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Abstract—Many outdoor activities, such as bicycling,
driving, and riding segways can be modeled as rigid bod-
ies on a moving platform. In this study, an attitude esti-
mation scheme is established for the rigid body-moving
platform system by using two gyroscopes and relative
measurements between the rigid body and the platform.
The proposed scheme estimates the drift-free attitudes of
the rigid body and the partial drift-free absolute attitudes of
the platform without using any global information or ref-
erence. The kinematic model plays an important role to
obtain the drift-free estimation of the absolute attitude an-
gles. To illustrate this, the estimation scheme is compared
to another design with an alternative kinematic model. The
estimation result differences between the two designs are
analyzed through observability and posterior Cramer–Rao
bound calculations. Extensive experiments are also con-
ducted to demonstrate the performance of the proposed at-
titude estimation scheme with application to bicycle riding
examples.
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I. INTRODUCTION

MANY outdoor activities, such as riding a bicycle, riding
a segway, paddling a kayak, or driving a car, can be con-

sidered a class of physical human–machine interactions with
rigid bodies on a moving platform. Accurate attitude estimation
in these human–machine interactions plays an important role in
our understanding of human sensorimotor skills and such esti-
mation also benefits biomechanics analysis and diagnosis [1]–
[4]. Most existing attitude estimation schemes mainly deal with
human walking, running, or other activities that do not involve
an additional moving platform [5]–[8]. Few researchers have
explored the attitude estimation for the aforementioned outdoor
activities [9], [10].

Microelectromechanical system (MEMS)-based wearable in-
ertial sensors are commonly used to provide accurate human
attitude estimations for personal outdoor activities in noninstru-
mented environments. These sensors include gyroscopes and
inertial measurement units (IMUs) [11]–[14]. However, the use
of inertial sensors is inherently subject to the drifting prob-
lem due to measurement noises and biases. Sensor fusion tech-
niques are used instead to obtain drift-free attitude estimations.
For example, accelerometer measurements can be integrated
with gyroscope measurements because accelerometers capture
the absolute gravitational direction that is used as an absolute
reference to correct estimation drifts [15]. Other complemen-
tary sensor measurements, such as acoustic sensors, magnetic
sensors, laser sensors, or onboard cameras, are integrated with
inertial sensor measurements for drift-free attitude estimation
as well [5], [16]–[18]. Although many sensor fusion schemes
currently exist, it is generally recognized that at least one of
the used sensors needs to measure the absolute attitude infor-
mation or to capture the absolute references in the world frame
(e.g., gravitational vector and magnetic field) to obtain drift-free
global attitude angles successfully [15], [18]. Fusion with rel-
ative motion information can greatly enhance relative attitude
estimation but significant drifts still exist in absolute attitude
estimations [18].

This paper proposes an attitude estimation scheme for out-
door activities that can be represented by a rigid body-moving
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Fig. 1. Outdoor human–machine interactions (bicycle, segway, and
kayak). Pictures are taken from https://pixabay.com (within public do-
main).

platform system. The estimation scheme yields drift-free results
for the rigid body and also partial drift-free absolute attitudes
for the platform without requiring any global information mea-
surements. This attractive feature is achieved because in many
of these systems, the platforms have restrictive motions along
certain directions. For example, riding bicycles (or segways)
involves almost no pitch (or roll) movements. As per this ob-
servation, a fusion scheme built on a special coupled kinematic
model is established to estimate drift-free absolute attitudes of
the moving platform. The proposed scheme is compared to an
estimation approach that is built on an alternative kinematic
model. The two estimation approaches are demonstrated for the
sake of comparison using observability analyses and posterior
Cramer–Rao bound (PCRB) calculations. The estimation design
is further demonstrated by an extended Kalman filter (EKF) im-
plementation on bicycle riding examples.

The contributions of this paper are twofold. First, a new sys-
tematic attitude estimation approach is presented for a class of
human–machine interactions that are captured by rigid bodies
on a moving platform. Few attitude estimation designs have
been previously reported for such applications. Second, partial
drift-free absolute attitudes of the platform are obtained without
requiring any global information measurements. The approach
resolves several limitations in existing estimation methods. The
choice of the kinematic model plays an important role in the
estimation performance. The use of different kinematic models
leads to convergent or divergent results, which might serve as
workable guidelines for attitude estimation designs. The pro-
posed scheme differs from previously reported attitude estima-
tion schemes [19], [20], in which absolute sensors (i.e., force
sensors and accelerometers) are used to eliminate the estimation
drifts by integrating inertial sensor measurements. This paper
is a significant extension of a previously presented conference
publication [21] and rigorous observability analyses, including
additional experiments, are presented alongside in-depth expla-
nations and discussions of the proposed method.

The remainder of this paper is organized as follows. Section II
describes the problem formulation. The detailed design of the at-
titude estimation scheme is discussed in Section III. Section IV
presents performance analyses. Experimental results and dis-
cussions are presented in Section V. Section VI provides a brief
summary and conclusion.

II. PROBLEM DESCRIPTION

A. Problem Statement

Fig. 2 shows a schematic diagram of the rigid body-moving
platform system. The system consists of one rigid body, denoted

Fig. 2. Schematic diagram of rigid body-moving platform system rep-
resenting the outdoor activities presented in Fig. 1.

by H, and one moving platform, denoted by P . Two body-fixed
frames Bh(xh , yh , zh) and Bp(xp, yp , zp) are introduced for H
andP , respectively. An inertial frame I(X,Y,Z) is setup on the
ground and with its Z-axis pointing downward; see Fig. 2. The
roll, pitch, and yaw angles, denoted by ϕ, χ, and ψ, respectively
(X−Y−Z ordered Euler angles), express the rotation from I
to Bp . Three Euler angles θ = [θ1 θ2 θ3]T ∈ R3 (X−Y−Z
ordered) are also adopted for the relative rotation from Bp to Bh .
Obviously, ϕ, χ, and ψ represent the globally absolute angles in
I and θ are the relative angles.

One triaxial gyroscope is each attached on P and H and
their measurements are denoted as ωp = [ωpx ωpy ωpz ]

T ∈ R3

and ωh = [ωhx ωhy ωhz ]T ∈ R3, respectively. A relative sen-
sor (e.g., acoustic sensor, laser sensor, or onboard camera) is
mounted on platform P to capture the relative rotation between
P and H. Note that θ can be either directly measured or in-
directly observed, for example, through multiple displacement
measurements between P and H [18], [22].

The goal of the attitude estimation process is to obtain drift-
free estimates of attitudes (ϕ, χ, ψ) of P as well as θ of H with
the above-mentioned sensor configuration. Because no sensor
captures absolute attitude information or references in the global
frame, it is seemingly impossible to identify any drift-free ab-
solute angles of the platform (i.e., ϕ, χ, and ψ) [15], [18].
This paper will show that with the specially designed platform
kinematic model, under certain platform motion restrictions,
drift-free estimates are obtained for pitch angle ϕ or roll angle
χ.

B. Platform Kinematic Model

The actual angular velocity of P is denoted as δωp =
[δωpx δωpy δωpz ]

T ∈ R3 and it is straightforward to obtain

δωp = ωp − vp − bp (1)
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where zero-mean white noise vp = [vpx vpy vpz ]
T ∈ R3 and

random walk bias bp = [bpx bpy bpz ]
T ∈ R3 are considered in

ωp [15]. Bias bp is modeled as a first-order Markov process

ḃ
p

= −Qpbp + up (2)

where up ∈ R3 is a zero-mean white noise, Qp =
diag

(
1
τ p ,

1
τ p ,

1
τ p

) ∈ R3×3, and τp is a time constant.
Given the motion relationship betweenI andP , the kinematic

model of the gyroscope on P is then built by projecting all
angular velocity components into Bp

δωp =

⎡

⎢
⎣

ϕ̇

0

0

⎤

⎥
⎦ + RT

x (ϕ)

⎡

⎢
⎣

0

χ̇

0

⎤

⎥
⎦ + RT

x (ϕ)RT
y (χ)

⎡

⎢
⎣

0

0

ψ̇

⎤

⎥
⎦

=

⎡

⎢
⎣

ϕ̇− sφ ψ̇

cϕ φ̇+ sϕ cφ ψ̇

− sϕ φ̇+ cϕ cφ ψ̇

⎤

⎥
⎦ (3)

where cϕ = cosϕ, sϕ = sinϕ, and Ri(ϕ) represents the three-
dimensional rotational matrix around the i-axis with angle ϕ,
i = x, y, z. Similar notations are used throughout this paper.

From (3), calculations of ϕ̇, χ̇, and ψ̇ can be obtained as
follows:

⎡

⎢
⎣

ϕ̇

χ̇

ψ̇

⎤

⎥
⎦ =

⎡

⎢
⎣

1 sχ sϕ
cχ

sχ cϕ
cχ

0 cϕ − sϕ
0 sϕ

cχ
cϕ
cχ

⎤

⎥
⎦δωp . (4)

The attitude estimation results by directly integrating (4) suffer
from drifting noises. Instead, the first and third rows in (3) can
be used to obtain the following expressions of ϕ and χ:

1) when ψ̇ �= 0 and χ̇ = 0

tanϕ =
δωpy
δωpz

=
ωpy − vpy − bpy
ωpz − vpz − bpz

(5)

2) when ψ̇ �= 0, ϕ = 0, and ϕ̇ = 0

tanχ = −δω
p
x

δωpz
= −ω

p
x − vpx − bpx
ωpz − vpz − bpz

. (6)

Obviously, due to singularity (e.g., δωpz = 0), it is difficult
to directly apply (5) and (6) to calculate ϕ and χ, respectively.
However, these two equations do reveal that under certain con-
ditions, it is possible to calculate the absolute angles without
using any measurements that contain global information or ref-
erences. For example, the pitch motion of a bicycle or a kayak is
insignificant and can be considered negligible, namely χ̇ ≈ 0;
the roll dynamics of segway motion are also negligible, i.e.,
ϕ ≈ 0 and ϕ̇ ≈ 0. Furthermore, condition ψ̇ �= 0 often occurs
in practice in the above-mentioned human–machine interactions
due to constantly turning, pedaling, or otherwise disturbing and
manipulating the platform in use.

This paper mainly focuses on a novel estimation scheme for
a moving platform with almost no pitch motion, such as a kayak
or bicycle. Similar results can be obtained for a segway-like
platform that has almost no roll movement. The estimation ap-
proach resolves the singularity problem and can also be applied

to practical applications even when the conditions in (5) or (6)
are not strictly satisfied.

III. ATTITUDE ESTIMATION

For platforms with negligible pitch movement (χ̇ = 0), cal-
culations of ϕ̇ and ψ̇ are obtained by using the first and the third
rows in (3). Considering (1), the platform kinematic model can
be obtained as follows:

[
ϕ̇

ψ̇

]

=

[
1 0 0

0 0 1
cϕ

]

δωp (7)

and the roll motion kinematics as

ϕ̇ = δωpx. (8)

Similar to (1), the actual angular velocity of H is denoted as
δωh = [δωpx δωpy δωpz ]

T ∈ R3 and can be readily obtained as
follows:

δωh = ωh − vh − bh (9)

where the zero-mean white noise and bias are denoted as vh =
[vhx vhy vhz ]T ∈ R3 and bh = [bhx bhy bhz ]

T ∈ R3, respectively.
Bias bh is modeled as a first-order Markov process

ḃ
h

= −Qhbh + uh (10)

where uh ∈ R3 represents zero-mean white noise, Qh =
diag( 1

τ h
, 1
τ h
, 1
τ h

) ∈ R3×3, and τh is a time constant.
Similar to the gyroscope on P , the kinematic model of the

gyroscope on H is built by projecting the angular velocity com-
ponents into Bh

δωh =

⎡

⎢
⎣

0

0

θ̇3

⎤

⎥
⎦ + RT

z (θ3)

⎡

⎢
⎣

0

θ̇2

0

⎤

⎥
⎦ + RT

z (θ3)RT
y (θ2)

⎡

⎢
⎣

θ̇1

0

0

⎤

⎥
⎦

+ RT
z (θ3)RT

y (θ2)RT
x (θ1)

⎡

⎢
⎣

ϕ̇

0

0

⎤

⎥
⎦

+ RT
z (θ3)RT

y (θ2)RT
x (θ1)RT

x (ϕ)

⎡

⎢
⎣

0

0

ψ̇

⎤

⎥
⎦. (11)

In order to obtain the kinematic equations for H, terms ϕ̇ and
ψ̇ need to be eliminated from (11). Indeed, two different elim-
inations may be implemented, and thus, two kinematic models
are obtained.

Model 1: The last two terms of the right-hand side of (11)
are combined (with zero pitch dynamics) and (3) is applied to
substitute these two terms

RT
z (θ3)RT

y (θ2)RT
x (θ1)δωp . (12)

Then term θ̇ in (11) can be obtained and the first kinematic
model Σ1 of H is finally obtained as (13) shown at the bottom
of next page.
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Fig. 3. Structure diagram of proposed fusion designs.

Model 2: Alternatively, (7) can be used to substitute ϕ̇ and ψ̇
in (11)

RT
z (θ3)RT

y (θ2)RT
x (θ1)

⎡

⎢
⎣

δωpx
sϕ
cϕ
δωpz

δωpz

⎤

⎥
⎦. (14)

The formulation of θ̇ is then obtained from (11) and the second
kinematic model Σ2 of H is listed as (15) shown at the bottom
of this page. For presentation convenience, the two coefficient
matrices in (15) are denoted as A and B.

Although (13) and (15) are slightly different, they are both
precise without any approximation. In (15), angle ϕ explicitly
appears in the coefficient matrix B because the combination
of ϕ and the z-axis component of ωp is used to substitute the
y-axis component of ωp ; see (14). By using this treatment, (5)
is implicitly used and embedded in the kinematic model Σ2. On
the contrary, the corresponding matrix in (13) does not contain
any terms with angle ϕ.

The system outputs are considered as a function of θ

y = h(θ) + vy (16)

where vy = [vyx vyy vyz ]
T ∈ R3 represents the measurement

noise and is modeled as a Gaussian white signal, h(θ) is a
general nonlinear function vector, and y ∈ R3 contains three
independent measurements related to θ [18]. If θ is directly
measured [22], y = θ + vy is obtained.

The overall fusion structure is illustrated in Fig. 3. Since
two different kinematic models are derived for H, two fusion
designs are finally obtained. For the first design, the platform
roll kinematic model of (8), the rigid body kinematic model

Σ1 of (13), and the noise models of (2) and (10) are combined
together as system equations and (16) is used as the measure-
ment equation. In the second design, the kinematic model Σ2

is used to substitute for the kinematic model Σ1. Any specific
fusion design (e.g., Kalman filter) can be employed in an actual
implementation.

The rest of this paper shows that the above-mentioned fusion
designs with two kinematic models achieve different estimation
results. The fusion design with model Σ2 obtains drift-free esti-
mation results for both θ and ϕ, whereas with model Σ1 cannot
obtain drift-free estimates for ϕ.

IV. OBSERVABILITY ANALYSES AND PCRB CALCULATIONS

In this section, observability analyses are first conducted to
show the performance of the two fusion designs. PCRB are then
calculated for theoretically optimal estimation performance.

A. Observability Analyses

We calculate the observability matrix of a nonlinear system
to show the observability of the above-mentioned fusion de-
signs [23]. The fusion design with Σ2 actually does not contain
the y-axis component of δωp ; see (14). Thus, for presentation
brevity, the notations are slightly abused with ωp = [ωpx ωpz ]

T ,
bp = [bpx bpz ]

T , and Qp = diag
(

1
τ p ,

1
τ p

)
by dropping the com-

ponents that correspond to δωpy . Matrix D is formed by remov-
ing the middle column of B, i.e., D = [B(:, 1),B(:, 3)].

The state vector of the fusion design with Σ2 is denoted as
x = [ϕ θT (bh)T (bp)T ]T ∈ R9. Without considering the noise
terms, the nonlinear system and measurement equations shown
in Fig. 3 can be reorganized as follows:

ẋ = f 0(x) + fωh + fωp (17)

y = h(x) (18)

where f 0(x), f , and f are given as

f 0(x) =

⎡

⎢
⎢
⎢
⎣

−bpx
−Abh − Dbp

−Qhbh

−Qpbp

⎤

⎥
⎥
⎥
⎦
,f =

⎡

⎢
⎢
⎢
⎣

01×3

A

03×3

02×3

⎤

⎥
⎥
⎥
⎦
,f =

⎡

⎢
⎢
⎢
⎣

[1 0]
D

03×2

02×2

⎤

⎥
⎥
⎥
⎦
.

Σ1 :

⎡

⎣
θ̇1

θ̇2

θ̇3

⎤

⎦ =

⎡

⎢
⎣

cθ 3
cθ 2

− sθ 3
cθ 2

0

sθ3
cθ3 0

− cθ 3
sθ 2

cθ 2

sθ 3
sθ 2

cθ 2
1

⎤

⎥
⎦δωh +

⎡

⎢
⎣

−1 − sθ 1
sθ 2

cθ 2

cθ 1
sθ 2

cθ 2

0 − cθ1 − sθ1

0
sθ 1
cθ 2

− cθ 1
cθ 2

⎤

⎥
⎦δωp (13)

Σ2 :

⎡

⎣
θ̇1

θ̇2

θ̇3

⎤

⎦ =

⎡

⎢
⎣

cθ 3
cθ 2

− sθ 3
cθ 2

0

sθ3
cθ3 0

− cθ 3
sθ 2

cθ 2

sθ 3
sθ 2

cθ 2
1

⎤

⎥
⎦

︸ ︷︷ ︸
A

δωh +

⎡

⎢
⎣

−1 0
sθ 2

cθ 1+ ϕ

cθ 2
cϕ

0 0 − sθ 1+ ϕ

cϕ
0 0 − cθ 1+ ϕ

cθ 2
cϕ

⎤

⎥
⎦

︸ ︷︷ ︸
B

δωp (15)
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Matrices f and f can be further separated into vector forms, that

is, f = [f 1 f 2 f 3] and f = [f 4 f 5], where f i is a column vec-
tor, i = 1, . . . , 5. With (17) and (18), the gradients of Lie deriva-
tives ∇L
f i ...f j

h(x) are recursively computed, i, j = 0, . . . , 5,
and 
 represents the order of the Lie derivatives [24]. Therefore,
an observation matrix is obtained by stacking all Lie derivatives
by rows

O = {∇L
fi ...fj h(x)|i, j = 0, . . . 5; 
 ∈ N}. (19)

To prove the system observability, it is sufficient to show a
submatrix O′ that contains only a subset of the rows of O is
full column rank [23]. Unfortunately, no systematic method is
available to select rows of O to construct O′. Here, O′ ∈ R12×9

is constructed as follows:

O′ =

⎡

⎢
⎢
⎢
⎢
⎣

∇L0h

∇L1
f0

h

∇L1
f5

h

∇L2
f5f0

h

⎤

⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎣

03×1 H 03×3 03×2

X1 X2 −HA X3

E X4 03×3 03×2

X5 X6 X7 X8

⎤

⎥
⎥
⎥
⎥
⎦

(20)

where H ∈ R3×3 is the Jacobian matrix of (18), and E is a
vector given as

E = − 1
cθ2

c2
ϕ

H

⎡

⎢
⎣

sθ1
sθ2

cθ1
cθ2

−sθ1

⎤

⎥
⎦. (21)

The values of matrices X i , i = 1, . . . , 8, are not critical for de-
termining the observability, and thus their detailed expressions
are not presented here.

Below, a sketch proof is provided to show the full column
rank ofO′ as well as the observability properties of the proposed
method. As h(x) represents three independent measurements,
it is straightforward to obtain that H must be full rank, i.e.,
rank(H) = 3. Matrix H can thus be transformed into an iden-
tity matrix via the Gaussian elimination method. The identity
matrix is then applied to further eliminate all the other elements
in the same columns of O′. Since det(A) = 1

cθ 2
�= 0, −HA is

also full rank, and similarly, it can be transformed into an iden-
tity matrix and then used to eliminate the other elements in the
same columns. Due to the full rank of H , E cannot be a zero
vector unless all the elements in the last column in (21) are zeros,
namely, θ1 = 0 and θ2 = ± 1

2π simultaneously. However, such
condition is never held because condition θ2 = ± 1

2π already
causes the singularity of the defined Euler angles. Therefore, at
least one element in the first column of E is nonzero and can be
used to eliminate the other elements in the first column of O′.
After these steps, O′ is similar to the following:

O′′ =

⎡

⎢
⎢
⎢
⎢
⎣

03×1 I3×3 03×3 03×2

03×1 03×3 I3×3 X3

E 03×3 03×3 03×2

03×1 03×3 03×3 X8

⎤

⎥
⎥
⎥
⎥
⎦
. (22)

It can be shown that rank(X8) = 2 except at a few isolated
configurations, an example of which is presented in the ap-
pendix. As explained therein, the influence of such exceptions
on the fusion design is limited. Moreover, by checking the null
space of O′′ in (22), the observability of ϕ and θ is actually
always guaranteed regardless of the values of X8. The values
of X8 only influence the observability of biases bp and bh .

By inspecting O′′, we conclude that O′ almost always has full
column rank, that is, rank(O′) = 9. The fusion design with Σ2

then provides the estimates of not only the relative angles θ, but
also the absolute attitude angle ϕ. Similar to (5), the underlying
assumption is ψ̇ �= 0 (i.e., δωpz �= 0). When δωpz = 0, the third
column of B that contains ϕ is not included into the system; see
(15). This implies that under this condition, then, all the elements
of the first column of O become zeros and ϕ is unobservable.

The observability for the design with Σ1 can be conducted
using the exact same procedure as mentioned above. Obviously,
the roll angle ϕ is not involved explicitly in the rigid body kine-
matics of (13). For the fusion design with Σ1, the elements of
the first column of the observation matrix must be zero because
these elements are about the gradients of Lie derivatives with
respect to ϕ. This implies that angle ϕ is unobservable under all
conditions.

B. PCRB Calculations

Similar to observability analyses, the PCRB calculation for
the design with Σ2 is presented below in detail, and the same
procedure can be applied to the design with Σ1. To calculate the
PCRB, the system is transformed into a discrete-time form. The
state vector of the fusion design with Σ2 in discrete-time form
is

x(k) = [ϕk (k) (θ(k))T (bh(k))T (bp(k))]T ∈ R9

for k ∈ N. The system equations shown in Fig. 3 are rewritten
as

x(k + 1) = f(k) + Ta(k) (23)

where T is the sampling period

f(k) = x(k)

+ T

⎡

⎢
⎣

Â(ωh(k) − bh(k)) + D̂(ωp(k) − bp(k))

−Qhbh(k)

−Qpbp(k)

⎤

⎥
⎦

where Â and D̂ are two coefficient matrices

Â =

[
01×3

A

]

, D̂ =

[
[1 0]

D

]

.

In (23), a(k) is considered as a random vector

a(k) =

⎡

⎢
⎣

−Â(x(k))vh(k) − D̂(x(k))vp(k)
uh(k)
up(k)

⎤

⎥
⎦ (24)
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Fig. 4. PCRB calculation results of ϕ. (a) PCRB of fusion design with Σ2 under the sinusoidal wave profile yaw rate. (b) PCRB of fusion design
with Σ2 under zero yaw rate and PCRB of fusion design with Σ1. (c) PCRB of fusion design with Σ2 under four yaw rate conditions (i.e., ψ̇= 5, 10,
15, and 20 deg/s).

where vp(k) ∼ N (0,Cv
p ) and vh(k) ∼ N (0,Cv

h) are as de-
fined in (1) and (9), respectively, and Cv

p = diag(σ2
vp1,

σ2
vp2, σ

2
vp3) ∈ R3×3, and Cv

h = diag(σ2
vh1, σ

2
vh2, σ

2
vh3) ∈ R3×3.

Similarly, up(k) ∼ N (0,Cu
p ) and uh(k) ∼ N (0,Cu

h ) are
given in (2) and (10), respectively, Cu

p = diag(σ2
up1, σ

2
up2) ∈

R2×2 and Cu
h = diag(σ2

uh1, σ
2
uh2, σ

2
uh3) ∈ R3×3. It is straight-

forward to obtain a(k) ∼ N (0,C) as follows:

C =

⎡

⎢
⎣

Cv 04×3 04×2

03×4 Cu
h 03×2

02×4 02×3 Cu
p

⎤

⎥
⎦. (25)

Cv ∈ R4×4 is calculated from Cv
p and Cv

h as shown in (26)

shown at the bottom of this page, where Âij is the element at
the ith row and the jth column of Â (with same notation for
D̂).

The conditional probability density function (PDF) of x(k +
1) given x(k) is calculated as follows [25]:

p(x(k + 1)|x(k)) =
1

(2π)
9
2T |det(C)| 1

2

× exp
[
− 1

2T 2
(x(k + 1) − f(k))T C−1(x(k + 1) − f(k))

]
.

(27)

Similarly, (16) is reorganized into the discrete-time form as
follows:

y(k) = h(k)(x(k)) + vy (k) (28)

where vy (k) ∼ N (0,Cy ) is a Gaussian white noise vector,
and Cy = diag(σ2

y1, σ
2
y2, σ

2
y3) ∈ R3×3. The conditional PDF of

y(k + 1) given x(k + 1) is

p(y(k + 1)|x(k + 1)) =
1

(2π)
3
2 |det(Cy )| 1

2

exp
[

− 1
2
(y(k + 1)h(k))T C−1

y (y(k + 1) − h(k))
]
. (29)

Having the two PDFs in (27) and (29), the Fisher information
matrix J(k) is calculated recursively and the PCRB is P (k) =
J−1(k) [26]. The ith diagonal element of P (k) is the PCRB
value for the ith state variable of x(k), which represents the
minimal estimation error.

Examples of PCRB calculations are shown below for the two
fusion designs. From (5) and (6), two cases are considered for
different yaw rate conditions, namely ψ̇ �= 0 and ψ̇ = 0. For
ψ̇ �= 0, a sinusoidal yaw rate profile ψ̇ = 20 sin(0.1πt) deg/s is
considered. Figs. 4(a) and (b) shows, respectively, that under
ψ̇ �= 0, the PCRB value of the fusion design with Σ2 converges
rapidly, whereas the PCRB value with Σ1 exhibits a divergent
bound. The fusion with Σ2 completely degrades to the fusion
with Σ1 when ψ̇ = 0 [see Fig. 4(b)]. Furthermore, Fig. 4(c)
shows the PCRB values of the estimated ϕ by the fusion de-
sign with Σ2 under four different yaw rates: ψ̇ = 5, 10, 15, and
20 deg/s. These yaw rate values represent circular trajectories
with different turning radii. We found that the PCRB calcula-
tions almost all overlapped. Thus, the changes of the yaw rate
values do not result in any obvious estimation differences. The
PCRB values of the θ estimation are always convergent for both
designs and the plots are omitted here.

Cv
11 = σ2

vp1, C
v
22 = Â2

21σ
2
vh1 + Â2

22σ
2
vh2 + D̂2

21σ
2
vp1 + D̂2

22σ
2
vp3, C

v
33 = Â2

31σ
2
vh1 + Â2

32σ
2
vh2 + Â2

33σ
2
vp3 (26a)

Cv
44 = Â2

41σ
2
vh1 + Â2

42σ
2
vh2 + Â2

43σ
2
vh3 + D̂2

43σ
2
vp3, C

v
21 = Cv

12 = D̂11D̂21σ
2
vp1 (26b)

Cv
23 = Cv

32 = Â21Â31σ
2
vh1 + Â22Â32σ

2
vh2 + D̂22D̂32σ

2
vp3, C

v
24 = Cv

42 = Â21Â41σ
2
vh1 + Â22Â42σ

2
vh2 + D̂22D̂42σ

2
vp3 (26c)

Cv
34 = Cv

43 = Â31Â41σ
2
vh1 + Â32Â42σ

2
vh2 + D̂32D̂42σ

2
vp3 (26d)
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Fig. 5. Experimental setups. (a) Customized fixture. (b) Riding
experiments.

V. EXPERIMENTAL RESULTS

A. Experimental Setup

An instrumented bicycle setup, shown in Fig. 5, was de-
signed and fabricated at Rutgers University. Fig. 5(a) shows a
customized fixture with a tilted disk installed on the bicycle to
represent a rigid body on a moving bicycle. The disk orienta-
tion changes constantly as the motorized fixture rotates. In the
experiments, the bicycle platform was pushed manually in the
laboratory with arbitrary roll angles while the fixture rotated at
a constant speed. Due to spatial constraints, the bicycle moved
roughly along a circular trajectory, and thus, the yaw rate of the
bicycle platform was consistently nonzero. Fig. 5(b) shows a
snapshot of human riding experiments to demonstrate the atti-
tude estimation performance.

For the experiments, we ran on the setup shown in
Fig. 5(a); two MEMS-based gyroscopes (model 605 and model

Fig. 6. Estimation results of bicycle roll angle ϕ in experiment on cus-
tomized fixture.

slimAHRS, Motion Sense, Inc.) were mounted on the bicycle
and the titled disk, respectively. The relative orientation θ be-
tween the bicycle and the titled disk was indirectly captured.
An onboard monocular camera (Manta G-145, Allied Vision
Technologies) and three markers of known sizes were used to
provide three independent distance measurements between the
camera and the markers, as shown in Fig. 5(a). For the human
riding experiments shown in Fig. 5(b), one additional gyro-
scope (model 605, Motion Sense, Inc.) was fixed to the rider
trunk and θ was directly measured by a monocular camera with
a special rectangular-shaped landmark [27]. Two types of mea-
surements were adopted in the experiments to demonstrate that
the proposed approach can be applied to various relative com-
plimentary sensors as modeled by (16).

For indoor experiments, ground truth measurements were ob-
tained with an optical motion capture system (Vicon Motion
System, Ltd.). The Vicon system includes eight Botina cameras
and a workstation computer with Nexus 1.6 motion capture soft-
ware. The system provided a 0.6-deg accuracy for the human
trunk attitude measurements and a 0.2-deg accuracy for bicycle
attitude measurements. In outdoor experiments, a high accuracy
IMU (model 800, Motion Sense, Inc., 0.3-degree accuracy) pro-
vided the ground truth of the bicycle attitudes.

B. Experimental Results

The estimation results for the fixture experiments are first
presented. The EKF estimates of roll angle ϕ are shown in
Fig. 6 and the estimation errors are plotted in Fig. 7. Obviously,
the estimated ϕ using the EKF design with model Σ2 closely
follows the ground truth, whereas that with Σ1 begins drifting
over the 60-s period. Fig. 8 shows the estimates of θ using the
EKF design withΣ2 where no drifts are found. The experimental
results clearly demonstrate that the attitude estimation scheme
with Σ2 yields drift-free results for the attitude angles of both
the rotating disk and the bicycle.

Five subjects (four male and one female with age of 27 ± 3
years, height of 176 ± 5 cm, and weight of 68 ± 10 kg) were re-
cruited for indoor and outdoor human riding experiments. Due to
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Fig. 7. Absolute estimation error of ϕ in experiment on customized
fixture.

Fig. 8. Estimation results of θ in experiment on customized fixture.

spatial constraints, the subjects rode the bicycle only along a cir-
cular trajectory (with radius of around 2 m) for the indoor exper-
iments. In the outdoor experiments, the subjects rode the bicycle
in an open area with arbitrary trajectories. The outdoor ground
was paved with bricks and the uneven ground condition caused
vibrations in the bicycle frame, so the zero-pitch angle assump-
tion was violated. Figs. 9 and 10 show a comparison between
theϕ estimates and estimation errors of EKF designs with Σ1 or
Σ2 in one indoor experiment, respectively. Clearly, the EKF de-
sign with model Σ2 demonstrates drift-free estimation, whereas
that with model Σ1 shows divergent estimation results. Fig. 11
shows the estimates of angles θ with model Σ2 and a comparison
against the direct integration of gyroscope measurements for one
indoor experiment run. The EKF design with Σ2 again obtains
drift-free estimates of angles θ. Figs. 12 and 13 show the esti-
mates and estimation errors of angleϕ in an outdoor experiment
run by using modelsΣ1 orΣ2, respectively. Similar to the indoor
case, the EKF design with Σ2 demonstrates drift-free results,
whereas that with Σ1 diverges significantly. Fig. 14 shows the
estimates of the rider’s angle θ with Σ2 and the direct inte-
gration of gyroscope measurements for one outdoor experiment

Fig. 9. Estimation results of bicycle roll angle ϕ (indoor experiment).

Fig. 10. Absolute estimation error of angle ϕ (indoor experiment).

Fig. 11. Estimation results of rider trunk angles θ (indoor experiment).

run. The experimental results are consistent with the observ-
ability analyses and PCRB calculations. The attitude estimation
scheme with Σ2 shows reliable, drift-free estimates of both θ
and ϕ.

Table I lists the values of the mean and one standard deviation
of the Root-Mean-Square (RMS) errors of the estimation results
under the EKF design withΣ2 for all subjects. These values were
obtained from 1-min indoor experiment runs. The multisubject
results confirm the performance discussed above.
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Fig. 12. Estimation results of bicycle roll angle ϕ (outdoor experiment).

Fig. 13. Absolute estimation error of angle ϕ (outdoor experiment).

Fig. 14. Estimation results of rider trunk angles θ (outdoor experiment).

C. Discussions

The proposed approach shows the similar accuracy to pre-
viously published sensor fusion-based attitude estimations.
In [19], measurements of force sensors, accelerometers, and
gyroscopes are fused together to obtain the attitude angles of

TABLE I
STATISTICS OF THE ROOT-MEAN-SQUARE (RMS) ERRORS (IN DEG) FOR

FIVE SUBJECTS (INDOOR EXPERIMENTS)

θ1 θ2 θ3 ϕ

EKF w/Σ2 2.11 ± 0.45 2.62 ± 0.89 1.98 ± 0.75 0.72 ± 0.22
[19] 2.21 ± 0.46 2.98 ± 0.97 3.46 ± 1.04 0.61 ± 0.13

Fig. 15. Estimation results with extreme road conditions. (a) Pitch angle
χ. (b) Pitch angular rate χ̇.

a human trunk and bicycle. The results in [19] are included
in Table I for the sake of comparison. It is important to note
that our goal was not to obtain superior estimation results to
other existing estimation schemes, but to develop a systematic,
low-cost solution with a small number of wearable sensors. One
attractive feature of the proposed approach is that it reveals the
absolute attitude using only relative attitude measurements.

Although the zero-pitch approximation is used to derive the
estimation scheme, the outdoor bicycle riding experiments on
uneven ground clearly show that the estimation design still
works well under slight violation of the zero-pitch assumption.
To further validate the performance sensitivity of this assump-
tion, an outdoor bicycle riding test was conducted over extreme
road conditions. Fig. 15 shows the profiles of the pitch angle and
angular rate in this test, where the pitch dynamics are nonnegli-
gible and the bicycle has a maximum pitch angle of about 20-deg
at around 15 s. The roll angle estimates shown in Fig. 16 indicate
that the fusion design performance is not significantly degraded.
There are a few plausible explanations for the above-mentioned
results. When the assumptions are violated, the estimation per-
formance may degrade to the results by purely integration of
inertial sensors measurements. As long as the duration of the
assumption violation is not long, however, the integration drifts
are fairly limited. When the assumption condition is resatisfied,
the drifts in the estimated values are suppressed to nearly zero.
In other words, the estimation drifts are bounded even if the
assumptions are only sometimes valid. The estimation perfor-
mance of the proposed method is not sensitive to the assumption
conditions when they are not strictly enforced.
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Fig. 16. Estimation results of bicycle roll angle ϕ with extreme road
conditions.

Fig. 17. Estimation results for straight-line riding. (a) Riding trajectory.
(b) Yaw angle rate ψ̇. (c) Estimation results of bicycle roll angle ϕ.

The estimation design may not achieve drift-free estimation
under the condition ψ̇ = 0. However, this condition would not
impose a strict restriction in practice. For example, riding a bi-
cycle always takes place under nonzero yaw rate conditions due
to the constant pedaling, turning, and other necessary move-
ments. Furthermore, Fig. 4(b) reveals that even when riding on
a straight-line trajectory, the fusion design with Σ2 still func-
tions properly with only a slow drift. The convergence rate of
ϕ under a nonzero yaw rate is much faster than its divergent
rate under a zero yaw rate (see Fig. 4), so the drift is bounded
within a short time period and is reduced rapidly again once the
yaw rate value becomes nonzero. In other words, the estimation
drifts of the proposed approach are always bounded even if the
condition ψ̇ �= 0 occurs occasionally. A straight-line riding ex-
periment across a typical parking lot was conducted to further
validate this observation. Fig. 17(a) shows the riding trajectory
during the experiment and Fig. 17(b) shows the yaw rate pro-

file, where even as the rider moved along a nearly straight line,
condition ψ̇ = 0 only occurred intermittently. Fig. 17(c) shows
the estimates of angle ϕ, where the proposed fusion scheme
continues to maintain satisfactory estimation performance.

Similar to the published method [19], the proposed fusion de-
sign cannot obtain drift-free estimates of the bicycle yaw angle.
For outdoor activities with negligible roll dynamics (e.g., seg-
way riding), the fusion design should perform similar in terms of
reliable, drift-free pitch angle estimation. However, the estima-
tion design cannot obtain the drift-free absolute attitude angles
of a moving platform that holds both pitch and roll dynamics.

VI. CONCLUSION

A drift-free attitude estimation scheme was proposed in this
paper for a class of physical human–machine interactions that
can be represented as rigid bodies on moving platforms, such as
bicycling, kayaking, or driving. The sufficiently restrictive plat-
form motion and appropriate choice of kinematic model yielded
accurate estimates of absolute attitude angles for the system even
without any sensors to measure absolute attitude information or
the global reference. These estimates were compared against a
fusion design with an alternative kinematic model. Observabil-
ity analyses and PCRB calculations were presented to confirm
the effectiveness of the proposed estimation scheme. Exper-
iments were further reported to validate the drift-free attitude
estimation method as applied to several bicycle riding examples.

APPENDIX

The rank of X8 is calculated as follows with a specific h(x).
For simplicity, θ is considered to be directly measured [28] and
y = θ. It is straightforward to obtain

X8 =

⎡

⎢
⎢
⎢
⎣

sθ 2
cθ 1ϕ

sϕ
cθ 2 c2

ϕ

cθ 1+ϕ sθ 1+ϕ (1+s2
θ 2

)

c2
θ 2

c2
ϕ

sθ 1+ϕ sϕ
c2
ϕ

c2
θ 1+ϕ sθ 2
c2
ϕ cθ 2

cθ 1+ϕ sϕ
cϕ cθ 2

− 2 cθ 1+ϕ sθ 1+ϕ sθ 2
c2
ϕ c2

θ 2

⎤

⎥
⎥
⎥
⎦
. (30)

The determinants of its three 2 × 2 submatrices are

− sθ 2 cθ 1+ ϕ sϕ(1+s2
θ 1+ ϕ)

c2
θ 2

c4
ϕ

, − cθ 1+ ϕ sϕ(s2
θ 1+ ϕ + s2

θ 2
)

c2
θ 2

c4
ϕ

, and − c2
θ 1+ ϕ

sϕ sθ 1+ ϕ

c2
θ 2

c4
ϕ

,

respectively. The rank of X8 is 2 except under three excep-
tional isolated states:ϕ = 0; θ1 + ϕ = ± 1

2π; or θ1 + ϕ = 0 and
θ2 = 0. However, the influence of these exceptional states on the
system observability is limited. The possibility of column rank
deficiency of O under these special conditions is significantly
reduced by other rows in O that are not contained in O′, e.g.,
∇L2

f0f0
h and ∇L3

f0f5f0
h (details are omitted due to the extreme

length of these expressions). The full column rank of O′ is only
one sufficient condition to guarantee the full column rank of
O. In addition, these exceptional conditions are isolated, so it
is almost impossible for the system to maintain at these state
values.
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