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A Vibration-Based PMN-PT Energy Harvester
Alex Mathers, Kee S. Moon, and Jingang Yi, Senior Member, IEEE

Abstract—We report design, modeling, analysis, and ex-
perimental study of a vibration-based piezoelectric energy
harvester. The energy harvester is made of a composite
cantilever of a single crystal relaxor ferroelectric material,
�� �Pb(Mg� �Nb� �)O� PbTiO� (PMN-PT), and a poly-
dimethylsiloxane (PDMS) base layer. A PDMS proof mass is
constructed at the tip of the composite cantilever beam and is
used as a means to tune the system natural frequency. The use
of the PMN-PT piezoelectric material and an interdigited elec-
trodes (IDEs) design improves the energy conversion efficiency.
A dynamic systems modeling approach is employed to analyze
the responses and the performance of the harvester design.
We have demonstrated that a prototype of the harvester with
a size of 7.4 mm 2 mm 110 m outputs a voltage of 10 V
(0.3 mW power) under a vibration excitation with a peak-to-peak
amplitude of 1 mm at a frequency around 1.3 kHz. Based on the
experimental results, the power density prediction of the proposed
harvester design shows a superior performance than that of the
other reported piezoelectric harvesters.

Index Terms—Composite cantilever beam, energy harvester, in-
terdigited electrodes (IDEs), piezoelectric harvester, PMN-PT.

I. INTRODUCTION

O VER the past decade, there has been a significant growth
in the applications of wireless networked sensors and

smart devices, such as embedded sensors in buildings, med-
ical implant devices, and wireless automotive tire sensors, etc.
Long-term supply of power to these smart devices is challenging
due to their being embedded in the host structure and the limited
lifetime of conventional electrochemical batteries. Energy har-
vesting from ambient environments provides a perpetual power
solution for these devices [1].

Converting environmental vibration into electric energy has
been actively explored with various piezoelectric materials and
designs [2]–[12]. Most of the vibration energy converters are
based on a design in which the natural frequency of the vibra-
tion system is close to the frequency of the vibrational excitation
source. One of the challenges of the resonant-based energy con-
verter is the energy harvesting efficiency. In [7], the effective-
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ness of vibration-based energy harvesting is discussed for var-
ious energy conversion technologies, such as electromagnetic,
piezoelectric, and electrostatic methods. It has been shown that
coupling coefficient of the piezoelectric material has a signifi-
cant impact on the effectiveness of energy harvesting. Recently,
numerous attempts have been made to increase the efficiency
of piezoelectric energy harvesting devices by using new piezo-
electric materials and innovative electrode designs [6], [7]. For
example, in [6], the mode of the piezoelectric transducer is
used to generate about 20 times higher voltage than that of the

mode of the same harvester geometry.
In this paper, we present design, modeling, analysis, and

experimental study of a vibration-based energy harvester
that is made of single crystal relaxor ferroelectric mate-
rial. The main contributions of this study are twofolds.
First, we take several novel approaches to improve the en-
ergy conversion efficiency. We use a piezoelectric material,

Pb(Mg Nb )O - PbTiO (PMN-PT), as the energy
conversion component. PMN-PT has much higher coupling co-
efficient and electromechanical coefficient, which improve the
efficiency of the energy conversion [13]–[15]. We design and
fabricate interdigited electrodes (IDEs) on the PMN-PT layer.
The use of IDEs improves the output voltage significantly. Fur-
thermore, the construction of the proof mass at the cantilever tip
is used as a means to tune the natural frequency of the harvester
design. Second, we take a dynamic system modeling approach
to analyze the harvester design and performance. The analytical
formulation provides guidances for the beam/mass harvester
design. We also quantitatively investigate and compare the
harvester power density performance with the other harvester
designs using the dynamic system modeling scheme.

This paper is organized as follows. The energy harvester de-
sign and prototype is presented in Section II. We present a dy-
namic system model for the vibration-based cantilever harvester
in Section III. Model validation and harvester performance are
presented in Section IV. We compare the harvester performance
with an MEMS-based PZT harvester design in Section V before
concluding this paper in Section VI.

II. PMN-PT/PDMS-BASED ENERGY HARVESTER

We use a single crystal relaxor ferroelectric material,
PMN-PT, as the energy harvester material. For PMN-PT, the
piezoelectric coefficient ( pC/N), dielectric con-
stant , and electromechanical coupling factor

% are significantly higher than those of the lead
zirconate titanate Pb(Zr Ti )O (PZT) ( pC/N,

%) [16], [17]. The IDE design takes advantages of
transverse mode (e.g., ) to increase the efficiency of energy
harvesting.

We use polydimethylsiloxane (PDMS) (Dow Corning Sly-
gaard 184) to form a coating layer on the PMN-PT cantilever
and to fabricate a proof mass at the cantilever tip. PDMS is an
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Fig. 1. A PMN-PT/PDMS energy harvester. (a) Top view. (b) Side view.

inert, clear organic polymer. What makes PDMS attractive for
the harvester prototype is its ability to make conformal contact
with surface along with its chemical and thermal stability. The
main purpose of fabricating the PDMS coating layer is to reduce
the stress concentration at the support and therefore to increase
the reliability of the harvester. Although we have not quanti-
tatively studied the long-term PMN-PT/PDMS adhesion relia-
bility, we have however observed that the use of the PDMS layer
significantly improves lifetime of the PMN-PT harvester.

To fabricate the harvester prototype, we use -fac-
tory-oriented PMN-PT single crystal plates with a thickness
of 110 m. The PMN-PT thin plates are undergone a mechan-
ical polishing and thin layers (50 nm) of Gold are deposited
on the top and the bottom sides to form fine primary elec-
trode layers. The interdigitated electrode patterns are custom
micromachined by photolithography processes. A pair of
50 m-gap periodic electrodes (100 m wide) are fabricated
on the bottom and the top of the PMN-PT layer [Fig. 1(a)]. A
PMN-PT harvester prototype is fabricated with a dimension
of 7.4 mm 2 mm 110 m. The PMN-PT cantilever is then

attached to a PCB board (8 mm 8 mm 1 mm), as shown in
Fig. 1.

To coat a PDMS layer, we dip the PMN-PT cantilever into
PDMS. Any air cavities that may be trapped are carefully re-
moved. The PMN-PT/PDMS cantilever is then heated to a tem-
perature around 100 C for about 15 min. Once the PDMS
has cured and hardened, it is cooled down to room tempera-
ture. The next step is to add the proof mass. We only dip the
cantilever’s tip into PDMS. The amount of PDMS applied can
be controlled by multiple quick dippings. After a satisfactory
amount of PDMS is applied to the cantilever’s tip, the cantilever
is heated again to a temperature around 100 and cooled down
as before. The PMN-PT/PDMS cantilever is under poling for
about one hour in a 100 V dc electric field.

In this study, silicone-based PDMS is used as proof mass be-
cause of its ease fabrication in room temperature, easily bonding
to itself to the PMN-PT layer, and thus convenient control of its
weight. We have first attempted to attach heavier metal pieces
at the cantilever tip and it failed because of the fragility of the
PMN-PT cantilever beam. Since the focus of this paper is on the
conceptual design, development, and analysis of the PMN-PT
energy harvester, we do not consider the possible long-term ad-
hesion issue between the PMN-PT and PDMS layers and the
temperature effect on the harvester performance. We will quan-
titatively investigate these subjects in the future work.

III. HARVESTER MODELING

In this section, we develop a dynamic system modeling ap-
proach to analytically capture the harvester’s responses and per-
formance under excitations. Comparing with other modeling ap-
proaches, such as finite-element analysis, the dynamic system
modeling can provide a closed-form solution that can be used
directly to guide the harvester design and performance analysis.

A. Dynamic Models of the Cantilever Harvester

The harvester prototype is considered as a composite can-
tilever with a point mass on its tip; see Fig. 2. The following
assumptions are made for modeling the composite cantilever
structure: (1) The proof mass and the beam support are rigid;
(2) The strain across the bonding of the PMN-PT/PDMS layers
is continuous; (3) Both the PMN-PT and PDMS beams are
elastic and obey Hooke’s law; (4) The material of PMN-PT
layer is orthotropic; and (5) With the support displacement

, the beam is under pure bending and the stress in the and
directions are negligible.
The length and width of the PMN-PT/PDMS composite can-

tilever are denoted by and , respectively. The mass of the proof
mass is denoted by . The heights of the PMN-PT and PDMS
layers are denoted by and , respectively. The mass density
per unit length for the PMN-PT and the base beams are denoted
by and , respectively.

We consider the composite layer of the PMN-PT and PDMS
as one beam with flexural rigidity (we will calculate
later in this section). The mass density per unit length for the
composite beam is . We con-
sider the dynamics of the beam-mass system under an excitation

. The vertical deflection of the beam is denoted by
at location and time in the coordinate system located on
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Fig. 2. (a) Operating diagram of the PMN-PT/PDMS harvester with IDEs.
(b) A dimensional schematic of the composite cantilever.

the base (Fig. 2). The kinetic and potential energy of the system
are, respectively, as

where and .
If we denote the viscous damping coefficient for the composite
beam is , then the virtual work done by the damping force is

where is the virtual displacement. Using the extended
Hamilton’s principles

(1)

we obtain the equations of motion and boundary conditions

(2a)

(2b)

(2c)

We define

(3)

Fig. 3. A relationship between the natural frequency parameter ���� and the
mass ratio �.

as the dimensionless length of the beam, mass ratio of the proof
mass and the composite beam, and the natural frequency param-
eters of the beam-mass system, respectively. The characteristic
equation of the natural frequency of the dynamic systems given
by (2) is then obtained with as follows:

(4)

For various , we solve the above equation numerically. Fig. 3
shows the values of as a function of , namely, .

B. Harvester Output Models

The cross section of the composite beam is shown in Fig. 2(b).
The coordinate system in Fig. 2(b) is setup with the origin
at the neural axis . Assuming the distance between the
bonding layer and the neutral axis is , we calculate the value
of for the composite beam under a bending load. For the
PMN-PT layer, the strain and stress along the axis di-
rection can be written as , where is the elastic
modulus of the PMN-PT materials. Similarly, for the PDMS
layer, the stress and strain are related to each other as

, where is the elastic modulus of the PDMS
material. The strain along the axis direction at location can
be obtained as , where is the vertical coordinate
of the cross section and is the deflection radius of the beam
at location . The force balances at the cross section of the beam
at location are then written as

(5a)

(5b)

where is the bending moment at location . Solving the
above equation, we obtain

(6)
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where

The IDEs are located on the top and bottom surfaces of the
PMN-PT layer. Therefore, the average stress in the PMN-PT
layer is

(7)

We use the generalized single-degree-of-freedom (SDOF)
approximation [11], [18] for the solution of dynamic
equations given by (2). By variable separation, we write

, where is the modal shape and is
the generalized coordinate for the SDOF system. We consider
the following mode shape for the beam-mass systems

where is defined in (3) and

Furthermore, using expansions for hyperbolic functions,
can be approximated as

(8)

where

(9)

Using the generalized SDOF system and extended
Hamilton’s principles (1), the equation of motion for the
beam-mass systems in terms of is obtained as

(10)

where generalized mass , generalized damping coefficient
, generalized stiffness coefficient , and generalized force

coefficient are, respectively, as

(11a)

(11b)

(11c)

(11d)

and

(12)

Note that the values of the above ’s depend on the variable
due to the relationships (9).

The charge generated by the PMN-PT/PDMS cantilever
under the excitation is obtained as

(13)

where is the cantilever tip (e.g.,
proof mass) displacement and . If we consider an
open circuit for the PMN-PT/PDMS harvester, then the output
voltage can be calculated as

(14)

where is the capacitance of the PMN-PT piezoelectric har-
vester and constant

(15)

From (10), (14), and relationship , we find the
transfer function between the excitation displacement and
the open-circuit voltage as

(16)

where

(17)

A similar transfer function between the base displace-
ment and the tip displacement is obtained as

(18)

where .
Under a harmonic excitation, both and

achieve their maximum values of magnitudes at frequency
and the maximum values of output voltage

and proof mass displacement are, respectively

(19)

where is the peak amplitude of the harmonic excitation.
Remark 1: We do not consider the electromechanical cou-

pling effects, such as cross-damping effects, in the above
models. As we show in the next section, possibly due to the use
of the PDMS layer, the estimated mechanical damping of the
harvester prototype (with damping ratio ) is fairly
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Fig. 4. A schematic of the harvester testing systems.

TABLE I
GEOMETRY AND MATERIAL PROPERTIES OF CANTILEVER HARVESTER SYSTEMS

large. Thus, we assume that the electromechanical coupling
damping effect is negligible in the model.

IV. EXPERIMENTS

A. Experiment Setup

To test the harvester system, we set up a testbed as shown
in Fig. 4. The cantilever harvester is mounted on a vibration
shaker. A high-precision capacitance sensor system (Lion Pre-
cision Inc.) is used to measure the tip displacement of the can-
tilever. A real-time control system (dSPACE ACE1104CLP) is
used to control the motion of the shaker and also collect the dis-
placement and output voltage measurement data from the har-
vester.

B. Parameter Estimations

The material geometric and property parameters are listed
in Table I. Instead of directly measuring the thickness of the
transparent PDMS layer, we estimate the thickness by using
the weight difference before and after coating the PDMS layer.
It has been found that the mass difference between and after
coating is 1.6 mg. Using the mass density of the PDMS ma-
terial, we calculate the thickness of the PDMS layer. By the
same method, we estimate the mass of the PDMS proof mass
is 1.3 mg. We then calculate the composite beam rigidity and
mass density properties. The estimated parameters are listed in
Table II.

With these estimated parameters, we solve (4) to obtain the
natural frequencies of the PMN-PT/PDMS composite beam-
mass systems. Since most excitations in environments are in
a low-frequency range [8] and the largest amount of energy is
around the first natural frequency , we here only calculate the
frequency responses around the first (fundamental) natural fre-
quency. Table III shows the comparison of the analytical and

TABLE II
ESTIMATED RIGIDITY, MASS, AND FREQUENCY PARAMETERS OF THE

CANTILEVER HARVESTER

TABLE III
ESTIMATED AND MEASURED FUNDAMENTAL NATURAL FREQUENCY � OF THE

CANTILEVER HARVESTER WITH AND WITHOUT THE PROOF MASS

Fig. 5. A dynamic frequency response of the cantilever harvester.

experimental results of the estimates of for the composite
cantilever with and without the proof mass. The analytical esti-
mates of in both cases match the experimental results within
a small error range.

The experimental dynamic frequency response of the can-
tilever harvester with the proof mass is shown in Figs. 5 and 7(a).
It is clearly observed that the first natural frequency is around
1340 Hz [from Fig. 7(a)]. Note that the shifting resonant fre-
quency as the increased input magnitude shown in Fig. 7(a) is
due to the nonlinearity of the PMN-PT piezoelectric materials
[19]. We do not consider such a nonlinearity in the model.

We use the dynamic system model to estimate the damping
coefficient and the transfer function gains. Fig. 6 shows the step
response of the displacement of the cantilever tip under a step
excitation. The displacement measurements in Fig. 6 are relative
to a fixed reference while the proof mass displacement is
calculated with respect to the moving base. Therefore, under the
step excitation m, is expected to oscillate
around the equilibrium at a distance of 24 m from its original
location, as shown in Fig. 6. In Fig. 6, the input excitation is
not a perfect step signal due to the imperfect performance of the
vibration shaker under a step-shape input voltage.
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Fig. 6. A step response of the cantilever harvester.

From (18), under a step input , we have the
displacement response of the cantilever tip

where . The th peak value of the step response
is denoted by . Using , the damping

ratio coefficient and gain are estimated, respectively, as

(20)

where is the ratio of the adjacent peak
values. The detailed derivation of the results in (20) is given in
the Appendix.

We consider an average and an average
m, and the estimated damping ratio co-

efficient and gain are shown in Table IV. The estimated
natural frequency (average through several oscillation cycles)
using the step response is listed in Table III.

C. Harvester Performance

Fig. 7(a) shows the peak amplitude of the harvester output
voltage (open circuit) versus the excitation frequency with three
different peak amplitudes. Here, the input base vibration excita-
tion is chosen to be sinusoidal. It is clearly observed an increase
of the output voltage when the input excitation magnitude is in-
creasing around Hz. Fig. 7(b) shows the relation-
ship between the peak amplitude and output voltage , and
a linear function is used to approximate the curve. In-
deed, the analysis results in (19) show a linear relationship be-
tween , namely, , and .

The results in Fig. 7(b) show that the output voltage can reach
14 V (peak-to-peak) under the excitation with a peak-to-peak

Fig. 7. (a) Harvest output voltage versus excitation frequency at three different
base peak amplitudes. (b) Output voltage versus the base peak amplitudes
around the first natural frequency.

TABLE IV
ESTIMATED DYNAMIC MODEL PARAMETERS FOR THE CANTILEVER HARVESTER

amplitude 1.4 mm. With the data shown in Fig. 7(b) and rela-
tionship given in (19), we obtain the estimates of parameters
and listed in Table IV. Therefore, we write the transfer func-
tion as

The harvester is then connected to an ac ampere meter to
measure the short-circuit output current. Fig. 8(a) shows a re-
lationship between peak amplitudes of the short-circuit current

and around . A clearly linear relationship between
and is observed. Fig. 8(b) shows the calculated short-circuit
output power (RMS) versus the peak-amplitude around
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Fig. 8. (a) Short-circuit current amplitude (peak-to-peak) versus the base dis-
placement amplitude (peak-to-peak). (b) Harvested power (RMS) under short-
circuit conditions versus the base vibration displacement amplitude (peak-to-
peak).

. At mm, the output short-circuit power is around
mW. When mm, the peak amplitude of the

cantilever tip is estimated as

The active device volume1 is then estimated as
cm . Therefore, the power density under the short-

circuit condition is then

We only consider the short-circuit conditions in the power den-
sity estimation. With a large resistance load, the harvested power
will increase [6], [9]. Therefore, the above estimation of the
power density is conservative.

1The active device volume is defined as the occupied volume by the harvester
under excitations [9].

Fig. 9. Comparison of the first-mode natural frequencies with various sizes of
the proof mass.

V. PERFORMANCE COMPARISONS

In this section, we analyze and compare the PMN-PT/PDMS
harvester output power density performance. We first discuss a
new harvester design of the same geometry as the prototype but
with a larger proof mass than that of the prototype. The use
of the large proof mass is to reduce the natural frequency of the
harvester system. We then predict the performance of the new
design based on the dynamic system model, and compare with
an MEMS-based PZT harvester design reported in [9].

A. Frequency Tuning

For the PMN-PT/PDMS design, we use the proof mass to
tune the resonant frequency of the cantilever structure. We have
analyzed relationship (4) between the mass of the proof mass
and the natural frequency. It has been shown that the increasing
mass of proof mass decreases natural frequency of the harvester
system. Fig. 9 shows experimental results of the first natural fre-
quency variations under three different sizes of the proof mass.
According to the analysis, the natural frequency will roughly
decrease by 115 Hz for every milligram of mass placed on the
tip of a 10 mm PMN-PT cantilever.

B. Harvester Performance Comparison

The output power of the harvester depends on the input vi-
bration frequency and amplitude. The calculation of the power
density for the harvester prototype in the previous section is
under the vibration amplitude of 1.3 mm at the frequency
around 1.3 kHz. To compare the PMN-PT/PDMS harvester
performance with other reported harvesters, we need to evaluate
the output of the harvester under a typical environmental vibra-
tion source. There are limited experimental data on harvester’s
energy density in the literature. Here, we take an example in [9]
to evaluate the PMN-PT/PDMS harvester performance.

In [9], an MEMS-based PZT vibration energy harvester has
been designed, and the output short-circuit power density is
predicted around 28.2 W/cm . The power density prediction
is based on the vibration source of a microwave oven side
panel with an acceleration 4.2 m/s at a frequency of 150 Hz.
The size of the MEMS-based PZT harvester in [9] is around
1.2 mm 0.5 mm 100 m. Assuming the input vibration is
harmonic, the excitation amplitude is estimated as
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To reduce the natural frequency of the current design (around
kHz) to Hz, we only change the mass

of the tip proof mass. In the prototype design, the mass of the
proof mass is and

(Table II). Using (3), we have

(21)

where is the mass ratio of the new harvester design. Using
(4), we obtain , and the desired mass of the
proof mass in the new harvester design is thus

For the new harvester design, the coefficients and in
(8) are different with the current prototype due to the changing
natural frequency in (21). Therefore, generalized coefficients

, in (10), damping coefficient and transfer function
gains in (16) and (18) are all different with those of the prototype
design. Since we have the closed-form formulation for these
coefficients and parameters, we estimate the values of the new
design from the prototype data.

Let , and denote the damping ratio coefficient,
voltage and tip displacement transfer function gains, respec-
tively, under the new harvester design. We also denote ,
and , respectively, for their values of the prototype harvester.
From (11) and (12), we obtain

(22)

where function is obtained as

Here, we explicitly write the dependency relationship between
parameters , and through (9). Similarly, we
obtain the relationships

(23)

where

Plugging and into (22) and (23), we
obtain

From (19), the output peak voltage and the tip displacement
of the new harvester design are, respectively

and

For the short-circuit power density, we assume the output
power under the short circuit condition, where

is the magnitude of the impedance of the harvester. The
impedance is assumed unchanged in the new design since only
the proof mass is changed. Then, the output power density of the
new design and that of the harvester prototype satisfy
the following relationship

The estimate of the power density of the new PMN-PT/PDMS
harvester design is about 20 times larger than the prediction of
the MEMS-based PZT micro-harvester in [9]. The high-power
density of the design is mainly due to the fact that the use of the
large proof mass reduces the stiffness of the beam/mass systems,
and therefore increases the vibration magnitude under a small-
amplitude input excitation.

VI. CONCLUSION

In this paper, we designed, analyzed, and experimentally
tested a vibration-based energy harvester that is made of a
PMN-PT/PDMS composite beam. The motivation of this study
is to achieve a high-energy conversion efficiency. The use of
PMN-PT piezoelectric material and an IDEs design improved
the energy conversion efficiency. The proof mass design at the
cantilever tip is used as a means to tune the natural frequency
of the harvester system. We also presented a dynamic systems
modeling scheme to analyze the responses and performance
of the harvester design. Based on the experiments on a pro-
totype, we analyzed and predicted the output power density
performance of the harvester design. The comparison study
demonstrated a superior output power density performance
than that of an existing reported harvesters.

We are currently refining our design to lower the natural fre-
quency of the harvester and experimentally validate the anal-
ysis. Optimization and miniature design of the PMN-PT har-
vester and adaptively passive tuning the resonant frequency of
the harvester structure are the other ongoing research directions.

APPENDIX

CALCULATION OF PEAK VALUES OF RESPONSES OF

HARVESTER SYSTEM UNDER A STEP INPUT

Under the step input , the response of the proof
mass displacement at the tip of the beam is

Since the oscillation period is , it is straightforward to
calculate that the ratio as

and the first equation in (20) follows directly.

Authorized licensed use limited to: Rutgers University. Downloaded on May 20, 2009 at 17:04 from IEEE Xplore.  Restrictions apply.



MATHERS et al.: A VIBRATION-BASED PMN-PT ENERGY HARVESTER 739

We take the derivatives of

To obtain the th peak value at time , , we need

Then, we obtain and the th peak value of
is given as

Therefore, the second formula in (20) is obtained.
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