroscopic traﬃc model (1) and (2) in a
conservation form as follows:



  
0
qv
q
þ
¼ q
ð23Þ
ðVe  vÞ
qv2 þ P x
qv t
s
and denoting p ¼ ½q qvT 2 R2 , fðpÞ ¼ ½qv qv2 þ PT 2 R2 and wðpÞ ¼ ½0 ðq=sÞðVe  vÞT 2 R2 , Eq.
(23) can be rewritten as
pt þ fðpÞx ¼ wðpÞ;

ð24Þ

which is in the form that can be integrated by the CLAWPACK wave propagation algorithms.
In what follows, we apply this numerical scheme to the PW macroscopic traﬃc ﬂow model. For
the PW model, the parameters and fundamental diagram are taken from Table 2 (Payne, 1979).
In order to test the traﬃc ﬂow stability condition that was
in the previous section, we
pobtained
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0
need to ﬁrst check the stability criterion (18). Since l ¼ Ve ðqÞ=2s ¼ constant, we need to
modify the stability criterion (18) as follows:
1þ

Ve0 ðq0 Þq0
P 0:
l

From Table 2 we can compute the critical density qc by solving the above algebraic equation, with
0 6 q0 6 26 veh=km=lane or qc1 ¼ 52:4 6 q0 6 qc2 ¼ 114:7 veh=km=lane; q0 2 ½0; qmax ;
where qmax ¼ 143 veh/km/lane is given by the PW model. Note that the critical density given by
the PW fundamental diagram is qc ¼ 30 veh/km/lane and that the characteristic velocity is

Table 2
Parameters for the PW model
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s (s)
l ¼ Ve0 ðqÞ=2s (km/h)
25

56

Ve ðqÞ (veh/km/lane)
#

 q 
 q 2
 q 3 $
þ8
Ve ¼ min 88:5; 88:5 1:94  6
 3:93
143
143
143
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Fig. 3. Computed results for PW model (a) density q; (b) velocity v.

vc ¼ v0  l and l ¼ 56 km/h (equivalently q ¼ 51:5 veh/km/lane). In order to guarantee that the
perturbation waves propagate backwards, the stability region for the equilibrium density is given
by
qc1 ¼ 52:4 6 q0 6 qc2 ¼ 114:7 veh=km=lane;

q0 2 ½0; qmax :

ð25Þ

We design the following steady-state density proﬁle as an initial condition to test the above
results.
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(a)

(b)

Fig. 4. Time snapshot results for PW model (a) density q; (b) velocity v.

(
qðx; 0Þ ¼

q0 þ Dq cos
q0



2pðxx0 Þ
4Dx



x0  Dx 6 x 6 x0  Dx;
other x 2 ½0; L;

ð26Þ
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Fig. 5. Computed results for PW model (unstable) (a) density q; (b) velocity v.

where L ¼ 15 000 m is the length of the highway. In our computations, we assume that the
highway is long enough so that we do not need to feed the speciﬁc boundary conditions, and zero
order extrapolation is used instead. 9
9

We can apply other boundary conditions. However, in this paper, we only test the stability criterion.
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(a)

(b)

Fig. 6. Time snapshot results for PW model (unstable) (a) density q; (b) velocity v.

The ﬁrst scenario is a simulation of a stable situation. We choose the following initial conditions in Eq. (26):
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q0 ¼ 75 veh=km=lane;

Dq ¼ 10 veh=km=lane;

x0 ¼ 10 000 m;

Dx ¼ 500 m

and the numerical results are given in Figs. 3 and 4.
The second scenario is a simulation of an unstable situation. We choose the following initial
conditions in Eq. (26):
q0 ¼ 115 veh=km=lane;

Dq ¼ 10 veh=km=lane;

x0 ¼ 10 000 m;

Dx ¼ 500 m

and the numerical results are given in Figs. 5 and 6.
From above two examples, we observe that there are two perturbed waves generated by the
initial conditions: one is moving forwards and the other backwards. The magnitude of the forward wave is much smaller than that of the backward wave. Moreover, the forward wave disappears quickly and the backward wave does not. For the ﬁrst case, qc1 6 q0 6 qc2 , and by the
analysis, both the backward and forward perturbed waves die out, so the perturbed waves become
ﬂat around q0 . However, for the second case, q0 > qc2 , the backward wave becomes divergent and
it ﬁnally generates a shock wave, even though the forward wave dies out.
6. Conclusions
In this paper we discussed the traﬃc ﬂow propagation stability using a nonlinear stability
analysis technique. We ﬁrst deﬁned traﬃc ﬂow stability by using macroscopic traﬃc ﬂow variables. A generalized macroscopic traﬃc model was used for nonlinear stability analysis through
the wavefront expansion method. A generalized stability criterion for macroscopic stability was
proposed. For various existing second-order macroscopic models we calculated the stability
conditions and compared them with stability conditions that were obtained through linearized
analysis by previous authors. We found that the proposed stability analysis yields the same
conditions as previously obtained results, in the case where such results existed. However, the
nonlinear stability analysis in this paper gives more precise stability information along the perturbation propagation than previous approximate linear stability approaches. Moreover, stability
conditions were obtained for nonlinear models, which were not previously analyzed using
linearization techniques. A very interesting fact that was found in this study is that the downstream-moving propagation, which travels faster than traﬃc in second-order models and which,
as pointed out by Daganzo (1995b), constitutes a major deﬁciency of most to second-order
models, since it does not occur in actual systems, decays quickly. Some numerical examples have
been presented to illustrate the theoretical results obtained in this paper. The numerical calculations are based on CLAWPACK, a computational package for conservation laws. The numerical results conﬁrm the stability analysis for a PW model. The stability condition found in this
paper can be further used for prediction of traﬃc stability and to perform a qualitative analysis of
the relationships between traﬃc behaviors and traﬃc model parameters and structures.
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