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Dynamic Friction Model-Based
Tire-Road Friction Estimation and
Emergency Braking Control
An adaptive control scheme for emergency braking of vehicles is designed based on a
LuGre dynamic model for the tire-road friction. The wheel angular speed and longitudinal vehicle acceleration information are used to design a fast convergence observer to
estimate the vehicle velocity and the internal state of the friction model. The unknown
parameters of the dynamic friction model are estimated through a parameter adaptation
law. A Lyapunov-based state estimator and a stabilizing braking controller are designed
to achieve near to maximum braking capability of the vehicle. Underestimation of the
maximum friction coefficient, a very desirable feature from the perspective of safety, is
guaranteed by a proper choice of adaptation gains and initial values of the estimated
friction parameters. 关DOI: 10.1115/1.1870036兴
Keywords: Automotive Control, Adaptive Control, Nonlinear Observers

Introduction

In recent years, important research has been undertaken to investigate safety in both manual traffic and automated highway
systems 共AHS兲 when highway densities are significantly increased
关1–3兴. One specific issue that greatly impacts overall safety is the
influence of the tire-road interaction on the braking capabilities of
vehicles during emergency braking manuevers, which are crucial
to preserve safety in AHS 关4兴.
A precise knowledge of the tire-road friction characteristics is
important not only from the perspective of emergency braking. It
also provides key information regarding safe spacing policies that
are useful at vehicle and traffic management centers levels. In
both cases, the provided information allows to improve safety.
However, tire-road friction characteristics are difficult to estimate
due to model complexities and variation of physical conditions.
Research in tire-road friction modeling and estimation for individual vehicles is abundant. The pseudostatic model given in 关5兴,
known as the “magic formula,” gives a good approximation to
experimental results and is widely used in automotive research
and industries. However, this model has a complex analytical
structure and its parameters are difficult to identify. For these reasons the magic formula is more used for simulation than for control purposes. In 关6,7兴, identifiable pseudostatic parametric friction
models are presented. Although the parameters in these models
lack direct physical interpretation, they can be identified through
on-line adaptation.
Recently, dynamic friction models, such as the one presented in
关8兴, were introduced to capture the friction phenomenon more
accurately. These dynamic friction models can reproduce observed behavior that static models, as the magic formula 关5兴, cannot capture: hysteretic cycles and Stribeck effect, among others.
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Their parameters can be related with materials properties, such as
stiffness and viscous damping, and therefore their effects are
easier to analyze.
In 关9兴 a LuGre model, which is a first-order dynamic friction
model, was introduced to replicate the tire-road interface. This
model was modified in 关10兴 to include one parameter to represent
different road conditions. An adaptation law was proposed to estimate this parameter during vehicle traction. In 关11兴 an adaptive
emergency braking controller was designed based on a similar
dynamic friction model.
The goal of this paper is to extend the work of 关11兴, where the
authors assumed that only one parameter in the LuGre dynamic
friction model was unknown to design a controller-observer for
emergency braking control. The results in 关11兴 showed the problem of slow convergence of the estimated vehicle velocity and
relative velocity due to the structure of the vehicle-tire system
dynamics. In this paper most of the tire-road model parameters are
assumed unknown. In addition, in order to overcome the slow
convergence problem in the estimator, a parameter adaptation law
that uses measurements of both angular velocity of the wheel and
vehicle longitudinal acceleration is designed. Moreover, the adaptation scheme proposed in this paper achieves underestimation of
the maximum friction coefficient, under the proper choice of the
parameter adaptation gains and initial conditions of the estimated
parameters. This is a very desirable feature from the safety point
of view 关1,7兴.
Although this paper is constrained to longitudinal control of
emergency braking, the knowledge of the tire-road model parameters is also important when lateral control comes into play. The
application of this dynamic friction model to three-dimensional
tire-road behavior has been proposed in 关12兴.
The paper is divided into six sections. Section 2 describes the
vehicle system dynamics. A controller for emergency braking
manuevers that combines an adaptive algorithm with observers for
the velocity and the friction internal state is presented in Sec. 3. A
Lyapunov-based stability analysis for the observers and parameter
adaptation law is also presented in this section. Section 4 analyzes
the conditions to achieve underestimation of the maximum fric-
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tion coefficient. Simulation results for this estimation and control
scheme are presented in Sec. 5. Finally, Sec. 6 contains concluding remarks and directions for future work.

2

ṽ˙ = − dṽ共v + v̂兲共1 − L兲

System Dynamics

 0兩 v r兩
z = vr − 0 f共vr兲z
h共vr兲

共1a兲

˙ = rFx − u
J

共1b兲

mv̇ = − 4Fx − Fa

共1c兲

where z is the friction internal state, vr = v − r is the relative
1/2
velocity, r the wheel radius, h共vr兲 = c + 共s − c兲e−兩vr / vs兩 , f共vr兲
= 兩vr兩 / h共vr兲, s is the normalized static friction coefficient, c is
the normalized Coulomb friction coefficient, vs is the Stribeck
relative velocity, u is the traction-braking torque, Fx the tractionbraking force given by the tire-road contact, Fa the aerodynamic
force, m the vehicle mass, J the tire rotational inertia, and the
parameter 0 is the rubber longitudinal stiffness. The model in Eq.
共3兲 has been modified by 关13兴 to consider the case when the friction force in the contact patch is not evenly distributed. This leads
to include a “convective” term in Eq. 共3兲. For simplicity, in this
paper, the friction force is assumed uniformly distributed in the
contact patch.
The braking force Fx is given by
Fx = Fn共0z + 1ż + 2vr兲

共2兲

where 1 is the rubber longitudinal damping, 2 is the viscous
relative damping and the normal force Fn = mg / 4, if vehicle mass
is uniformly distributed among the four tires. It is possible to use
another factor, to consider that during braking there is a shift in
the load that will increase the normal force in the front tires.
According to 关14兴, the aerodynamic force can be modeled as
F a = C avv 2
where Cav is he aerodynamic coefficient.
Substituting the above equation into Eq. 共1c兲 and considering
vr = v − r as the state variable, Eqs. 共1b兲 and 共1c兲 can be rewritten
as
v̇ = − c − dv

2

v̇r = − 共a + c兲 − dv2 + eKb Pb

共3a兲

with a = r mg / 4J, c = g, d = Cav / m and e = r / J. As suggested in
关15兴, the braking torque is approximated by ub = Kb Pb, where Kb is
an overall braking system gain and Pb the controlled master cylinder pressure.

共6兲

Its time derivative is
Ẇ1 = ṽṽ˙ = − dṽ2共v + v̂兲共1 − L兲 艋 0
Introduce the following lemma
Lemma 1: Assume L ⬍ 0, then ṽ共0兲 ⬍ 0 ⇒ ṽ共t兲 ⬍ 0, ∀t 艌 0 or
ṽ共0兲 ⬎ 0 ⇒ ṽ共t兲 ⬎ 0, ∀t 艌 0.
Proof: For any given value of v and v̂ the solution to Eq. 共5兲 is
of the form
t

ṽ共t兲 = ṽ共0兲e−共1−L兲兰0d共v+v̂兲d

共7兲

This term will never change sign, therefore, if ṽ共0兲 ⬍ 0 ⇒ ṽ共t兲
⬍ 0, ∀t 艌 0 or if ṽ共0兲 ⬎ 0 ⇒ ṽ共t兲 ⬎ 0, ∀t 艌 0.
䊏
Remark 1 Lemma 1 implies Ẇ1 ⬍ 0 and asymptotic stability of
ṽ = 0 follows. Moreover, if the observer gain 兩L兩 is chosen large
enough, the estimated vehicle velocity v̂ converges quickly to the
true value v.
The error dynamics of this velocity observer depends only on
the longitudinal velocity. In this sense it is different from other
observers reported in the literature that used both longitudinal
acceleration and wheel angular velocity measurements.
3.2 Internal State Observer and Adaptive Parameters
Estimation. First note that substituting Eq. 共1a兲 into Eq. 共2兲 yields

 = 0z + 1关vr − 0 f共vr兲z兴 − 2vr = 0z − 3 f共vr兲z + 4vr 共8兲
where 3 = 01, 4 = 1 − 2 and f共vr兲 = 兩vr兩 / h共vr兲. This expression is linear in the parameters 0 , 3 and 4, i.e.,

冤冥

共9兲

ẑ˙ = v̂r − ˆ 0 f共v̂r兲ẑ

共10兲

0
 = 关z − f共vr兲z vr兴 3 = U⌰
4
where U ª 关z − f共vr兲z vr兴 and ⌰ ª 关034兴T.
Propose the following observer for the internal state z

and a gradient-type parameter adaptation law
˜˙ = − ⌫ÛT
˜
⌰

共11兲

where ⌫ = diag共␥0 , ␥3 , ␥4兲 ⬎ 0 is a diagonal matrix of adaptation
gains, Û is the regressor in Eq. 共9兲 evaluated at the estimated
quantities, i.e.,
Û = 关ẑ − f共v̂r兲ẑ v̂r兴

Controller-Observer Design

3.1 Velocity Observer. Assuming that the wheel angular velocity and the vehicle longitudinal acceleration are known,4 the
instantaneous value of  can be derived from Eq. 共1b兲. It is possible to propose the following observer for the vehicle velocity
v̂˙ = − c − dv̂2 + Lỹ 2

1

W1 = 2 ṽ2

共3b兲

2

3

共5兲

Define the Lyapunov candidate function

This paper considers only the longitudinal dynamics of the vehicle. It is assumed that the four wheels of the vehicle apply the
same braking force. For simplicity, it is also assumed that the road
has no slope and that the weight of the vehicle is distributed
evenly among the four wheels. A quarter vehicle model3 that includes a modified lumped LuGre friction model is as follows 关11兴:
ż = vr −

where ỹ 2 ª v̇ − v̇ˆ = −dṽ共v + v̂兲 with v̇ˆ ª −c − dv̂2.
The velocity estimation error dynamics are

共4兲

3

This simplified model is common in the tire-road friction literature.
This is a reasonable assumption as most modern vehicles already have wheel
angular velocity measurements, and solid-state accelerometers are cheap and easy to
install.
4
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˜ is defined by
and 
˜ + Û⌰
ˆ = Û⌰
˜ = U⌰ − Û⌰


共12兲

˜ =  − ˆ is defined as the estimation error on the
with Ũ = U − Û. 
friction coefficient. Note that the friction coefficient  is calculated by the dynamics 共1b兲 as

=−

˙ + eKb Pb
J
p

共13兲

with p = mgr / 4 and assuming that the angular acceleration and the
MARCH 2005, Vol. 127 / 23

braking pressure can be measured.5
Rearrange Eq. 共12兲 to obtain

冤冥
˜0

˜ = 关ẑ − f共v̂r兲ẑ v̂r兴 ˜3

˜4

˙
˙ − v̂ˆ m
s̃˙ = v̂˙共1 − ˆ m兲 − r

 ˆ m ˙
 ˆ m
rf
reKb Pb
˙
= v̂˙共1 − ˆ m兲 −  +
− v̂
v̂ − v̂

J
J
 v̂

冤冥

0
+ 关z̃ − f共vr兲z + f共v̂r兲ẑ ṽr兴 3 = 关0
4

− 3 f共vr兲兴z̃ + ẑ˜0 − f共v̂r兲ẑ˜3 + v̂r˜4 + 4ṽr − 3ẑ关f共vr兲 − f共v̂r兲兴

The partial derivatives of m can be calculated numerically.
Choosing

共14兲

Pb =

The term f共vr兲 − f共v̂r兲 can be expanded in a Taylor series about vr.
This yields
f共vr兲 − f共v̂r兲 =

˜ = 关0 − 3 f共vr兲兴z̃ + ẑ˜0 − f共v̂r兲ẑ˜3 + v̂r˜4 + 关4 − 3ẑf ⬘共vr兲兴ṽ

共16兲
with f ⬘共vr兲 = df共vr兲 / dvr.6
The error dynamics of z̃ from Eqs. 共1a兲 and 共10兲 are given by
z̃˙ = 关1 − 0 f ⬘共vr兲ẑ兴ṽ − 0 f共vr兲z̃ − f共v̂r兲ẑ˜0

共17兲

3.3 Controller Design. In this paper, the LuGre dynamic tireroad friction model is used to estimate a target maximum slip m
for the emergency braking maneuver. To calculate this value of m
it is necessary to obtain an equivalent pseudostatic solution for the
dynamic friction model such that for a given velocity it will be
possible to locate the relative velocity at which maximum coefficient of friction is attained. Assuming that vehicle velocity v is
constant and that normal force is uniformly distributed on a rectangular tire-road contact patch, then a distributed LuGre tire-road
friction model can be solved to obtain the following pseudostatic
relationship between  and  = vr / v

冎

h共vr兲 −关共 l兩兩兲/2h共v 兲兴
r − 1兲
共e 0
共, vr,⌰兲 = h共vr兲 1 + 2␥
+  2v r ,
0l兩兩

vr
=
,
r 1 − 

␥=1−

 1兩  兩
rh共vr兲

s̃˙ = − s̃
1

Taking the time derivative of Eq. 共23兲 and using Eq. 共22兲
Ẇ4 = − s̃2 艋 0

共24兲

The asymptotic stability of s̃ = 0 follows.
3.4 Combined Stability Analysis. Propose, in addition to Eq.
共6兲, the following set of Lyapunov function candidates
1

W2 = 2 z̃2

共25兲

1 ˜ T −1 ˜
W3 = 2 ⌰
⌫ ⌰

共26兲

and define now the composite Lyapunov function candidate
3

W = W1 + W2 + W3 =

兺W

共27兲

i

i=1

The time derivative of Eq. 共27兲 can be written as
˜ T⌫−1⌰
˜˙
Ẇ = ṽṽ˙ + z̃z̃˙ + ⌰

共28兲

Using the observer error dynamics and parameter adaptation law
in Eqs. 共5兲, 共17兲, and 共11兲, Eq. 共28兲 becomes
Ẇ = − d共v + v̂兲共1 − L兲ṽ2 + z̃关共1 − 0 f ⬘共vr兲ẑ兲ṽ − 0 f共vr兲z̃
˜ TÛTÛ⌰
˜ +⌰
˜ TÛTŨ⌰兲
− f共v̂r兲ẑ˜0兴 − 共⌰

共29兲

Ũ = 关0 − f ⬘共vr兲ẑ 1兴ṽ + 关1 − f共vr兲 0兴z̃ = U1ṽ + U2z̃

To continue with the controller design, it is necessary to set the
value for the pressure of the master cylinder Pb; for that purpose
define

冤

ÛTÛ ÛTU2⌰

˜ z̃ṽ兴 U
Ẇ = − 关⌰
3

0 f共vr兲 − 共1 − 0 f ⬘共vr兲ẑ兲
0

0

冥冤 冥
˜
⌰

ÛTU1⌰
d共1 − L兲共v + v̂兲

z̃

= − ⌽TM⌽

ṽ

共31兲

共19兲

as the desired relative velocity for the emergency braking maneuver. In this expression v̂r = v̂r − r and ˆ m is the estimated value of
m based on the current estimation of v̂, i.e., ˆ m
ˆ 兲其. Taking the time derivative of Eq. 共19兲
= arg maxˆ 兵共ˆ , vr , ⌰
Angular acceleration can be calculated from wheel angular velocity measurements, while the master cylinder braking pressure can be obtained from the brake
actuator.
6
It should be noted that the function f共vr兲 is not differentiable with respect to vr
when vr = 0. It is assumed, however, that during emergency braking the sign of vr
does not change.

共30兲

where U1 = 关0 − f ⬘共vr兲ẑ 1兴 and U2 = 关1 − f共vr兲 0兴. Using Eq. 共30兲,
Eq. 共29兲 can be written as a quadratic form
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共23兲

W4 = 2 s̃2

The term Ũ can be expressed as

m = argmax兵共, vr,⌰兲其

5

共22兲

Define the following Lyapunov function candidate

共18兲

where l is the length of the tire-road contact patch. Details to
obtain this equivalent pseudostatic solution can be found in
关11,16兴. The value of m is obtained from

s̃ = v̂r − ˆ mv̂ = v̂共1 − ˆ m兲 − r

册

共21兲

共15兲

where the last expression was derived using the fact that vr = v
− r and v̂r = v̂ − r, therefore, ṽr = vr − v̂r = ṽ. Substituting Eq. 共15兲
into Eq. 共14兲

=

冋

 ˆ m ˙
 ˆ m
J
rf
˙ − s̄
− v̂˙共1 − ˆ m兲 +  + v̂
v̂ + v̂

reKb
J
 v̂

where  ⬎ 0 is a gain and substituting in Eq. 共20兲 gives

df共vr兲
df共vr兲
ṽr =
ṽ
dvr
dvr

再

共20兲

˜ z̃ ṽ兴 = 关˜ ˜ ˜ z̃ ṽ兴 , U = 关f共v̂ 兲ẑ 0 0兴 and
where ⌽ = 关⌰
0 4 4
3
r
T

M=

冤

T

ẑ2

− ẑ2 f共v̂r兲

− ẑ f共v̂r兲

ẑ2 f 2共v̂r兲

ẑv̂r

− ẑf共v̂r兲v̂r

v̂r2

0

0

w1v̂r
0 f共vr兲

w2v̂r

ẑf共v̂r兲
0

0

0

0

w4

2

ẑv̂r

w1ẑ

w2ẑ

− ẑf共v̂r兲v̂r − w1ẑf共v̂r兲 − w2ẑf共v̂r兲
− w3

冥

with w1 = 0 − 3 f共vr兲, w2 = 4 − 3 f ⬘共vr兲ẑ, w3 = 1 − 0 f ⬘共vr兲ẑ, and
w4 = d共1 − L兲共v + v̂兲.
Note that
Transactions of the ASME

M=

M + MT M − MT
+
= M1 + M2
2
2

Ẇ = − ⌽TM1⌽ − ⌽TM2⌽ = − ⌽TM1⌽

where M1 = MT1 = 共M + MT兲 / 2 is a symmetric matrix and M2
= −MT2 = 共M − MT兲 / 2 is a skew-symmetric matrix. Thus, Eq. 共31兲
becomes

M1 =

冤

The last equality comes from the fact that ⌽TM2⌽ = 0. It is direct
to show that the symmetric matrix

ẑ2

− ẑ2 f共v̂r兲

ẑv̂r

1
ẑ共w1 + f共v̂r兲兲
2

1
ẑw2
2

− ẑ2 f共v̂r兲

ẑ2 f 2共v̂r兲

− ẑf共v̂r兲v̂r

1
− ẑw1 f共v̂r兲
2

1
− w2ẑf共v̂r兲
2

ẑv̂r

− ẑf共v̂r兲v̂r

v̂r2

1
w1v̂r
2

1
w2v̂r
2

1
1
ẑ共w1 + f共v̂r兲兲 − ẑw1 f共v̂r兲
2
2

1
w1v̂r
2

0 f共vr兲

1
− w3
2

1
− w2ẑf共v̂r兲
2

1
w2v̂r
2

1
− w3
2

w4

1
ẑw2
2

by the fact that
det M1共1,1兲 = ẑ2 ⬎ 0,

det M1共1:j,1:j兲 = 0,

for j = 2,3,4,5

From Eq. 共32兲 it is known that
Ẇ = − ⌽TM 1⌽ 艋 0
which indicates that Eq. 共31兲 is negative semi-definite. The stability of ṽ = 0, z̃ = 0, and ⍜̃ = 0 follows. Using Barbalat’s Lemma it is
possible to show that limt→⬁ṽ共t兲 = 0. Convergence of z̃ = 0 and ⍜̃
= 0 cannot be guaranteed if there is no persistence of excitation.
Using the fact that ṽ = 0, in this case the equilibria that are reached
satisfy

冉 冊

˜0ẑ 1 −

w1
− ẑf共vr兲˜3 + v̂r˜4 = 0
0
z̃ +

ẑ
˜0 = 0
0

共33兲
共34兲

Remark 2 In the above combined stability analysis the
Lyapunov candidate W4 introduced for the controller design controller was not included because the controlled target error s̃ given
by 共19兲 is decoupled with the observer and parameter adaptation
˜ , z̃, and ṽ. Therefore, the stability of the controller is
errors ⌰
analyzed separately to the observers and the parameter estimators.

4

Underestimation of Friction Coefficient

A very desirable feature to be attained with the observer and
adaptive scheme in Eqs. 共5兲, 共11兲, and 共17兲 is the underestimation
of the maximum coefficient of friction m. This underestimation
provides conservative estimates for the intervehicle distance that
will yield safe emergency braking maneuvers.
From Eq. 共8兲 it is clear that
˜0共t兲 艌 0,

˜3共t兲 艋 0,

and ˜4共t兲 艌 0

共35兲

ˆ m共t兲
will produce this desired underestimation property, i.e., 
艋 m共t兲 provided that:
Assumption 1
1. The estimated state variable v̂ converge to its true state
quickly.
Journal of Dynamic Systems, Measurement, and Control

冥

艌0

共32兲

2. The estimated state variable ẑ converges quickly.
3. z 艌 0, vr 艌 0 and f共vr兲 艌 0.
Remark 3 To justify the first condition in Assumption 1, recall
the error dynamics of state variable ṽ given by Eqs. 共5兲. By choosing a large observer gain L, the quick convergence of v̂ can be
guaranteed by Lemma 1. The second condition can be obtained by
analyzing the error dynamics of z̃ in Eq. 共17兲. The quick convergence rate of estimated state ẑ follows from Eq. 共17兲, and the facts
ˆ are bounded. The last condition in
that ṽ → 0, 0 is large, and ẑ , ⌰
Assumption 1 follows directly from the definitions of vr and f共vr兲.
It is clear that in this analysis other possible sources of bandwidth
constraints of the systems, such as time delays, are not considered.
The scheme is designed to be used in vehicles that have direct
actuation on the brakes systems. This is necessary if typical human reaction times to emergency situations are to be reduced.
In this section it is assumed that:
Assumption 2
1. ˜0共0兲 ⬎ 0, ˜3共0兲 ⬍ 0 and ˜4共0兲 ⬎ 0.
2. v共t兲 艌 vmin, ∀t 艌 0
Under these assumptions, the structure of the system composed by ˜0 , ˜3 and ˜4 is

冤冥冤
˜˙ 0

− ␥0ẑ2

˜˙ 3

= ␥3 f共vr兲ẑ

˜˙ 4

− ␥4ẑvr

− ␥0ẑvr

␥0 f共vr兲ẑ2
2

− ␥3 f 共vr兲ẑ
2

2

␥4 f共vr兲ẑvr

␥3 f共vr兲ẑvr
− ␥4vr2

冥冤 冥
˜0

˜3

˜4

共36兲

For simplicity, consider the system in Eq. 共36兲 as time invariant
in order to find an approximate condition for underestimation of
friction coefficient . The solution, with initial conditions ˜0共0兲,
˜3共0兲 and ˜4共0兲, is

˜0共t兲 =

1
关共␥0ẑ2e−␤t + ␥3ẑ2 f 2共vr兲 + ␥4vr2兲˜0共0兲 + 共1
␤
− e−␤t兲␥0ẑ2 f共vr兲˜3共0兲 + 共1 − e−␤t兲␥4vr2˜4共0兲兴 共37a兲
MARCH 2005, Vol. 127 / 25

˜3共t兲 =

1
关共1 − e−␤t兲␥3ẑ2 f共vr兲˜0共0兲 + 共␣␥0ẑ2 + ␥4vr2
␤
+ ␥3ẑ f 共vr兲e
2 2

−␤t

兲˜3共0兲 − 共共1 − e

−␤t

V̇ 艋 − 关储⍜̃储 兩z̃兩 兩ṽ兩兴 h2储U3储

兲␥3␥4vr2/␥0兲˜4共0兲兴

冤 冥

共37b兲

+ ␥3ẑ2 f 2共vr兲 + ␥4vr2e−␤t兲˜4共0兲兴

共37c兲

冉

␥0 + ␥4

vr2

ẑ2

冊

共38兲

then ˜0共t兲 艌 0, ˜3共t兲 艋 0 and ˜4共t兲 艌 0, ∀t 艌 0.
Proof: First assume that t is close to 0, then the evolution of
˜0共t兲 , ˜3共t兲 and ˜4共t兲 is dominated by ˜0共0兲 ⬎ 0, ˜3共0兲 ⬍ 0 and
˜4共0兲 ⬎ 0 because the term 共1 − e−␤t兲 can be neglected. Now assume the worst possible case, which happens if t Ⰷ 0. In this situation for ˜0共t兲 to remain positive, according to Eq. 共37a兲, it is
necessary that
共␥3ẑ2 f 2共vr兲 + ␥4vr2兲˜0共0兲 + ␥4vr2˜4共0兲 艌 ␥0ẑ2 f共vr兲兩˜3共0兲兩
共39兲

− h2共1 − 0 f ⬘共vr兲ẑ兲

0

h1d共1 − L兲共v + v̂兲

冥

共44兲

where ⌿ = 关储⍜̃储 兩z̃兩 兩ṽ兩兴T, H = diag兵h3 , h2 , h1其 and

共vr兲 + ␥4vr2.

兩˜3共0兲兩 艌 ␥3 f共vr兲˜0共0兲 艌 ␥0兩˜3共0兲兩

h20 f共vr兲

0

兩ṽ兩

where ␤ = ␥0ẑ + ␥3ẑ f
Lemma 2 Assume that Lemma 1 and Assumption 2 hold, then
there exist gains ␥0,␥3, and ␥4 such that if the following conditions are satisfied
2 2

h3储ÛTU1⍜储

储⍜̃储
1
⫻ 兩z̃兩 = − 2 ⌿T共HS + STH兲⌿

1
˜4共t兲 = 关共1 − e−␤t兲␥0ẑ2˜0共0兲 − 共1 − e−␤t兲␥0ẑ2 f共vr兲˜3共0兲 + 共␥0ẑ2
␤
2

冤

h3储ÛTÛ储 h3储ÛTU2⍜储

S=

冤

储ÛTÛ储 储ÛTU2⍜储

储ÛTU1⍜储

储U3储

0 f共vr兲

− 共1 − 0 f ⬘共vr兲ẑ兲

0

0

d共1 − L兲共v + v̂兲

冥

共45兲

According to 关17兴 a necessary and sufficient condition for the
existence of scalar h1 , h2, and h3 that will make Eq. 共44兲 negative
definite is that the principal minors of the matrix S are positive
definite. The first two minors are proven directly to be positive,
the third one, given by
d共1 − L兲共v + v̂兲ẑ2 f 2共vr兲3

共46兲

will be greater or equal to zero provided that conditions on Lemmas 1 and 2 are satisfied. This proves asymptotic stability and
therefore that limt→⬁ṽ共t兲 = 0, limt→⬁z̃共t兲 = 0 and limt→⬁⍜̃ = 0.
The underestimation of max follows directly from Eq. 共8兲 and
Lemma 2.
䊏

Inequality 共39兲 will hold if

␥3ẑ2 f共vr兲˜0共0兲 艌 ␥0ẑ2 f共vr兲兩˜3共0兲兩

共40兲

which is precisely the second inequality in Inequality 共38兲. Similarly, according to Eq. 共37b兲, for ˜3共t兲 to remain negative it is
necessary that
共␥0ẑ2 + ␥4vr2兲兩˜3共0兲兩 +

␥ 3␥ 4 2
4共0兲 艌 ␥3ẑ2 f共vr兲˜0共0兲 共41兲
v˜
␥0 r

Inequality 共41兲 will hold, in turn, if
共␥0ẑ2 + ␥4vr2兲兩˜3共0兲兩 艌 ␥3ẑ2 f共vr兲˜0共0兲

共42兲

which is the first inequality in Inequality 共38兲. According to Eq.
共37c兲, ˜4共t兲 will always remain positive.
䊏
Finally, the main result of this paper is stated in the following
theorem.
Theorem 1 Consider Assumption 2 and Lemmas 1 and 2, then
under the observer and adaptation laws in Eqs. 共4兲, 共10兲, and 共11兲
the equilibrium ṽ = 0, z̃ = 0 and ⍜̃ = 0 is stable. Moreover, the maximum coefficient of friction max is underestimated and
limt→⬁ṽ共t兲 = 0, limt→⬁z̃共t兲 = 0 and limt→⬁⍜̃ = 0.
Proof: The choice of z̃共0兲 ⬍ 0, ˜0共0兲 ⬎ 0, ˜3共0兲 ⬍ 0 and ˜4共0兲
⬎ 0 together with Lemma 2 implies that Û⍜̃ 艌 0 and, therefore,
that the product ⍜̃TÛTÛ⍜̃ does not vanish, except when ⍜̃ = 0.
Choose Lyapunov function candidate V as
3

W = h 1W 1 + h 2W 2 + h 3W 3 =

兺hW
i

i

i=1

with h1 , h2, and h3 are positive numbers. The time derivative of V
satisfies, similar as 共31兲,

冤

h3ÛTÛ h3ÛTU2⍜

V̇ = − 关⍜̃ z̃ ṽ兴 h2U3
0

h3ÛTU1⍜

h20 f共vr兲 − h2共1 − 0 f ⬘共vr兲ẑ兲
0

Equation 共43兲 can be bounded by
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h1d共1 − L兲共v + v̂兲

冥冤 冥
⍜̃
z̃

5

Simulation Results

In this section, the controller-observer designed in this paper
will be tested by simulations. Before doing that, the ability of the
LuGre dynamic friction model to describe tire-road frictions
forces is illustrated. Figure 1 shows how the LuGre dynamic friction model and the magic formula 关5兴 fit a set of experimental data
obtained from 关18兴. The curve that corresponds to the dynamic
friction model was obtained with the pseudostatic solution described by Eq. 共18兲 in Sec. 3. It is clear from Fig. 1 that the two
curves are very similar. Other testing results with different experimental data showed consistent fitting behavior.
Emergency braking manuevuers are simulated. They consist of
driving a vehicle traveling at a speed of 30 m / s to a complete stop
as soon as possible. It is assumed that just before the vehicle
executes the emergency braking manuever, the parameters of the
dynamic friction model ⍜, the friction internal state z, and the
vehicle velocity v are unknown. The observer and adaptation law
will work simultaneously with the emergency braking control law.
In order to illustrate the underestimation feature of the controller, it is also assumed that signs of ˜0 , ˜3, and ˜4 are known. It is
also important to remark that the scenario that is simulated corresponds to the worst possible case during emergency braking manuevers, i.e., that there is no precise knowledge of the parameters at
the moment the emergency braking maneuver has to be initiated.
In a normal situation, if the observers and parameter adaptation
law are already active before the emergency braking, then the
state and friction parameters would be properly known, and the
controller would achieve near to maximum emergency braking.7
However, a much more challenging situation occurs if there is a
sudden change in the parameters of the tire-road interface and the
controller has to adapt them while performing the emergency
braking maneuver.
If the parameter adaptation law is being used, for example, to
set a proper intervehicle distance based on the current tire-road

ṽ

共43兲

7
The braking force is not maximum because initially the controller does not apply
full brakes, that is the optimal value. Instead, it tries to track asymptotically the
desired slip given by ˆ .
m
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Fig. 1 Comparison between the psedostatic solution of the LuGre dynamic
model and the “magic formula” for a braking case

interface, then the controller can guarantee avoidance of rear collisions between vehicles. However, a sudden change on the parameters of this interface can lead to situations where it is not
possible to guarantee that a emergency braking would not end in a
rear collision. This is the case when the friction coefficient decreases from one point on the road to another. Even in this worstcase scenario, the controller designed in this paper will achieve
braking in such a way that in case of a collision, this will happen
with the smallest possible velocity. This is the safest behavior one
can expect in such a difficult situation.
When a sudden change in the friction coefficient happens, it is
convenient to have different sets of possible initial conditions to

guarantee underestimation. In this case it is possible to use techniques, such as the one proposed by 关19兴, that allows one to have
a quick indication on the type of tire-road interaction.
The nominal data for the simulation are taken from the parameters of the LeSabre cars used in the California PATH program as:
M = 1701.0 Kg
Cav = 0.3693 N s2 / m2,
J = 2.603 Kg m2,R
= 0.323 m and the brake coefficient Kb = 0.9. The nominal value
for the dynamic friction models was obtained off-line by adjusting
a proper set of parameters that fit the data of a pseudostatic friction curve 关11兴. As mentioned before, it is assumed that measurements of wheel angular velocity and vehicle longitudinal accelera-

Fig. 2 Dynamic surface s̃
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Fig. 3 Estimated velocity „v̂… and relative velocity „v̂r…

tion are available. Before attemping an emergency braking
maneuver the vehicle is cruising at a constant speed of 30 m / s.
Figure 2 shows the convergence of the dynamic surface s̃ for
the emergency braking maneuver. It is clear that the error s̃ converges to zero very fast. Althought the dynamics of the vehicle
and the tire-road interface do not allow an instantenous change on
the relative velocity, the results in Fig. 2 show that the dynamic
surface is first crossed at 0.1 s
Figure 3 illustrates the time evolution of the estimated vehicle
velocity and relative velocity. It is shown that both estimated velocities, v̂ and v̂r, converge rapidly to their true values. The initial
guess for the longitudinal velocity can be obtained from v̂共0兲
= wr.

Figure 4 shows the friction coefficient and braking pressure
during the emergency braking maneuver. It is important to realize
that there is an increase in the coefficient of friction at the end of
the maneuver. This behavior is consistant with other observations
in the literature that suggest a velocity dependence in the coefficient of friction 关20兴. Figure 5 shows the braking acceleration.
Magnitude of deceleration increases with time.
The estimated internal friction state z is shown in Fig. 6. Figure
7 illustrates the evolution of the estimated friction parameters ⍜̂
when a proper set of initial estimation errors and adaptation gains
are chosen. It is clear that when the velocity of the vehicle is
above 3 m / s estimated parameters converge. There is a disturbance in the convergence of the parameters at the end of the

Fig. 4 Friction coefficient  and braking pressure Pb „KPa…
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Fig. 5 Braking acceleration

maneuver. In the last 0.5 s the deviations of the estimated parameters result from the “Stribeck effect” that induces a change on the
coefficient of friction. It should be noted, from the plot of the error
in the coefficient of friction on Fig. 4, that underestimation of
maximum friction coefficient occurs at all times.
Figure 8 illustrates parameter evolution in a simulation in
which underestimation does not occur. In this case, as Fig. 9
shows, the emergency braking maneuver is still properly completed. However, if the spacing between the vehicle and its leading vehicle is established based on this overestimated maximum
friction coefficient, a rear collision may occur. Strategies of coordinated braking, like the one suggested in 关1兴, may prove useful to

avoid real collisions even in this case of overestimation. The
implementations of this coordinated braking requires, however,
some degree of automation in vehicles.
Finally, Fig. 10 shows the evolution of the reference relative
velocity, the relative velocity and the dynamic surface s̃ when
there is a change in the vehicle mass M of 30% and of the brakes
system gain Kb of 10%. It can be noted that even if there is a
degradation on performance, the emergency braking maneuver
still works properly and shows the robustness of the controller
against uncertainties in some of the critical parameters.
Simulation results show that the adaptive controller scheme

Fig. 6 Internal state „z, dashed…, estimated internal state „ẑ, solid…, and estimation error „z̃…
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Fig. 7 Adapted parameters; underestimation case, reference value dashed

presented in this paper overcomes the drawback given in 关11兴 by
using vehicle longitudinal acceleration in addition to wheel angular velocity. By using these measurements, the lack of observability issue reported in 关11兴 is addressed.
It is important to remark that the simulation results obtained
with this dynamic friction approach are not easy to compare to the
normal pseudostatic friction curves, as that in Fig. 1. Emergency
braking is a dynamic maneuver in which all the states change
rapidly. This is very different from the situation that is used in

laboratories to produce the pseudostatic friction curves, where the
dynamic evolution is controlled and only a limited set of steadystate points are used produce these curves.
It is to expect that the three feedback terms included in the
velocity observer, parameter adaptation law, and master cylinder
pressure control law will be helpful to compensate errors in the
measurement of the instantaneous friction coefficient and of the
value for the brakes system gain.
Finally, the simulations are performed in a noise-free scenario.

Fig. 8 Adapted parameters; non-underestimation case, reference value
dashed
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Fig. 9 Estimated of velocity „v̂… and relative velocity „v̂r…; non-underestimation
case

The lack of this noise is a severe disadvantage for the identification process. The exciting signal in this case, the emergency braking trajectory, is a signal that lacks persistence of excitation conditions. Therefore, the results obtained represents a pesimistic
scenario.

6

Conclusions

In this paper emergency braking control of vehicles was discussed. Under the assumption that a first-order dynamic friction
model appropriately represents the behavior of the tire-road
forces, a controller-observer scheme was designed to determine
the unknown tire-road model parameters and the nonmeasured

system states. It was assumed that measurements of wheel angular
velocity and longitudinal acceleration are available, which is a
reasonable assumption in modern vehicles. The control law sets
the master cylinder pressure in such a way that near-optimum
braking was achieved. Stability analysis of the combined
controller-observer scheme was presented. The reference trajectory for the maneuver tried to keep maximum friction at all times
during the braking process. Moreover, under the proper choice of
gains of the parameter adaptation law and initial values of estimated parameters, the proposed scheme was shown to achieve
underestimation of the maximum friction coefficient under lack of
persistence of excitation. This is a very desirable feature from the

Fig. 10 Dynamic surface s̃ with mass M changed 30% and Kb changed 10%
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perspective of safe spacing policies. Simulation results showed
the capability of dynamic friction models to replicate well-known
pseudostatic friction models. When applied to an emergency braking maneuver, these results showed that vehicles can be stopped
quickly with a near-maximum deceleration.
There are several advantages of using this controller-observer
scheme. It is a useful device to improve safety during extreme
driving conditions. It can be used to derive safe spacing policies
that obey real road conditions. These policies can be directly
implemented in automated vehicles or indirectly through driver
advise in manual traffic flow. It can interact with roadside infrastructure to help traffic management control centers to adjust network capacity when there are changes in road-tire interfaces with
influence on highway capacity. It is clear that in all cases the final
goal is to improve overall vehicle safety levels and to increase
highway capacity in real road conditions.
There are, naturally, limitations in the approach presented in
this paper and additional refinements are necessary if results are to
be implemented. A more realistic model for the brake system can
be used; this will lead to a better control signal for the master
cylinder pressure. Another issue refers to the use of a one-quarter
vehicle model. Although one of such models can be set independently for each tire, there are effects in braking, as load shifting,
that have to be taken into account and incorporated in this model.
If this proves not to be sufficient, then a more complex vehicle
model can be used. Although the measurement of linear acceleration was included to overcome the problem of lack of observability of vehicle velocity from wheel-speed measurements, it would
be convenient to add other sensors that will add robustness in the
estimation of longitudinal velocity. GPS or DGPS sensors can be
used for this purpose, although there are still bandwith limitations
in these devices that need to be addressed.
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