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Abstract
The ability to precisely and efficiently manipulate nano- and micro-scale objects is a key step in enabling applications in areas 
such as nano-medicine and nano/micro-device assembly. In this paper, we propose and demonstrate real-time motion-planning 
algorithms for effectively steering multiple nanowires simultaneously in fluid suspension using electric fields. The proposed 
motion planners ����∗ and learning-����∗ ( �����∗ ) are built on and extended by sparse-structure, Rapidly-exploring Random 
Tree (RRT)-based motion-planning algorithms. The algorithms also use heuristics to effectively guide the search process to 
quickly generate initial solutions. In order to reduce the online computational cost, the �����∗ algorithm shifts the intensive 
computation of optimal additive cost metric to offline training using a supervised learning method. Compared with the previ-
ously developed network-flow and RRT-based algorithms, the ����∗ and �����∗ guarantee the asymptotically near-optimal 
trajectories of multiple nanowires. Moreover, the algorithms do not restrict in theory the maximum number of nanowires 
that can be simultaneously controlled. We present simulation and experimental results to demonstrate the minimum-time 
performance of the motion-planning and control design. The results demonstrate that the proposed algorithms significantly 
reduce the computational cost and increase the efficiency of manipulating multiple nanowires simultaneously when compared 
with the ���∗ and other ���∗ enhanced algorithms.

Keywords Motion planning · Nanowire manipulation · Nano-control · Minimum-time planning

1 Introduction

A wide variety of nanomaterials with 0-D, 1-D, and 2-D 
structure have been explored in recent years for their unique 
and often enhanced properties (Fan et al. 2011). The auto-
mated manipulation of such low-dimensional nanomaterials 

could enable the scalable manufacturing of nanodevices for a 
variety of applications, including micro/nanoelectronics and 
biomedical applications. At present, one key technological 
challenge to nano- and micro-scale robotics systems is the 
precise and efficient placement of these nanostructures (Cao 
and Rogers 2009; Fan et al. 2010; Hilmer and Strano 2010).

The use of electric fields to position and sort micro- 
and nano- particles provides one solution to address the 
aforementioned challenge for nanomaterial manipulation 
and assembly. Under precisely controlled electric fields, 
nanowires and other nanomaterials in fluid suspension 
can be manipulated and sorted using a variety of driving 
forces, including electrophoresis (EP), electro-osmosis 
(EO), dielectrophoresis (DEP), and electro-orientation 
(Akin et al. 2016; Yu et al. 2018a). In particular, the EP 
force is proportional to the effective electrokinetic poten-
tial (i.e., the zeta-potential) of the suspended particle and 
the electric field strength (Hunter 1989). It can be conveni-
ently used as an actuation source because even nominally 
electrically neutral particles typically have a nonzero zeta 
potential at the slip plane in the interfacial double layer in 
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some solvents or at certain pH values. Thus, by actuating 
a set of electrodes, nanowires in fluid suspension can be 
manipulated and steered to desired locations under a pre-
cisely controlled electric fields (Yu et al. 2015b, 2018b).

We have recently developed and demonstrated an EP-
based motion-planning and manipulation system using a 
generic array of microfabricated electrodes to steer nanow-
ires in fluid suspension. In Yu et al. (2013, 2014, 2015b), 
we showed the steering and driving of a single nanowire 
using EP-based motion planning and manipulation algo-
rithms. This was extended to multiple nanowires in Yu 
et al. (2015a, 2016, 2018b). Heuristic- (Yu et al. 2015b), 
network flow- (Yu et al. 2018b), and sampling (Yu et al. 
2016)-based motion planning algorithms were utilized to 
achieve the shortest-distance and minimum-time objec-
tives. These planning algorithms addressed combinatorial 
optimization with coupled actuation to control a set of 
individual nanowires, but none of them have achieved the 
real-time, online motion planning of multiple nanowires 
with minimum traveling time.

The goal of this paper is to significantly extend the 
approach in Yu et al. (2016) to enable efficient and anytime 
motion planning of multiple simultaneous nanowires in 
fluid suspensions with any additive cost (i.e., time, energy, 
and distance etc.). To achieve online planning for multi-
ple simultaneous nanowires, a learning ����∗ ( �����∗ ) 
algorithm shifts the intensive computation of the optimal 
cost metric to offline training using supervised learning. 
The proposed algorithm also utilizes heuristics to guide 
the search process and quickly generates initial solutions. 
Moreover, from a theoretical standpoint, unlike the previ-
ous algorithms developed in Yu et al. (2015a), the maxi-
mum number of nanowires that can be steered at one time 
is not limited by an upper-bound that depends on the num-
ber of neighboring electrodes.

We demonstrate the performance of the proposed algo-
rithms through numerical simulations and experiments. 
The main contribution of the work lies in the develop-
ment and demonstration of the anytime asymptotically 
near-optimal motion-planning and control algorithms for 
simultaneously steering multiple individual nanowires in 
liquid suspension. Compared with the recent conference 
publication (Yu et al. 2016), this paper introduces a learn-
ing approach to improve the ����∗ planning algorithm and 
extends the analysis. The �����∗ algorithm leverages the 
supervised learning to estimate the optimal cost-to-go used 
in the steering and rewiring processes to select the best 
node to connect, and reduces the computational time to 
solve the two-point boundary valued problem (TP-BVP) 
in the local planner. The �����∗ algorithm is shown to sig-
nificantly reduce the online computation time and enables 
anytime planning for multiple nanowires.

The remainder of the paper is organized as follows. We 
first review the related work in Sect. 2. Then we present the 
problem formulation and recap the nanowire-motion-control 
strategy in Sect. 3. The motion-planning algorithms are pre-
sented in Sect. 4. We present simulation and experimental 
results in Sect. 5. Finally, we conclude the paper and discuss 
the implications for future work in Sect. 6.

2  Related work

The simultaneous motion planning of multiple individual 
nanowires driven by a set of independently addressable 
electrodes is challenging due to its combinatorial optimiza-
tion nature. Conceptually related problems include the rout-
ing problem for droplets in digital micro-fluidic biochips 
(DMFB) (e.g., Griffith et al. 2006; Yuh et al. 2008), and the 
coordination control of multiple robots (e.g, Furtuna 2011). 
Compared with these robotics applications, one main dif-
ference in the multiple-nanowire-steering problem comes 
from the coupling between the electrodes used to drive the 
motion, which introduces additional complexity into the 
motion planning and control. The control of multiple nano-
particles in fluidic devices has been studied previously, as 
reviewed in Probst et al. (2012). However, most of the prior 
work did not consider the motion-planning problem, and 
their control designs are difficult to scale for a large number 
of nanoparticles.

Optimal control approaches can be used to solve for 
nanowire trajectories to achieve certain objectives, but they 
are not effective for the multi-nanowire motion-planning 
problem in this paper. Numerical optimization can be used 
but it suffers from local minima and expensive computa-
tions. It is also difficult to avoid motion collisions among 
multiple nanowires. Therefore, it cannot be directly applied 
to the online planning of more than two nanowires being 
simultaneously manipulated. Search-based methods com-
pute paths over discretizations of the continuous state space 
but the computation cost increases exponentially with the 
fine resolution (Barraquand and Latombe 1993). Also, the 
search space becomes intractably large when considering a 
continuous control space where any of the admissible con-
trols may be selected. When the number of actions is infinite 
due to a continuous action space, completeness and opti-
mality are also sacrificed for practical performance (Cohen 
et al. 2010).

Sampling-based methods such as Rapidly-exploring 
Random Tree (RRT) and its variants take sample points in 
the search space and add them to a tree covering the whole 
space with probabilistic completeness (LaValle 2006). An 
RRT-based path-planning approach to transporting cells 
with optical tweezers was investigated in Ju et al. (2014). 
However, the RRT method is not asymptotically optimal, 
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and, although the ���∗ algorithm (Karaman and Frazzoli 
2011) can be asymptotically optimal, its convergence is 
slow for large scale problems.

Sparse roadmaps can be applied to provide asymptoti-
cally near-optimality, as in Dobson and Bekris (2014), and 
a sparse tree that covers the state space with a basin of 
attraction is proposed in Tedrake (2009) with linear quad-
ratic regulator (LQR) feedback-based motion planning. 
Sparse RRT approaches instead sample from the input 
space, and take advantage of the sparse structure to return 
a solution quickly and converge to a sub-optimal solution. 
Sparse structure RRTs (e.g., ��� in Li et al. 2016 and ���� 
in Littlefield and Bekris 2018) have achieved asymptotic 
optimality for kinodynamic planning using incremental 
sampling-based planners.

To reduce planning time, learning approaches can be 
applied to compute the distance metric for RRT-based 
planners (Bharatheesha et al. 2014; Wolfslag et al. 2018; 
Li and Bekris 2011). It is computationally intensive to find 
the optimal cost of traversing between two states in state 
space with the distance metric. To estimate the optimal 
cost, the distance metric is approximated using supervised 
learning. Such learning RRTs use direct optimal control 
to generate the training data offline, which reduces the 
computation time of the online planner drastically.

In our previous work, the heuristic algorithm in Yu 
et al. (2015b) took advantage of the symmetry properties 
of the electrode array to achieve online planning perfor-
mance, but the heuristic only works for single nanowire. 
In Yu et al. (2018b), network-flow planning algorithms 
were used to addressed the combinatorial optimization 
for planing multiple nanowires simultaneously. Due to 
the complexity of the combinatorial optimization, the 
network-flow planning algorithm (i.e., �������� planning 
approach) uses a heuristic technique to quickly generate 
the total shortest-distance collision-free trajectories for 
multiple nanowires. The performance of the �������� 
algorithm can be further improved in several aspects. 
First, as illustrated in Yu et al. (2015b), the shortest total 
traveling distances of all nanowires do not guarantee the 
shortest traveling time. Indeed, the shortest traveling-time 
trajectory is not necessarily the straight line connecting 
the starting to target points due to the complexity of the 
electric-field distribution. Therefore, it is desirable to 
obtain the minimum-time trajectory with fast planning 
algorithms. Second, because of the straight-line constraint, 
the maximum number of nanowires that can be simultane-
ously steered in the �������� algorithm is limited to an 
upper-bound. This upper-bound depends on the number 
of neighboring electrodes, i.e., the maximum number of 
nanowires that can be simultaneously controlled in one 
atomic cell is eight. For scalability, it is desirable to find 
an alternative motion planner to relax such constraints.

Inspired by the ��� and ���∗ approaches, an improved 
sparse ���∗-based motion-planning algorithm, called ����∗ , 
is proposed to generate the asymptotically near-optimal tra-
jectories of multiple nanowires. In order to efficiently steer 
large numbers of nanowires online in real-time, in this paper, 
we propose the learning based �����∗ algorithm to achieve 
anytime planning performance. The anytime performance 
requires the planner to quickly generate initial trajectories 
that steer multiple nanowires to the goal positions. During 
online planning, the solution trajectory can be refined or 
updated by a less costly one. The EP-force is still used as 
the primary driving force though the motion-control design 
also compensates for electro-osmotic flow disturbances. 
The proposed algorithms take the advantages of the rewir-
ing strategy of the ���∗ and the sparse structure of the ��� to 
efficiently achieve the asymptotically near-optimal trajectory 
with several heuristic techniques.

3  Problem statement and preliminary

3.1  Problem statement

For self-contained presentation, we briefly state the prob-
lem formulation and introduce some definitions and results 
from Yu et al. (2015b, 2018b). Figure 1a shows a schematic 
of the micro-fluidic device with N × N  electrodes on the 
bottom surface. The square lattice array of circular elec-
trodes is fabricated on a glass substrate with equal distance 
L between centers as shown in Fig. 1b. Each electrode is 
independently actuated with a DC voltage. Fluid contain-
ing a dilute concentration of nanowires is placed on top of 
the electrode array. The placement of the electrodes on the 
non-conducting glass slide creates an electric field that is 
primarily parallel to the substrate surface in the fluid. Under 
this largely horizontal electric field, the nanowires change 
their orientations and move under EP forces. A transparent 
common electrode is used as the top coverslip to cover the 
fluid and form a flow reservoir. It is also used to vertically 
position the nanowires and deposit them at desired locations 
on the substrate. For example, as shown in Fig. 1a, for the 
two nanowires in fluid suspension at locations 1 and 2 , the 
electrode array on the bottom surface generates the desired 
electric fields to steer and drive the nanowires to the targeted 
horizontal locations 1 and 2 simultaneously. Then, the bot-
tom electrodes are turned off and the electrode on the top 
surface is turned on to drive the nanowires vertically until 
they reaches the bottom substrate.

3.2  Preliminary

As in Yu et al. (2016, 2018b), we consider n nanowires in the 
2D work space with a coordinate system defined at the 
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left-bottom corner on device; see Fig. 1b. The position of the 
ith nanowire Pi at time t is denoted as ri(t) = [xi(t) yi(t)]

T , 
i = 1,… , n , where n is the number of nanowire. For Pi , its 
starting location is riS and the targeted location is riT . We con-
catenate the position vectors of all nanowires as 
q(t) = [rT

1
(t) ⋯ rT

n
(t)]T ∈ ℝ

2n and the sets of starting and tar-
get locations as  = [rT

1S
⋯ rT

nS
]
T and  = [rT

1T
⋯ rT

nT
]
T , 

respectively. Therefore, q(0) =  to q(tf ) =   for a finite time 
tf  . A path of time interval [t1, t2] , denoted as �(q(t1), q(t2)) , is 
defined for all nanowires as the collection of their trajectories. 
We also define �∗

( ,  ) as a collision-free path from  to   
that minimizes a specified cost function. The electrode at the 
ith row and the jth column, i, j = 1,… ,N , is denoted as eij and 
its position as reij . The electrode control matrix is defined as 

u = {uij}, i, j = 1,… ,N , where uij is the voltage applied to eij . 
We define the atomic electrode set  a(ri) as 
a(ri) = {ejk ∶ ‖ri − rejk‖1 ≤ L} for Pi in Fig. 1b. An atomic 

cell area i
a
 of Pi is defined as the area formed by the maxi-

mum convex hull of a(ri) (Yu et al. 2015b).
Under a DC electric field, the equation of motion for Pi 

under electrophoretic force is given as

where vi = [vix viy]
T is the velocity vector, Ei = [Eix Eiy]

T 
is the DC electric-field vector at ri , Ci = �m�i∕� , � is the 
dynamic viscosity, �m is the electric permittivity, and �i is 
the zeta-potential of the nanowire. From (1), the electric 

(1)vi = ṙi =

[
vix
viy

]
=

�m�iEi

�
= Ci

[
Eix

Eiy

]
,

field is regulated to steer the nanowires’ motion by appro-
priately applying voltage u to electrodes. The calculation of 
Ei at ri has been presented in Yu et al. (2015b). Due to the 
small Reynolds number, inertial effects are negligible for 
the nanowire motion.

To formulate the motion equations for all n nanowires, 
we first re-index the electrodes into a one-dimensional N2

-element array with a column-wise order; see Fig. 1b. We 
denote the electrical field at rj(t) by the powered ith elec-
trode as Ei(rj(t)) = [Exi

(rj(t)) Eyi
(rj(t))]

T , j = 1,… , n , and 
the corresponding controlled electrode voltage as uc ∈ ℝ

N2 , 
which is also re-ordered column-wise from u . By defining 
a 2n × N2 matrix

we re-write (1) for all nanowires as

Every two rows in (3) represent one nanowire’s equation 
of motion.

To simultaneously control the motion of multiple nanow-
ires, we consider the Motion Control Problem, which aims 
to compute electrode voltages uc(t) at time t to steer all 
nanowires to follow a given trajectory, while compensating 
for any unmodeled fluid disturbance. Similar to Yu et al. 
(2015a, 2018b), we define tracking error e(t) = q(t) − qd(t) 

(2)B =

⎡⎢⎢⎣

C1E1(r1(t)) ⋯ C1EN2 (r1(t))

⋮ ⋱ ⋮

CnE1(rn(t)) ⋯ CnEN2 (rn(t))

⎤⎥⎥⎦
,

(3)q̇ = Buc.

location

Top electrode

Electrode arrays
Deposited

S1

T1

S2

T2
E y

E x

E z

L
L

(a)

1

2

N

N +1 N(N − 1)+1

N2

Pi

x

y

Ai
a

L

L

(b)

Fig. 1  a 3D schematic view of the micro-fluidic device with N × N independently actuated electrodes on a bottom substrate. b Definition of the 
atomic area around a nanowire P

i
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and consider the error prediction ê(t) = Ke(t) + Kdė(t) , 
where K = diag(k1,… , k2n) , ki > 0 , i = 1,… , 2n , and 
Kd = diag(kd1 ,… , kd2n ) , kdj > 0 , j = 1,… , 2n are constant 

gain matrices. Given the desired velocity q̇d from the motion 
planner, a least-square problem is formulated to obtain con-
trol input uc in (3)

To obtain the voltage inputs that are physically feasible, 
we modify (4) by considering the following optimization 
problem.

where umin and umax are respectively the lower- and upper-
bound of the applied voltages. The inclusion of the error 
prediction into (4) compensates for the predicted error for 
the next time period using error measurements from the past 
two steps. A quadratic programming technique is used to 
solve (5). The motion controller in (5) minimizes the tra-
jectory tracking error for a given desired trajectory, rather 
than generates a trajectory to optimize the traveling time of 
nanowires. Therefore, it cannot be used in the minimum-
time planner directly. The detailed motion controller design 
and analysis can be found in Yu et al. (2015b, 2018b).

With the motion controller available, in this paper, we 
mainly consider the following Motion Planning Problem: 
For all Pis , i = 1,… , n , given  and   , find the optimal 
collision-free path �∗

( ,  ) that achieves the minimal total 
travel time J( ,  ) of all nanowires.

4  Multiple‑nanowire motion planning

In this section, we first present the sparse RRT* motion plan-
ner (i.e., ����∗ ) to generate the asymptotically near-optimal 
trajectory �∗

( ,  ) for all nanowires. Then we present the 
�����

∗ to improve the online planning performance for more 
than four simultaneous nanowires. Although the optimized 
trajectory minimizes the total traveling time of all nanow-
ires, other cost functions can be also applied as long as they 
are strictly monotonic and additive over a trajectory.

4.1  Roadmap formulation

From the nanowire-motion modeling in Sect. 3.2, the nanow-
ires position is concatenated into the state variable q . To search 
for a time-optimal path for all the nanowires, the planning 

(4)min
uc(t)

‖q̇(t) − q̇d(t) + ê(t)‖2

(5)
min
uc(t)

‖B(t)uc(t) − q̇d(t) + Ke(t) + Kdė(t)‖2
subject to umin ≤ ‖uc(t)‖∞ ≤ umax,

space of the formulated multiple-nanowire manipulation 
problem lies in the state space. For each nanowire in the 2D 
continuous plane, we discretize atomic cell a (with size 
of L × L ) into many a × a grids. We denote �s = L∕a as the 
sparse resolution, and 1(q, �s) as the witness area, which is a 
set of grids for the nanowires at position q . We here drop the 
dependency of q and r on time t explicitly for notational clar-
ity. Every grid is considered as a local neighborhood of each 
nanowire’s witness position. Here, we assume that the change 
of the nanowires velocities is finite inside each grid. We define 
mapping w(q) to find the nodes inside the grid corresponding 
to the state q . We denote witness as wmin(q) , representing the 
least-cost node inside 1(q, �s) , and wpeer(q) as other nodes 
that may exist in 1(q, �s) . The proposed algorithm maintains 
a single active node in the tree to represent that witness, and 
that node has the best path cost from the root within each grid 
for each nanowire. The grids are used to only keep a record of 
the witness area and thus to maintain a sparse structure of the 
nodes in the tree. They do not affect the sampling, steering, 
and rewiring processes in continuous space.

We denote the state space as a graph structure  = {V ,E} , 
where V is the set of vertices that represents position q and set 
E represents directed transition edges connecting vertices. We 
use Euclidean distance as the metric and the �-radius closed 
hyper-ball centered at q denotes as 2(q, �) =

⋃n

i=1
2(ri, �) . 

The sampling methods accept sample states that are at least 
2Ro-distance away from each nanowire position. Ro denotes the 
motion resolution, which is defined as the averaged half length 
of the nanowires. Then, we define the collision-free checker 
for multiple nanowires:

Definition 1 Given an individual state q , a collision-free 
checker returns true if each nanowire position in q is at least 
2Ro-distance away from each other, i.e., ri ∉ 2(rj, 2Ro) , 
i ≠ j , i, j = 1, 2,… , n.

To create the roadmap, the sampled states must be con-
nected by edges with aid of a local planner and thus, we define 
a local planner as follows:

Definition 2 Given two states, a local planner ����� 
returns a locally optimal path between the states.

In this paper, the local planner ����� aims to connect two 
given states with minimum-time cost. Therefore, the following 
TP-BVP is required to be solved in the local planner.

(6)

min
uc

J(q(t)) = ∫
tf

0

1dt

subject to q̇(t) = B(q(t))uc(t)

q(0) = q0, q(tf ) = qf ,
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where q0 and qf  are the given initial and final states, respec-
tively. The final time tf  is minimized. The TP-BVP can be 
solved locally using a numerical optimal control approach.

4.2  The ����∗ algorithm

The ����∗ motion planner is illustrated in Algorithm 1. The 
algorithm first tries to steer the system from the starting 
location to the target location by using the motion control-
ler in (5) (line 3). This initial steering has an exponentially 
fast convergence profile that minimizes the error between 
starting and target configurations. If all the nanowires reach 
their targets, then the global variable reach is marked as 
true; otherwise, reach is marked as false. Unlike RRT, 
����

∗ uses a heuristic sampling strategy with higher prob-
ability of avoiding collisions (line 4) that will be discussed 
in detail in Sect. 4.3. After generating the random sample 
qrand , the ����_���� function (Algorithm 2) selects the best 
parent node in the tree for providing a good quality path 
(line 5). The nodes of the tree are split into two sets: the 
active vertices Vact and the inactive vertices Vinact (line 1). 
Vinact keeps recording the nodes that are not the witness, i.e., 
qpeer ∈ {wpeer(q)} , while the Vact are the witness nodes in 
each witness area, i.e., {wmin(q)} . Next, ����∗ tries to steer 
the system from the selected qparent to qrand (line 6). If any 
new node is added to the tree, then the algorithm steers the 
system from the new generated qnew to the target configura-
tion (line 7). Finally, the algorithm outputs the best trajec-
tory �∗ from  to 1( , �s) according to the updated  (line 
8).

The ����∗ algorithm generates collision-free asymptoti-
cally near-optimal path �∗

( ,  ) as stated in the following 
lemma.

Lemma 1 The ����∗ algorithm is probabilistically com-
plete and asymptotically �-robust near-optimal.

An asymptotically �-robust near-optimal planner returns 
the �-robust trajectory whose cost is upper bounded rel-
ative to the optimal cost. Readers can refer to Li et al. 
(2016) for the formal definition of the asymptotic �-robust 
near-optimality. The �-robust trajectory generated by ����∗ 
is a trajectory that is always � distance away from the 
obstacle space, and has more than � dynamic clearance. 
Specifically speaking, the cost of the �-robust trajectory 
is less than the optimal cost plus k� , where k is a positive 
finite constant. Then, it can be shown that if 𝛿bn + 𝛿s < 𝛿 , 
the properties of probabilistic completeness and asymp-
totic near-optimality apply to ����∗ . The proof, which is 
given in Li et al. (2016), is omitted here.

The ����∗ algorithm keeps the ���∗ procedure, while 
keeping the sparse operation as ��� that is probabilisti-
cally complete and asymptotically �-robustly near-optimal. 
Thus, it is not necessary to keep all samples as nodes in the 
data structure, but only the lowest-cost ones in the witness 
areas in the vicinity of the path, so as to get arbitrarily 
close to �∗ . It is possible for a sparse data structure with a 
finite set of states to sufficiently represent the whole state 
space.

Algorithm 2 shows the ����_���� parent node selec-
tion. ���� function returns node-set Qnear that includes all 
the nodes q that q ∈ 2(qrand, �bn) and q ∈ Vact . Function 
����(q) returns the traveling time cost from the root  to 
q . If Qnear is not empty, then the best cost node in node-set 
Qnear is selected as the parent node qparent to be propagated 
since it has the best chance for providing a good quality 
path. In the event that there is no node within �bn-radius 
according to the state space distance, the best cost node 
in Vact is selected as qparent as in the regular RRT frame-
work. Figure 2 illustrates an example of ����_���� parent 
node selection. All nodes q ∈ 2(qrand, �bn) and q ∈ Vact are 
checked to find qparent , which is the node having the lowest-
cost ( 2�t ) from root .
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4.3  Heuristic sampling

To quickly find an initial trajectory to reach the goal state, 
a heuristic sampling strategy is used. As explained in Algo-
rithm 3, if there is any feasible solution that has been gen-
erated, then uniform sampling will be conducted. Inspired 
by Gammell et al. (2014), a trimming technique in Sect. 4.4 
will prune the tree if the node has cost greater than the cur-
rent feasible solution. If there is no feasible solution, the 
negative gradient of a potential function is used to generate 
a heuristic sample. The potential function of nanowire Pi is

where ei = ri − riT , and Ri = [Ri1 ⋯Rin]
T.

(7)Ui = eT
i
ei + RT

i
Ri,

where dij is the distance between the nanowire Pi to nanow-
ire Pj , i.e., dij = ||ri − rj|| , i, j = 1, 2,… n , j ≠ i , and || ⋅ || 
denotes the Euclidean norm. The first term in (7) captures 
the attractive potential, while the second term is the repul-
sive potential which treats other nanowires as obstacles. 
Constant 2Ro is the radius of the obstacle (i.e., the motion 
resolution) and Re is the effective radius of the repulsive 
potential, namely, distance when nanowire Pi is affected by 
nanowire Pj , i ≠ j , i, j = 1,… , n . Note that elements of di 
cannot be less than 2 Ro , otherwise collision would occur. 
The sampling point qrand has a probability of 1∕|Vact| to be in 
the gradient-descent direction of the potential function (7), 
where | ⋅ | is the cardinal number of a set.

4.4  Steering and rewiring

With the selected best near parent node, the ����∗ algorithm 
tries to propagate the selected node along the best path from the 
root to the sampled node. The algorithm then attempts connec-
tions between the newly propagated node and all nodes in the 
neighbor set of the new node. These steps require multiple calls 
to a steering function. Algorithm 4 demonstrates how to propa-
gate the sparse-tree structure. Function �����

���
(q, qd, �s) uses 

the local planner defined in Sect. 4.1 to steer all the nanowires 
from locations q towards qd . The function stops integration 
until the states reach another witness area other than the wit-
ness area of q , and generates a new state qnew . If there is any 
feasible solution (i.e., reach = true ), the cost of qnew is com-
pared with MinCost, the minimum cost of the existing solution. 
If ����(qnew) > MinCost , then no more nodes are added to the 
tree. CFree is false if collision occurs using the collision checker, 
and qnew returns the previous states before collision. If there is 
no collision and no existing witness in the witness area (i.e., 
w(qnew) = � ), then a ������_������ procedure updates qnew 
as the best cost node in its witness area, connects to its corre-
sponding parents, and prunes the tree within the �bn distance of 
qnew while maintaining the sparse structure. If there exist other 
states in the witness area of qnew (i.e., w(qnew) ≠ � ), and the 
cost of qnew is less than the existing least-cost witness, then the 
new least-cost node is added to the tree as a witness (an active 
node). The corresponding witness is updated, and the old least-
cost one is moved from active-node set to the inactive-node set. 
Finally, the ����� function prunes the tree structure starting 
from the tree leaves and method ������� returns all the leaf 
nodes of the tree.

Rij =

d2
ij
− R2

e

d2
ij
− 4R2

o

[
sign(Re − dij) + 1

]
,qpeer

qrand

qparent

qnew

δsδs

B1(S, δs)
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Fig. 2  An example of ����_���� parent node selection and ����� 
pruning. A tree structure with witness area 1(q, �s) is centered at the 
yellow dot marked as triangle with grid length �

s
 . The nodes of the 

tree are the shadowed dots (blue star, grey patterned dots, and solid 
red dots), and the arrow lines indicate the tree edges. The blue star 
dots are witnesses, the grey patterned dot is the inactive node, and 
the red solid dots show the nodes that are pruned in ����� . All nodes 
q ∈ 2(qrand, �bn) and q ∈ Vact are checked to find qparent , which is the 
node having the lowest-cost ( 2�t ) from root  . After steering from 
qparent , a new state qnew is added into tree with cost 6�t . A feasible 
solution is also generated and MinCost is updated as 6�t . Any leaf 
node is iteratively pruned along the tree path until reaching any wit-
ness node with cost less than MinCost. In this case, the red solid 
nodes, the grey patterned node and the dashed edges are all removed
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Similar to the rewiring of ���∗ , Algorithm 5 tries to 
rewire the current node q to the existing nodes in Qnear . It 
also checks whether there exist any better parents of the 
current node. Algorithm 5, however, has the following dif-
ferences from the ���∗ algorithm. First, the algorithm finds 
the best ancestor qnear in 2(q, �bn) that steers to qtemp within 
witness area 1(q, �s) . Then the new node q is updated as 
the best cost nodes in its witness area, and added into the 
tree. Variable rewit returns true if there is a collision-free 
path from qnear , which is the ancestor node of current node, 
to 1(q, �s) . Variable re marks whether the steer function 
can steer qnear to the exact same (or within a smaller range 
of) state q without collision. The ���∗ , in contrast, only 
rewires from the new node to the neighboring nodes. Sec-
ond, the algorithm tries to connect the newly updated q to 
other nodes in Qnear that are not ancestors of q . If the cost 
of the new node qnew is less than the existing node and re is 
true, then the children of existing node qnear are connected 
to qnew , and the cost of the children is updated. If re is false 
but rewit is true, then a new node is added as a witness in 
the tree, and qnear is moved into the inactive set. The least-
cost witness wmin , the active set Vact , and inactive set Vinact 
are updated correspondingly. The ���∗ algorithm does not 
keep the sparse structure, use witness to mark the best cost 
within a neighborhood, make the worst cost nodes inactive, 
or hereby have chance to prune any node and edge with 
worse cost than the witness. Therefore, the ���∗ algorithm 
would try to steer and rewire to more nodes than the ����∗ 
algorithm does.

Function ����� in Algorithm 6 prunes the inactive 
node set to keep the tree structure sparse (Li et al. 2016). 
It also prunes the leaf nodes with higher cost than Min-
Cost, which by no means have any children to be added 
to the tree. The ����� function starts from all the leaves 
of the tree, and iteratively prunes each path of the tree 
until reaching any witness node with cost smaller than 
MinCost. The ����� heuristic improves the convergence 
rate and final-solution quality. Figure 2 shows an examples 
of the pruning process. A tree structure with witness area 
1(q, �s) is centered at the yellow triangle with grid length 
�s . The blue-star nodes denote witnesses, the grey pat-
terned dot represents the inactive node, and the red solid 
dots show the nodes that are pruned in ����� . After steer-
ing from qparent , a new state qnew is added into tree with cost 
6�t . A feasible solution is also generated and MinCost is 
updated as 6�t . Any leaf node is iteratively pruned along 
the tree path until reaching any witness node with cost 
less than MinCost. In this case, the red solid nodes, the 
grey patterned node and the dashed edges are all removed.
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4.5  The �����∗ algorithm

It is well known that to compute the optimal cost-to-go 
function, the TP-BVP in (6) has to be solved, which is 
computationally expensive for online planning. The TP-
BVP is used repeatedly in the best-near node selection 
and the rewiring process to reconnect the current node 
to its best-cost parent and update the possible better-cost 
children. To further improve the online performance of the 
����

∗ algorithm, we use an offline process to create a map-
ping of states to the corresponding optimal trajectory cost, 
and use the estimated cost to select the best node to con-
nect in the steering and rewiring processes. The learning 
approach shifts the intensive computation of the minimum 
time solution of the TP-BVP to offline training.

Generally, one can densely sample a large number of 
states in an obstacle-free environment, and search for 
the optimal trajectories between states using a numeri-
cal algorithm to compute optimal cost. Then, an offline 
machine learning strategy takes the optimal cost as the 
input to learn to approximate the cost metric that the 
����

∗ algorithm requires. Supervised learning has been 
used to approximate the distance metric due to its fast 
online predictions and the capability of generalization 
over state space (Wolfslag et al. 2018). By doing so, the 
computation burden of trajectory optimization is shifted 
offline. However, the performance of the supervised learn-
ing algorithm highly depends on the quality and quantity 
of the input dataset. For large dimensional state space, it is 
computationally intractable to densely sample all the state 
space and solve for the corresponding optimal trajectories 
due to the curse of dimensionality. Therefore, we assume 
that the nanowires mobility properties are known and take 
advantage of the symmetry of the electric-field distribution 
to reduce the sample areas for fast data generation.

As shown in Fig. 3, due to symmetry and scalability of 
the electrode array, the electric fields and hereby, the trajec-
tory cost are symmetric in four quadrant areas around the 
center of atomic cells (i.e., point B) and any centroid of 
electrodes (i.e., point E) in an N × N array (Yu et al. 2015b). 
Let us consider the atomic cell a = ODEF in Fig. 3a. a 
is further divided into four quadrants (i.e., quads.1–4 in 
Fig. 3b). All the quadrants are symmetric with respective to 
the dashed lines. Therefore, the cost dataset sampled in one 
quadrant (i.e., area OABC) is used to calculate the cost in 
entire a by flipping up and down, left and right, or rotating 
180◦ . The resulting dataset of the atomic cell is further scaled 
up to the whole electrode array by the same manner. Such 
minimum sampling areas for multiple nanowires that can be 
scaled up by symmetry properties are denoted as primitives.

The minimum number of primitives for different num-
bers of nanowires is shown in Table 1. For single nanowire, 

any quadrant of the atomic cell is a primitive, and only one 
primitive can represent the others by symmetry. For two 
nanowires, there are a minimum of three primitives. One 
is that the two nanowires are both in one quadrant of the 
atomic cell, while the other two primitives are the cases 
that the two nanowires are in different quadrants (adjacent 
and diagonal quadrants). Figure 3b illustrates an exam-
ple of the four primitives for three nanowires. Primitive 1 
includes the cases that all three nanowires are in one quad-
rant. Primitive 2 and 3 abstract the cases that one nanowire 
is in a quadrant and the rest two are in another quadrant 
that is adjacent (Primitive 2) and diagonal (Primitive 3) to 
the quadrant contains one nanowire. Primitive 4 contains 
the cases that there is only one nanowire in any three of the 
quadrants. With this observation, we extract the primitives 
for n nanowires as shown in Table 1 and propose a primi-
tive sampling strategy in which the sampling area for each 
nanowire is reduced to one quadrant of the atomic cell for 
every primitive.

(a) (b)

Fig. 3  a Symmetry and scalability of the electrode array. The elec-
tric fields are symmetric in four quadrant areas around the center of 
atomic cells (i.e., point B) and any centroid of electrodes (i.e., point 
E) in an N × N array. The red dots are an example of uniformly dis-
tributed samples. b An example of the four primitives for three 
nanowires. Primitive 1 includes the cases that all three nanowires are 
in one quadrant. Primitive 2 and 3 abstract the cases that one nanow-
ire is in a quadrant and the rest two are in another quadrant that is 
adjacent (Primitive 2) and diagonal (Primitive 3) to the quadrant con-
tains one nanowire. Primitive 4 contains the cases that there is only 
one nanowire in any three of the quadrants
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Algorithm 7 shows the structure of the �����∗ algorithm. 
For n nanowires, uniformly disturbed samples are constructed 
for each primitive configuration (line 1). Then, an undirected 
edge is created to store the associated optimal cost J(q0, qf ) by 
connecting two states {q0, qf } using the local planner ����� for 
multiple nanowires. Gradually, a graph Gprime is constructed 
to connect all the sampled states in the primitive configura-
tions (line 2). It is worth noting that the optimal trajectories 
are generated in the obstacle free space where the collision 
checking will be reinforced in the RRT structure. Next, graph 
Gprime is “mirrored” by symmetry on the N × N array to form 
graph G of the whole state space (line 3). Given the graph that 
captures the connectivity properties of the state space, one 
can approximate optimal path cost between any two sampled 
states to form data pairs {q0, qf , J(q0, qf )} using graph search 
algorithms such as A∗ . The extracted data pairs are used to 
form the dataset D that is to be supplied to the k-nearest neigh-
bors (kNN) (Hastie et al. 2001) non-parametric estimator to 
approximate the optimal cost function Ĵ (line 4). The kNN is 
trained in the state spaces. For a test state-pair, we identify the 
k-nearest neighbors in dataset D based on Euclidean distance. 
The predicted cost for the test state-pair is the average value of 
these neighbors. The heuristics deciding the nearest neighbor 
is tuned offline to achieve the best estimation accuracy.

Finally, the learned function Ĵ is used in the �����∗ 
algorithm to evaluate the approximated optimal cost as 
follows. In the ������� function, qparent is selected by 
argminq∈Vact

{����(q) + Ĵ(q, qrand)} . Similarly, qparent is 
found by argminq∈Qnear

{����(q) + Ĵ(q, qrand)} in function 
���� . In the ������_������ function, there is no need to 
try to solve the TP-BVP in the ����� function for all the 
nodes in Qnear , since we can directly estimate the cost using 
Ĵ for all the nodes. Then, the ����� function only needs 
to be called when lower-cost node is expected to improve 
the path quality in the tree. Therefore, the best-cost parent 
and children of the current node in the rewiring process are 
obtained without conducting multiple-time trajectory opti-
mization, which significantly reduces the computational time 
for online planning.

5  Simulation and experimental results

5.1  Real‑time planning bound

We first evaluate the real-time performance of the proposed 
algorithms. A real-time planning algorithm should always 

return an action for a given problem within the planning 
time-bound. To quantify the “real-time” planning criterion 
of the nanowire manipulation problem, the amount of time 
(denoted as tp ) allowed for each planning phase is defined 
less than or equal to the duration for a nanowire to travel a 
distance denoted “motion resolution”, which is considered 
as the averaged half length of the nanowires. The motion 
resolution is also used in the collision checking procedure.

To quantify tp , we start from the nanowire model to iden-
tify the theoretical velocity of nanowires. The nanowires 
motion model shown in (1) captures the lowest-order electric 
field induced forces acting on a particle in the suspension. 
We validate the motion model by comparing the estimated 
and measured values of zeta-potential ( � values in  (1)) 
among a total of 35 silicon nanowires suspended in the 
heavy viscosity mineral oil (Yu et al. 2015b). Figure 4a plots 
the proposed motion-based online estimation of the zeta-
potential for each of 35 silicon nanowires. The shaded area 
of Fig. 4a shows the range of zeta-potentials independently 
measured for an identical silicon nanowire/oil suspension 
using a ZetaPALS instrument. We calculate the theoretical 
velocity magnitude of nanowires using the estimated zeta-
potential. The values of the other model parameters used 
in the velocity quantification are as follows: � = 251.2 cP, 
�m = 2.17�0 , and the electric-field strength corresponds to 
100 V potential, the maximum potential difference can be 
applied to the electrodes in the physical experiment. The 
theoretical average velocity magnitude for one nanowire is 
2.13 μm/s with 0.87 μm/s as the one standard deviation.

To determine the value for tp , we also measure the nanow-
ire velocities with different numbers of nanowires in experi-
ments when the velocities may be affected by the neglected 
higher-order terms in the model. With the multiple-nanowire 
motion controller in (5), we can simultaneously manipu-
late up to 5 nanowires in the experiment (Yu et al. 2018b). 
Figure 4b shows the nanowire velocity magnitude meas-
urements (mean and one standard deviation) when differ-
ent numbers of nanowires are manipulated simultaneously. 
The theoretical velocity for one nanowire is shown in red, 
and it is consistent with the experimental result with an 
expected smaller magnitude because of the unmodeled 
electro-osmotic flow (Yu et al. 2015b, 2018b). For more 
than 5 simultaneous nanowires, we assume that the nanow-
ire velocity magnitude is that of 5 simultaneous nanowires 
to extract the tightest real-time planning bound.

The dimension of the silicon nanowires after suspended in 
the oil are around 5–18 μm in length. Therefore, the motion 

Table 1  The minimum number of primitives for different numbers of nanowires

Nanowire number 1 2 3 4 5 6 7 8
Primitive number 1 3 4 8 10 14 19 27
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resolution is selected as 6 μm . Then, tp can be quantified by 
the durations for different numbers of nanowires to travel 6 
μm assuming constant maximum possible velocity shown 
in Fig. 4b. The shaded area in Fig. 4c shows the smallest 
real-time planning bound tp.

5.2  Simulation results

Next, we demonstrate the performance of the ����∗ and 
�����

∗ algorithms by simulation results. In the simulation, 
we set L = 600 μm and R = 150 μm to match the dimensions 
of the micro-fluidic device in experiments. For an N × N 
electrode array, we first specify the number of nanowires. 
We distribute these nanowires in randomly chosen atomic 
cells. The starting and targeted locations for each nanowire 
are also randomly chosen in these cells. To eliminate the 
performance dependency on the simulation specifications 
and procedures, we conduct 30 runs of each configuration 
for the same algorithm and then compute the statistics of 
these simulation runs. The simulation are run on a computer 
with Intel Xeon E3-1505M CPU at 3.00 GHz and 32G RAM 
memory.

We conduct simulation testing for different numbers of 
nanowires. Fig. 4c shows the anytime computation per-
formance (mean and one standard deviation of returning a 
feasible trajectory) for the ����∗ , the �����∗ , and the ���∗ 
algorithms (Karaman and Frazzoli 2011), together with 
�������� (Yu et al. 2015a) algorithm for a 6 × 6 ( N = 6 ) 
electrode array. From the figure, it is clear that the �����∗ 
algorithm can generate solution within the real-time plan-
ning bound for up to seven nanowires, while the ����∗ 
algorithm works for real-time planning of a smaller number 

of nanowires (e.g., n = 2, 3 ). The �������� algorithm can 
return the shortest distance trajectory fast enough for larger 
number of nanowires (e.g., n = 7, 8 ) in real time, but it 
only deals with the shortest-distance (not minimum time) 
optimization. From the anytime computation performance 
comparison, the proposed ����∗ and �����∗ algorithms are 
able to perform online planning to return a feasible solu-
tion when the nanowire number is less than four and seven, 
respectively. In contrast, the ���∗ algorithm is not suitable 
for online problem solving.

Figure 5 illustrates the corresponding computational 
complexity (run time per iteration) of the RRT-based algo-
rithms. The �������� algorithm is not compared here due 
to the different iteration structures between sampling-based 
and network-flow-based algorithms. To obtain the results in 
Figs. 4c and 5, a maximum iteration number of 10,000 and a 
maximum running time of 10,000 s are used as termination 
conditions. The lower computation times under the ����∗ 
and �����∗ algorithms show they perform more efficiently 
than the ���∗ algorithm. Particularly, the �����∗ performs 
more than 10 times faster than ����∗ for more than four 
nanowires. Figure 5 also shows the average iteration number 
of the RRT-based algorithms. The �����∗ outperforms the 
other two counterparts to achieve one order more iteration 
numbers as nanowire number grows. The averaged computa-
tional time for ���∗ algorithm is expected to increase as the 
iteration number increases due to the fact that the rewiring 
process and the collision checking can take significant por-
tions of time costs as the number of nodes increases.

From the above computational time comparison, the 
�����

∗ algorithm has the best anytime performance 
and online computational complexity. Regarding the 
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Fig. 4  a Comparison of estimated and measured values of zeta-poten-
tial ( � ) among a total of 35 silicon nanowires. The label “a” of the 
x-axis is the half length of nanowires (Yu et al. 2015b). b The nanow-
ire velocity magnitude measurements (mean and one standard devia-
tion) when different numbers of nanowires are manipulated simulta-
neously. The theoretical velocity for one nanowire is shown in red. 
c Anytime performance comparison among the ���∗ , the ����∗ , the 
�����

∗ , and the �������� with different numbers of nanowires in 

a 6 × 6 electrode array. The shaded area shows the tightest real-time 
planning bound, i.e., the minimum possible durations for different 
numbers of simultaneous nanowires to travel the motion resolution 
6 μm . For more than 5 simultaneous nanowires, we assume that the 
nanowire velocity magnitude at most keeps the same as 5 simultane-
ous nanowires. The ���∗ algorithm failed to return a feasible solution 
in 104 s, the maximum computation time limit, when the nanowire 
number is greater than four
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computationally expensive offline data generation, Fig. 6 
compares the total sampling area using the proposed primi-
tive sampling and whole state-space sampling. The primitive 
sampling reduces the total number of sampling points as the 
nanowire number grows by about four orders of magnitude 
for 8 nanowires.

To evaluate optimality, Fig. 7 shows the travel-time com-
parison among the optimal-time trajectory using the ���∗ 
algorithm, the proposed ����∗ and �����∗ algorithms, 
and the shortest-distance trajectory using �������� algo-
rithm with different numbers of nanowires in a 6 × 6 elec-
trode array. The results are obtained with same termina-
tion constraints as in the previous results in Fig. 5 except 
the ���∗ result, which is obtained with maximum running 
time of 50,000 s. The nanowires’ starting and targeting 

configurations are randomly chosen, but kept the same for 
all the compared algorithms. For more than five nanow-
ires, the ���∗ still cannot return feasible solution for a few 
configurations within the time constraints (e.g., the case in 
Fig. 8b). We exclude those configurations in the statistical 
comparison and only include configurations for which all the 
algorithms could return feasible solutions in Fig. 7.

From the comparison results, both of the ����∗ and the 
�����

∗ converge to the near optimal solution as the ���∗ is 
asymptotically optimal. The total travel time obtained by 
the ����∗ is more than two times shorter than the shortest-
distance trajectory. Even though it suffers from prediction 
error of the cost function when compared with the ����∗ , 
the �����∗ algorithm successfully generates faster trajec-
tories than the shortest distance paths as shown in Fig. 7. 
The estimation error of �����∗ increases with respect to 
the increasing number of nanowires, which might be due 
to the accumulation of the offline estimator error in high 
dimensions.

Figure 8a–c further show the motion-planning trajectory 
of controlling 4 nanowires using the ����∗ algorithm in 
opposite target directions, for 8 nanowires in twisted target 
directions, and for 9 nanowires from one atomic cell to dif-
ferent target directions, respectively. Table 2 summarizes 
the corresponding traveling time comparison among the 
�������� , the ���∗ , the ����∗ , and the �����∗ algorithms. 
In Yu et al. (2015a), the maximum number of nanowires 
that can be steered at one time is bounded by eight for the 
�������� algorithm. Therefore, the �������� algorithm 
fails to return feasible solution in the case of Fig. 8c. How-
ever, the proposed motion planners are able to handle more 
than eight nanowires simultaneously and therefore, are 
more scalable for the motion planning and control of a large 
number of nanowires. The results in Table 2 clearly demon-
strate that the proposed sparse RRT-generated trajectories 
outperform the shortest distance trajectories planned by the 
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�������� algorithm. Among the RRT-based algorithms, the 
���

∗ trajectories result in the shortest travel time, but the 
computational time of the ���∗ algorithm is costly for some 
configurations. In the case of Fig. 8b, the ���∗ cannot return 
a feasible solution within the computational time limit.

From all the above results, it is clearly demonstrated that 
the �����∗ algorithm can be used in real-time online imple-
mentation for up to seven nanowires, while the ����∗ algo-
rithm works for real-time planning of a smaller number of 
nanowires (e.g., n = 2, 3 ). When the number of nanowires 
increases, the �������� algorithm outperforms the ���∗ and 
����

∗ algorithms due to the enforced straight-line heuristic, 
but it results in long traveling time for all the nanowires. 
By using offline training, the �����∗ algorithm efficiently 
generates trajectories with near optimal performance. In 
particular, when more than five nanowires are routed, the 
���

∗ algorithm cannot even successfully generate the plan-
ning results before reaching the maximum time constraint, 
while the ����∗ , �����∗ , and the �������� algorithms 
show robust performance. The �����∗ algorithm, among the 

studied methods, shows the best computational and near-
optimal performance.

5.3  Experimental results

The overall experimental setup is shown in Fig. 9a and the 
micro-fluidic device is shown in Fig. 9b. Figure 9c shows a 
view of the electrodes on the bottom surface of the micro-
fluidic device with 4 × 4 electrode arrays. The entire device 
is mounted on a motorized, computer-controlled microscope 
XY stage (Prior ProScan III) on an inverted microscope 
(Olympus IX71). Bright-field images are recorded using a 
40× objective. To control the electrode array, an embedded 
system (NI cRIO 9074) is used with visual feedback of the 
nanowire positions. We use silicon nanowires suspended 
in the heavy viscosity mineral oil to perform experiments. 
The dimensions of the silicon nanowires used are approx-
imately 5–18 μm in length and 100–200 nm in diameter. 
Zeta-potential values for each nanowire are estimated at the 
start of the experiments by applying a constant potential for 
a few seconds and recording the motion of the nanowires. 
More details about the experiments can be found in Yu et al. 
(2015b).

We first demonstrate the time-optimal motion plan-
ning by the ����∗ algorithm. Figure 10 shows a series of 
experimental results for steering individual nanowires from 
similar starting positions to similar target locations. These 
nanowire trajectories span across the atomic-cell bounda-
ries. The experiments are conducted by first steering the 
nanowire from the starting to target locations by the online 
����

∗ motion-planning and control scheme. For comparison 
purposes, we steer the same nanowire back to the original 
starting location and then drive the nanowire from the same 
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Fig. 8  Simulated trajectories for motion-planning and control of a 4 
nanowires in opposite target directions, b 8 nanowires in twisted tar-
get directions, and c nine nanowires from one atomic cell to different 

target directions. The “ ∗ ” and “ ◦ ” markers indicate the nanowires ini-
tial and final positions, respectively

Table 2  Traveling time (s) comparison among the �������� , the 
���

∗ , the ����∗ , and the �����∗ algorithms in simulation configura-
tions as shown in Fig. 8

Fig. 8a Fig. 8b Fig. 8c

�������� 604.8 687.5 N/A
���

∗ 334.3 N/A 309.6
����

∗ 403.7 312.5 324.3
�����

∗ 432.0 392.3 421.4
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starting point to the target point using the pre-computed 
�������� algorithm in Yu et al. (2015b). The travel times 
of the nanowires under these two algorithms are listed in 
Table 3. It is interesting to see that even though the trave-
ling distances under the ����∗ planner are longer than those 
of the �������� algorithm, the total travel times are much 
shorter. It takes around 2–4 times longer under the �������� 
planner than those under the ����∗ planner.

Figure 11 further compares the performance of the ����∗ 
and �������� planners for steering two nanowires simulta-
neously. Again, we tried to drive these two nanowires from 
about the same starting locations to the same target loca-
tions. The total travel time under the ����∗ planner is 20.4 
s, while the time for the shortest-path trajectory under the 
�������� planner is 273.3 s. From Fig. 11, it is also clearly 
noted that the shorter-time trajectory actually travels a much 
longer distance than the shortest-distance trajectory. This is 
because traveling along the straight-line does not achieve the 
fastest velocity for the non-uniform electric-field distribu-
tion. These experiments clearly demonstrate the feasibility 
and performance of the time-optimal motion planning and 
control for simultaneously steering multiple nanowires. The 
experimental implementation and testing of the �����∗ is 
under development and will be reported in future.

Fig. 9  a The experimental setup with inverted microscope, embed-
ded control system, and vision-based nanowire-motion feedback (Yu 
et al. 2015b). b The micro-fluidic device mounted on a PCB testing 

board (Yu et al. 2018b). c A top view of the micro-fluidic device with 
4 × 4 electrode arrays (Yu et al. 2018b)
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Fig. 10  Experimental comparison between ����∗ and �������� 
trajectories for motion planning and control of one nanowire cross-
ing an atomic-cell boundary. The overlayed nanowire trajectories 
are obtained by using ����∗ algorithm and overlaying the nanowire 
images evenly spaced every 5 s. The total traveling times are a ����∗ 

: 40.8 s and shortest path: 157.2 s. b ����∗ : 137.2 s and shortest 
path: 345.7 s. c ����∗ : 89.1 s and shortest path: 158.7 s. The “ ⊳ ” and 
“ ◦ ” marks indicate the nanowires’ initial and final positions, respec-
tively

Table 3  Traveling time (s) comparison between the ����∗ and 
�������� algorithms in experiments shown in Fig. 10

Fig. 10a Fig. 10b Fig. 10c

����
∗ 40.8 137.2 89.1

�������� 157.2 345.7 158.7
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6  Conclusion and future work

We presented a time-optimal motion-planning scheme for 
steering multiple nanowires in liquid suspension with pre-
cisely controlled electric fields. The proposed ����∗ motion-
planning algorithm takes advantage of the sparse RRT 
structure to generate computationally efficient paths while 
at the same time trying to maintaining time optimality. The 
use of the potential fields in the planning also helps quickly 
generate a feasible solution. In order to reduce the online 
computational cost, the learning-based �����∗ algorithm 
shifts the intensive computation of the optimal-cost metric 
to offline training using supervised learning to enable online-
planning performance. Simulation results demonstrate that 
the ����∗ and the �����∗ algorithms reduce the computa-
tional complexity significantly when compared with the ���∗ 
algorithm. The ����∗ algorithm is capable of generating 
high-quality trajectories comparable to ���∗ , but becomes 
prohibitively costly when the nanowire number is greater 
than four. Meanwhile, the �����∗ algorithm achieved supe-
rior computational performance for up to seven nanowires in 

real-time online with one order quicker computational cost 
per iteration than the ����∗ algorithm.

As a further validation example, we have also dem-
onstrated the experimental performance of the proposed 
online motion-planning and control schemes by steering 
two nanowires simultaneously in a micro-fluidic device. 
We are currently working to improve the offline estima-
tor performance for better-quality approximation in higher 
dimensions. The (deep) generative models may potentially 
provide a better-quality approximation in high dimensions 
and more efficient learning to improve the current version of 
�����

∗ , because they are non-linear function approximators, 
can learn complex outcome distributions, and scale to high-
dimensions (Goodfellow 2016). Among (deep) generative 
networks, the variational autoencoders (VAEs) (Kingma and 
Welling 2013) or conditional VAE (CVAE) have been suc-
cessfully demonstrated that the complex high-dimensional 
nonlinear models can be embedded in a latent space to com-
press information. Alternatively, the generative model based 
reinforcement learning (Moerland et al. 2017) could also be 
adopted to estimate the optimal control input of the TP-BVP 
to further improve the planning efficiency. We will report 
further experiments and discussions as future work.
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