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The polymer translocation into nanopores is generally facilitated by external driving forces, such
as electric or hydrodynamic fields, to compensate for entropic restrictions imposed by the confinement. We investigate the dynamics of translocation driven by polymer adsorption to the confining
walls that is relevant to chromatographic separation of macromolecules. By using the self-consistent
field theory, we study the passage of a chain trough a small opening from cis to trans compartments
of spherical shape with adsorption potential applied in the trans compartment. The chain transfer
is modeled as the Fokker-Plank diffusion along the free energy landscape of the translocation pass
represented as a sum of the free energies of cis and trans parts of the chain tethered to the pore opening. We investigate how the chain length, the size of trans compartment, the magnitude of adsorption
potential, and the extent of excluded volume interactions affect the translocation time and its distribution. Interplay of these factors brings about a variety of different translocation regimes. We show that
excluded volume interactions within a certain range of adsorption potentials can cause a local minimum on the free energy landscape, which is absent for ideal chains. The adsorption potential always
leads to the decrease of the free energy barrier, increasing the probability of successful translocation.
However, the translocation time depends non-monotonically of the magnitude of adsorption potential. Our calculations predict the existence of the critical magnitude of adsorption potential, which
separates favorable and unfavorable regimes of translocation. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4720505]
I. INTRODUCTION

How polymer chains pass through nanopores is an important issue in various biological processes,1 such as translocation of RNA through nuclear pore complexes,2 injection of
DNA from a virus into a target cell, and transport of proteins across biological membranes.3, 4 Translocation through
solid state nanopores is the founding mechanism of the various attempts towards the sequence determination of DNA
and proteins.5 Within last 15 years, the polymer translocation phenomenon has been attracting constant attention in the
literature,6 including experiments,7–9 analytical theories,10–20
and computer simulations.21–31 Translocation of polymers
through nanopores is controlled mainly by entropic barriers
associated with the restrictions on chain configurations imposed by confinement.10–12, 32 In many practically relevant
cases, translocation is driven by external driving forces, such
as electric or hydrodynamic fields, and it is not surprising that
such field-driven transport received most of attention.8, 9, 20, 33
Adsorption of chain segments to pore walls is another important factor, which may counter-balance the loss of entropy and facilitate transport into nanopores.6, 21–23 Adsorption plays a key role in polymer and biopolymer separations
and chromatography on nanoporous substrates.34 However,
the literature on adsorption-driven translocation is limited and
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this translocation mechanism is poorly understood, especially
with respect to the competition between repulsive exclusion
volume interactions in real chains and attractive adsorption
interactions. The effect of adsorption on the translocation dynamics of ideal Gaussian chains was studied in details by Park
and Sung,35 who used the self-consistent field theory (SCFT)
and the Fokker-Plank (FP) formalism of random walk across
the barrier on the free energy landscape. This theoretical approach was proved efficient in studies of translocation of ideal
and real chains;10, 15, 16 it is adopted with certain modifications in this work. The existence of the free energy barriers
makes the translocation problem reminiscent to the classical
problem of nucleation that is solved employing the FokkerPlank formalism.15, 36 Milchev et al.21 employed Monte Carlo
simulation of a bead-spring model chain threading through
a membrane, which cis side is repulsive to the monomers
and trans side is attractive. By varying the magnitude of
the adsorption potential, they found two distinct dynamics
regimes with different scaling relationships between average translocation time and chain length. Matsuyama et al.23
used a simple Flory theory to construct the free energy barrier of polymer translocation accounting for the polymer-pore
interactions. Furthermore, they employed a Langevin equation to study the dynamics of polymer under additional external electric field,22 and predicted an exponent relationship between translocation time and the number of polymer
segments.
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FIG. 1. Schematic representation of the process of polymer translocation from a semi-infinite space (cis) to a spherical pore (trans): (a) chain in cis compartment
mimics free chain in infinitely dilute solution, (b) chain in cis compartment tethered to the pore opening (beginning of translocation), (c) threading chain
composed of cis and trans subchains, the trans subchain length determines the degree of translocation, (d) chain in trans compartment tethered to the pore
opening (end of translocation), and (e) chain detached from the pore opening and completely confined to trans compartment.

In this paper, we investigate the adsorption effects on
polymer translocation drawing on the example of the simplest
yet instructive model of the chain transfer from cis to trans
compartments of spherical shape connected by a narrow opening, which accommodates just one chain segment in its cross
section. The radius Rcis of the cis compartment, which mimics the outer space, is taken significantly larger than the radius
Rg of gyration of the chain, while the radius R of the trans
compartment, which mimics the pore, is varied from several
to fractions of Rg . The pore surfaces exert an attractive potential so that chain segments tend to be adsorbed within the
pore. Our approach is mainly based on earlier works of Park
and Sung35 and Kong and Muthukumar.16 While the former
considered adsorption driven translocation of ideal chains, the
latter considered purely diffusive translocation of real chains
and studied the effects of excluded volume interaction in the
absence of adsorption field. Here, we use the same approach
of SCFT coupled with FP formalism to study the combined
effects of adsorption and excluded volume interactions. The
goal is to determine (i) conditions of adsorption equilibrium
including stable and metastable chain conformations, (ii) the
influence of excluded volume effect and adsorption potential
on the free energy barrier of polymer chain during its translocation, and (iii) the dynamics of translocation in terms of the
probability of translocation within given time and the distribution of translocation times. Special attention is paid to
the so-called critical conditions of adsorption, which separate
regimes of unfavorable and favorable adsorption in pores.
The solution of translocation problem requires two consecutive tasks. First, we use the SCFT model to solve the
statistic-mechanical problem of determining the equilibrium
distribution of all possible chain conformations in the system of two connected compartments. Five characteristic types
of conformations represent five consecutive stages of the
translocation process from cis to trans compartment that are
sketched in Fig. 1. The key problem is to calculate the free
energy of the chain in the process of translocation, stage (c)
in Fig. 1. The chain conformations are quantified in terms of
mean field free energy using the degree of translocation, or
the length of the trans sub-chain as an order parameter. The
dependence of the free energy on the degree of translocation
represents the free energy landscape with the minima corresponding to stable and metastable states and the maxima corresponding to the energy barriers that should be overcome.
Secondly, we model the process of translocation as a random
walk along the free energy landscape by using the FP formalism, and determine how the distribution of translocation time

depends on the chain length, adsorption potential, strength of
excluded volume interactions, and the pore radius.
The paper is structured as follows. In Sec. II, we rigorously derive the SCFT equations for calculating the free
energy of tethered chains confined to a spherical pore with
attractive walls. In doing so, we obtained the integral relationship between the free energy and the propagator function, and the mean segment density, which differs from the
one employed earlier in Ref. 16. While we consider the mean
segment density of tethered chain as cylindrically symmetric
and, thus, two dimensional, the authors16 adopted a spherical
symmetry approximation and reduced the averaging problem
to one dimensional. As shown in our calculations, this difference, which vanishes for ideal chains, is significant and
should not be neglected in modeling translocation of real
chains. The details of solution of the SCFT equations and the
free energy computations are given in Sec. III. In Sec. IV, we
present the results of calculations of the free energy of tethered chains and analyze the free energy landscapes and energy
barriers of translocation at different conditions. The calculated free energy landscapes are incorporated in the FP equation of translocation dynamics, which is considered in Sec. V.
We calculate the probabilities and time distribution functions
of successful and failed translocation events for ideal and real
chains at different chain length, and find a non-monotonic dependence of the translocation time on the magnitude of the
adsorption potential. Our calculations predict the existence of
the critical magnitude of adsorption potential, which separates
favorable and unfavorable regimes of translocation and causes
the extremum of average translocation time. Conclusions are
summarized in Sec. VI.
II. SCFT MODEL OF TETHERED POLYMER CHAINS

The theoretical key problem consists in establishing the
system of self-consistent equations determining the free energy and the mean segment density of a tethered chain confined to a pore with adsorbing walls. Since the resulting relationship for the free energy differs from the one employed
in earlier literature,16 we present below a detailed derivation
starting from the SCFT foundations.
A. The partition function, propagator, and free energy
for tethered Gaussian chains in external field

Within the SCFT framework, a polymer chain composed of N Kuhn segments, is modeled as a random walk
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trajectory of N steps, R(s) = {R0 , R1 , · · · , RN }, which originates from position R0 and connects the endpoints of consecutive segments Ri . The number of segments, s (s = 1, . . . , N),
recounted from the chain origin represents a natural discrete
co-ordinate along the trajectory. When N is large enough, the
chain is approximated by a continuous trajectory with the coordinate s varying continuously from 0 to N. The true segment
density ρ̂(r) of the given chain R(s) is defined by
 N
δ[r − R(s)]ds.
(1)
ρ̂(r) =

three-dimensional space. The Wiener measure reflects the
chain connectivity and provides for the Gaussian distribution
between any two segments of the chain. It is worth noting that
the free Gaussian chain is considered as the reference state in
the SCFT thermodynamics.37 The denominator in the Wiener
distribution does not depend on the position r0 of the chain
origin and represents the configurational partition function of
a single Gaussian chain, ZG (N), and determines the excess
free energy, FG (N), of unconfined Gaussian chains of given
length.

0

The starting point in SCFT is the Gaussian model of ideal
chains. For unconfined ideal chains, the probability distribution function P[R(s)], which determines the statistics of chain
configurations R(s) with endpoints R(0) = r0 and R(N) = r ,
is determined by the Wiener measure,36
P [R(s)]





3
2b2

N 

2



R(N)=r

R(0)=r0



3
D[R(s)] exp − 2
2b

Here, b is the Kuhn length of each segment, D[R(s)] denotes that the integration is carried out over the functional
space of all possible configurations R(s), which starts at R(0)
= r0 and ends at R(N) = r . R denotes that the integration over the spatial coordinate r is performed in the infinite



and the free energy,

c

drG(r, r0 ; N, V )

FGt [r0 ; N, V ],


FGt [r0 ; N, V ] = − ln

(3)

(4)

R(0)=r0

 
× exp −

N


V (R(s))ds ,

(5)

0

is expressed through the chain propagator G(r, r0 ; N, V ),

(6)

relationship,
ρ(r; r0 , V ) = ρ̂(r)|V ;R(0)=r0

 N

dsG(r, r0 ; s, V )G(r, r ; N − s, V )
dr
0

.
=
dr G(r , r0 ; N, V )

(7)

(9)

(8)

The derivation of Eq. (9) can be found in Ref. 37.
The propagator formalism is practical, since the propagator G(r, r0 ; s, V ) fulfills a diffusion type equation,39 where
the chain co-ordinate s plays the role of time, and the mean
field potential V (r) acts as a rate of reaction,


∂
b2
− ∇r2 + V (r) G(r, r0 ; s, V ) = 0.
(10)
∂s
6

as


drG(r, r0 ; N, V ) .

ds



which is proportional to the probability of finding at position r
the Nth segment of the confined Gaussian chain tethered at r0
and being subjected to the external field V (r). This propagator is symmetric, G(r, r0 ; N, V ) = G(r0 , r; N, V ). The functional integral in the numerator is executed in confined space.
With the propagator the partition function of Eq. (5) can be
expressed as
t
[r0 ; N, V ] =
ZG



2

Note that here and below kB T is used as the unit of energy.
For an ideal Gaussian chain tethered at r0 , and subjected
to the external field V (r), the calculation procedure is pretty
standard.37, 38 The partition function,

 R(N)=r
t
ZG
[r0 ; N, V ] = dr
D[R(s)]P [R(s)]


 N  2  N
3
∂R
D[R(s)] exp − 2
ds
−
V (R(s))ds
2b 0
∂s
R(0)=r0
0

G(r, r0 ; N, V ) =
,
 

 N
 R(N)=r
∂R 2
3
dr
D[R(s)] exp − 2
ds
2b 0
∂s
R(0)=r0

R(N)=r

0

∂R
∂s

FG (N ) = − ln ZG (N ) .

(2)



 N

and



∂R(s)
ds
∂s
0

=
2  .
 R(N)=r
 N
∂R
3
dr
D[R(s)] exp − 2
ds
2b 0
∂s

R(0)=r0
exp −

ZG (N )



=
dr

The mean segment density ρ(r; r0 ) can be also computed from the propagator G(r, r ; N, V ) according to the
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Here the operator ∇ r acts on the spatial co-ordinate r.
The external potential V (r) represents the adsorption field.
Equation (10) can be solved numerically with natural initial
and Dirichlet boundary conditions: G(r, r0 ; 0) = δ(r − r0 ),
and G(r, r0 ; s) = 0 at the confinement boundaries. The Dirichlet boundary conditions correspond to a hard surface, at which
the segment density must be zero. Other boundary conditions
can also be used, such as de Gennes boundary condition ∂(log
G)/∂r|boundary = c adopted by Park and Sung.35 In case of
weak adsorption and long flexible chain, the two boundary
conditions are equivalent.
The above relationships present the properties of
Gaussian chains and can be easily computed. Note that these
relationships depend on the external field and there are no restrictions on the type of the function V (r). This later property
is used in the SCFT model for real chains, where the twobody excluded volume interactions are approximated with an
effective mean field determined from the conditions of selfconsistency.
B. The partition function for a tethered real chain
in external field

The real chain is subjected to the excluded volume interactions. According to the Edwards’ prescription,40 the
strength of excluded volume interactions is accounted for
by the two-body interaction parameter w which represents
the effective excluded volume of the segment. As such, the
partition function ZRt [r0 ; N, V ] of a real chain tethered at
R(0) = r0 , which is confined to a finite volume Rc and subjected to the external field V (r), is given by38

 R(N)=r
ZRt [r0 ; N, V ] =
dr
D[R(s)]P [R(s)]
c

× exp

R(0)=r0

−

w
2




drρ̂(r)2 −

drρ̂(r)V (r) .
(11)

Respectively, the free energy of the tethered chain is
FRt [r0 ; N, V ] = − ln ZRt [r0 ; N, V ].

(12)

Equations (11) and (12) for a particular case of w = 0
correspond to the partition function (5) and free energy of
ideal Gaussian chains tethered at r0 , and subjected to the external field V (r).
The main computational difficulty with real chains is related to the density squared term in Equation (11), which accounts for two-body interactions. In the spirit of SCFT,37, 41
this term can be decoupled using the Hubbard-Stratonovich
transformation, which converts spatial integration into functional integration over the space of complex functions φ(r)
defined within the confining volume Rc (Ref. 42)



w
2
exp −
ρ̂(r) dr
2



1
1

=
D[φ(r)] exp −i drφ(r)ρ(r) −
drφ(r)2 .
A
2w
(13)

Here, A is the normalization constant, A = D[φ(r)]
1
drφ(r)2 , and D[φ(r)] = limn → ∞ dφ(r1 )dφ(r2 )
exp − 2w
· · · dφ(rn ) denotes the functional integration.
Using the Hubbard-Stratonovich transformation,
Eq. (13), the partition function (11) can be converted into the
following functional integral:
ZRt [r0 ; N, V ]

 R(N)=r

1

=
D[R(s)]P [R(s)] D[φ(r)]
dr
A
R(0)=r0


1
× exp − dr[iφ(r) + V (r)]ρ̂(r) −
drφ(r)2
2w



1
(14)
=
D[φ  (r)] exp −H [φ  ; r0 ] .
A
The second equality in Eq. (8) introduces the functional
H[φ  ; (r0 )] that can be treated as the Hamiltonian of the chain
subjected to the complex external field φ  = iφ + V . The external field φ  (r) serves as a variable in the functional integral
(14). The Hamiltonian H[φ  ; (r0 )] can be presented in a compact form as
1
H [φ ; r0 ] = −
2w




t
[r0 ; N, φ  ],
dr[φ  (r) − V (r)]2 − ln ZG

(15)
t
[r0 ; N, φ  ] represents the partition function (5) of a
where ZG
Gaussian chain subjected to the external field φ  . Equation (7)
t
[r0 ; N, φ  ] to the respective propagator G[r, r0 ; N,
relates ZG
φ  ] defined through Eq. (6) with the external field φ  .
The above relationships (11)–(15) formally present the
properties of real chains through the properties of ideal
chains, which are easily computed. Note that these relationships are exact, and as such not practical. The chain propagator G[r, r0 ; N, φ  ] depends of the field of complex functions
φ  (r) and cannot be explicitly determined without a certain
approximation, which implies the introduction of an effective
mean field.

C. Saddle-point approximation and SCFT equations

To evaluate the functional integrals like (14), one adopts
the saddle-point approximation,38 which results in a set of
self-consistent field equations. Within this approximation, the
Hamiltonian H[φ  ; r0 ] is replaced with its minimum achieved
at a certain mean field φ  = ω(r; r0 ), which is determined
from the condition of extremum,

δH [φ  ; r0 ] 

δφ 

φ  =ω

=−

t
[r0 ; N, ω]
δ ln ZG
1
[ω(r; r0 ) − V (r)] −
= 0. (16)
w
δω(r; r0 )

δ
Here, δω
denotes the functional derivative. The mean field
ω(r; r0 ) depends on the tethering point r0 .
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With the saddle-point approximation, the mean field free
energy of the chain tethered at r = r0 is presented as
FRt [r0 ; N, V ] = − ln ZRt [r0 ; N, V ] ∼
= H [ω, r0 ]

1
dr[ω(r; r0 ) − V (r)]2
=−
2w V
t
− ln ZG
[r0 ; N, ω].

(17)

Equation (13) gives the explicit relationship between the
mean field, ω(r; r0 ), and the mean segment density, ρ(r; r0 ,
t
[r0 ; N, ω]
ω), of the chain subjected to this field. Indeed, ZG
defined by Eq. (15) can be presented using the true segment
density ρ̂(r; r0 ) as

 R(N)=r
t

ZG [r0 ; N, ω] =
dr
D[R(s)]P [R(s)]


R(0)=r0

 

× exp − drω(r; r0 )ρ̂(r) .

(18)

V

Thus, the negative functional derivative −
the mean segment density, ρ(r; r0 , ω),

t
δ ln ZG
[r0 ;N,ω]
δω(r;r0 )



(19)

Finally, the mean field ω(r; r0 ) can be expressed through by
the mean segment density, the excluded volume parameter,
and the external potential,
ω(r; r0 ) = wρ(r; r0 ) + V (r).

D. The mean field free energy of real chains

Substituting Eqs. (7) and (20) into Eq. (17), the free energy (17) is expressed through the propagator G(r, r0 ; N, ω)
and the mean segment density ρ(r; r0 , ω) in the following
form:


FRt [r0 ; N, V ] = − ln
drG(r, r0 ; N, ω)

equals

t
[r0 ; N, ω]
δ ln ZG
−
δω(r; r0 )
 R(N)=r

1
= t
dr
D[R(s)]ρ̂(r)P [R(s)]
ZG [r0 ; N, ω] 
R(0)=r0
 

× exp − drω(r; r0 )ρ̂(r)

= ρ̂(r; r0 ) = ρ(r; r0 , ω).

cylindrically symmetric since the tethering point is fixed, and
differential equation (22) is essentially two-dimensional, see
details in Sec. III.
t
[r0 ; N, ω] and G(r, r0 ; N, ω)
Note that since, both ZG
are the properties of the Gaussian chain tethered at r0 , the
mean density defined by (21) should be treated as the density of the ideal chain subjected to the mean field ω(r; r0 ).
By this way, the self-consistent field approximation represents
the real chain as the ideal chain subjected to the mean field,
which accounts for the excluded volume effect.

(20)

On the other hand, the mean segment density ρ(r; r0 , ω) can
be computed from the propagator G(r, r ; N, ω) for the chain
subjected to the external field ω(r; r0 ), according to Eq. (9), in
which the external field V(r) is substituted by ω(r; r0 ) defined
through Eq. (20),
 N

dsG(r, r0 ; s, ω)G(r, r ; N − s, ω)
dr
0

.
ρ(r; r0 , ω) =


dr G(r , r0 ; N, ω)
(21)
The propagator G(r, r0 ; N, ω) fulfills Eq. (10) with the
substitution of V(r) by ω(r; r0 ),


∂
b2 2
(22)
− ∇r + ω(r; r0 ) G(r, r0 ; s, ω) = 0.
∂s
6
Equation (22) is solved numerically with the respective
initial G(r, r0 ; 0, ω) = δ(r − r0 ) and boundary G(R, r0 ; s, ω)
= 0 conditions. As such, Eqs. (20)–(22) represent the close
self-consistent system of three equations for the chain segment density ρ(r; r0 , ω), mean field ω(r; r0 ), and propagator
G(r, r0 ; N, ω), which is solved for given confinement geometry and external potential. Note that all these functions are

w
−
2


drρ(r; r0 , ω)2 .

(23)

The derived formula is similar to that obtained by Netz
and Shick for polymer brushes.43
In Ref. 16 authors ignored the second term in RHS of
Equation (23) when they modeled the process of unforced
translocation of real chains between spherical pores. However, as shown in numerical examples given below, the second term in Eq. (20) is significant and has to be taken into
account in calculations of free energy of tethered real chains.
In this paper, the cylindrical symmetry of functions G(r, r0 ;
N, ω) and ρ(r; r0 , ω) is rather important during the integration over the spherical volume in Eq. (23). Neglect of the
two-dimensional nature of the properties of tethered chains
may significantly underestimate the contribution of the second term, especially when a large pore is considered. When
the radius of gyration of tethered chain is much larger than
that of pore, the anisotropic character of density profiles can
be ignored due to strong spatial confinement, and the twodimensional model derived here can be reduced to the one
dimensional model.
III. CALCULATION DETAILS

In order to determine the energy landscape of the translocation chain, we have to solve the SCF equations (20)–(22) for
the cis and trans subchains. A numerical iteration process44 is
adopted to solve the set of equations until G, ω, and ρ satisfy
the self-consistent condition. Then the respective free energies can be calculated according to Eq. (20). For simplicity of
further equations, we introduce the end-integrated propagator,

(24)
q(r; s, ω) = dr G(r, r ; s, ω),
which satisfies the same Eq. (22) as G(r, r0 ; s, ω) but with
different initial condition q(r; 0, ω) = 1 in terms of its definition. Note that the propagator G(r, r ; s, ω) satisfies Eq. (22)
for any part of chain of length s. With the definition (24), the
mean segment density of a tethered chain of length N can be
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expressed as

ρ(r; r0 , ω) =

N

dsG(r, r0 ; s, ω)q(r; N − s, ω)

0

q(r0 ; N, ω)

. (25)

The external adsorption potential is modeled as the
square potential of depth V at the pore surface with the width
equal to Kuhn’s length b. In calculations, we use the dimensionless units of length reduced to Kuhn’s length b.
First let’s consider the trans subchain, which is confined
in spherical pore of radius R, with its end is tethered at the
surface of spherical pore (the opening). Then the density distribution of chain is anisotropic. In principle we have to solve
all SCF equations in spherical polar coordinates(r, θ , ϕ) with
the origin is located at the center of pore. However, the situation will reduce to two-dimensional problem with the azimuthal symmetry if we set the axis (r, θ = 0, ϕ) passing
through the tethering point r0 . All the quantities need only to
be determined in (r, θ ) space, where r ∈ [0, R], θ ∈ [0, π ]. The
tethering point coordinates is (r0 , θ = 0). With above choice,
in (r, θ ) space equation (22), which is the central quantity
need to be determined, transforms to45 (for tethered point r0
we ignore θ index)

IV. FREE ENERGY LANDSCAPE



(26)

At the surface of pore, the boundary condition is G(r, θ ,
r0 ; s, ω)|r = R = 0. Also, we set the boundary conditions of
∂G/∂r = 0 at θ = 0 and θ = π to reflect the azimuthal symmetry. The initial condition of G(r, r0 ; s = 0, ω) = δ(r − r0 ) is
nontrivial. The tethering point has to be set at some distance
a near the surface to avoid the conflict with zero boundary
conditions. According to Kong and Muthukumar,16 the coordinates of tethered point are chosen as (r0 = R − a, θ = 0)
with a = b/2. Similarly, the same equation and boundary conditions as G apply to q(r, θ ; s). G(r, r ; s, ω) and q(r0 ; s, ω)
can be solved using ADI technique.44
Once G and q are obtained, the mean density is determined by

(27)

At last, free energy for a tethered chain in the spherical pore
is given by
F t (r0 ; N, V ) = − ln[q(r = r0 , θ = 0; N, ω)]
 R
 π
2
− πw
4π r dr
sin θ dθ ρ(r, θ ; r0 , ω)2 .
0

0

(29)

∂2
∂
1
1
G(r,θ,r0 ; s,ω)
+ 2
G(r, θ,r0 ; s,ω)+ 2
r sin θ ∂θ 2
r sin θ ∂θ

ρ(r, θ ; r0 , ω)
 N
dsq(r, θ ; s, ω)G(r, θ, r0 ; N − s, ω)
.
= 0
q(r = r0 , θ = 0; N, ω)

F t (r0 ; ∞, N) = − ln[q(r = a, θ = 0; N )]
 ∞
 π/2
− πw
4π r 2 dr
sin θ dθ ρ(r, θ ; r0 , ω)2 .
0

∂
G(r, θ, r0 ; s, ω)
∂s

2 ∂
b2 ∂ 2
G(r, θ, r0 ; s, ω)
G(r, θ, r0 ; s, ω) +
=
6 ∂r 2
r ∂r

− ω(r, θ ; r0 )G(r, θ, r0 ; s, ω).

Next we consider cis subchain and will use two settings.
One kind of cis compartment corresponds to a spherical pore.
In this case, the situation is completely the same as that of
trans compartment. Then we only need to do the same calculation as trans subchain.
Another kind of cis compartment corresponds to a semiinfinite space, in which case we can choose different coordinates to solve those SCF equations. Spherical coordinates are
still used, but this time the position of opening of the pore is
chosen as the coordinate origin and the radius is infinite. Similarly, all the quantities are only determined in (r, θ ) space.
The integral space becomes r ∈ [0, ∞), θ ∈ [0, π /2], whereas
the coordinate of tethered point is (r0 = a, θ = 0). When solving the equations for G(r, r0 ; s, ω) and q(r; s, ω), the Dirichlet boundary conditions are used at the boundaries, G = 0
and q = 0 if r = ∞ or θ = π /2. For the special boundaries,
θ = 0, the first derivative of propagator G or q with respect to
r disappears. Namely, ∂G/∂r = 0 or ∂q/∂r = 0 if θ = 0.
The free energy of the chain tethered at the repulsive surface in semi-infinite space is given by

0

(28)

The above method provides for accurate computation of
the free energy of tethered chains within the mean field framework and, as such, it allows one to investigate how various
competitive factors affect the free energy barrier during polymer translocation.
A. Chain length dependence of the free energy
of confined tethered chain

Before determining the free energy barrier, it is important
to investigate the free energy of one chain tethered at a hard
(non-adsorbing) surface, which corresponds to a semi-infinite
cis compartment. Fig. 2 displays the chain length dependence
of the free energy for Gaussian and real chains. The solution
for Gaussian chains is exact, and the free energy is equal to
the conformational entropy loss due to the presence of the
hard wall. The excluded volume effect in real chains leads
to higher free energies compared to Gaussian chains, and the
difference progresses with the increase of the chain length.
The free energy of a tethered chain confined to a spherical pore shows an interesting behavior. Fig. 3 gives the free
energy of Gaussian and real chains confined to a small spherical pore of radius 5 times larger than the Kuhn segment
length (R = 5) as a function of chain length N at different
values of adsorption potential V. The free energy of Gaussian
chain is proportional to the chain length except for very short
chains, which results from the linear dependence of confined
conformational entropy loss and adsorption energy gain on
the chain length. With the increase of the adsorption potential magnitude, |V|, the free energy decreases. At a particular,
so called, critical adsorption potential Vc , the enthalpy gain
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FIG. 2. Chain length dependence of the free energy of Gaussian and real
chains tethered at the plain surface without adsorption.

compensates for the entropy loss. At such critical adsorption
conditions, the free energy of adsorbed chain is independent
of its length. The critical adsorption potential separates unfavorable and favorable conditions of chain adsorption. Upon
further increase of the adsorption potential, the chain free energy decreases with its length, and, as such the chain translocation becomes more and more energetically auspicious. One
may expect that the critical adsorption condition would bring

J. Chem. Phys. 136, 214901 (2012)

about two characteristic translocation regimes: slow translocation at weak adsorption, |V| < |Vc |, and fast translocation
at |V| > |Vc |. The phenomenon of critical adsorption plays an
important role in polymer separation on porous substrates; it
constitutes the foundation of a special branch of modern chromatography named liquid chromatography at critical conditions (LCCC).34 A detailed study of this phenomenon as related to polymer chromatography is the subject of another
paper.46
The free energy of real chains is qualitatively different
due to the contribution from excluded volume interactions,
which depend on the chain length, pore size, and adsorption
potential in a complex manner. The linear relationship between the free energy and the chain length does not hold for
real chains. Although there is a prominent transition from unfavorable to favorable adsorption conditions with the increase
of the adsorption potential, the free energy within a certain
range of adsorption potentials is not monotonic. The free energy of the trans subchain achieves a minimum at a certain
subchain length. One may expect that such a minimum may
bring about a local equilibrium between cis and trans subchains that may significantly affect the translocation dynamics, as discussed in Sec. V C.
B. Free energy dependence on the adsorption
potential

The conditions of critical adsorption and favorable and
unfavorable regimes of translocation are demonstrated in
Fig. 4, where we present the free energy of tethered chains
of different length (N = 50, 100, and 200) in the pore of radius R = 5, as a function of adsorption potential magnitude
|V|. As a comparison, we also calculate the radius of gyration of free
√ polymer chains. For Gaussian chains it is given
byRg = N/6 (in unit of b). For real chains we adopt an approximate relationship47 of Rg ≈ 0.297N3/5 . With these formulas, the radii of gyration of Gaussian chains of N = 50,
100, and 200 are Rg = 2.89, 4.08, and 5.77, respectively. The
gyration radii of correspond real chains are Rg = 3.1, 4.7, and
7.13, respectively. In the case of ideal chains, these functions
intersect in one point at the critical adsorption potential, Vc
= −0.442, at which the free energy of Gaussian chains is independent of chain length N, as shown in Fig. 4(a). For real
chains, in contrast, a single intersection point is not observed
that points toward a non-existence of true critical conditions.
Also for sufficiently long chains, the free energy of real chain
is much higher than that of Gaussian chain of the same length,
which clearly indicates the significance of the excluded volume interactions in confined real chains.
C. Free energy landscape of translocating chain

FIG. 3. Chain length dependence of the free energy of tethered chains confined to spherical pore of radius R = 5 at different magnitudes of the adsorption potential (V = 0, −0.2, −0.5, −0.7). (a) Gaussians chains. Critical
conditions are achieved at Vc = −0.442, at which the free energy is independent of the chain length. (b) Real chains (w = 0.5). Critical conditions do not
exist. Note a non-monotonic behavior at V = −0.7 with a shallow minimum.

The free energy landscape represents the dependence of
the free energy of the translocating chain on the degree of
translocation, or the translocation coordinate, characterized
by the length of trans subchain n. The free energy of the
translocating chain is presented as a sum of the free energies
of cis and trans subchains,
t
t
[n] + Fcis
[N − n].
Ftotal (N, n) = Ftrans

(30)
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energy increases to a maximum achieved near N = 200. This
maximum corresponds to the free energy barrier
of translo
t
t
[n]n→N
Fcis
[N − n]n→0 the translocation. Since Ftrans
cation of non-adsorbing Gaussian chain implies an increase
of the chain free energy and, as such, is an unfavorable process due to the large conformational entropy loss that can be
compared to “up-hill” diffusion against the “entropic” force.
When the adsorption energy is strong enough (V = −0.65),
the free energy decreases with the degree of translocation that
can be compared to “down-hill” diffusion accelerated by the
driving force. At the adsorption potential (V = −0.5) slightly
smaller that the critical adsorption potential, the free energy
is almost flat and translocation can be compared with pure
diffusion.
In Fig. 6, we present characteristic examples of the free
energy landscape for real chain (N = 200, w = 0.5) for
two sizes of cis compartment: a semi-infinite space (a) and
a spherical pore of Rcis = 10 (b). Trans compartment is the
same as in the above examples, a spherical pore of Rtrans
= 5. In contrast to ideal chains, the energy landscapes for
real chains are generally convex. The convexity is due to
the increase of the excluded volume interactions in trans
compartment as the translocation progresses. One can distinguish two characteristic regimes. At weak adsorption (−0.5
< V < 0 in case of semi-infinite cis compartment), the free
energy of cis subchain is significantly smaller than that of
t
t
[n]|n→N
Fcis
[N − n]|n→0 . The free
trans subchain, Ftrans
FIG. 4. Free energy of tethered chain confined to spherical pore of radius R
= 5 as a function of the magnitude of adsorption potential for Gaussian (a)
and real (b) chains of length N = 50, 100, and 200. The gyration radii of free
Gaussian chains are Rg = 2.89, 4.08, and 5.77, respectively, for N = 50, 100,
and 200. The gyration radii of free real chains are Rg = 3.1, 4.7, and 7.13,
respectively.

Equation (30) is based on an assumption that both sic and
trans subchains are equilibrated; discussion on the validity of
this assumption at experimental conditions of translocation is
beyond the scope of this paper.
In Fig. 5, we present the free energy landscape of
Gaussian chain of length N = 200 at three different adsorption
potentials (V = 0, −0.5, −0.65) from a semi-infinite space to a
spherical pore of R = 5. In the absence of adsorption, the free

FIG. 5. Free energy landscape for Gaussian chain of length N = 200 (with
Rg = 5.77). Translocation from a semi-infinite space into spherical pore of
radius R = 5 at different adsorption potentials (V = 0, −0.5, −0.65).

FIG. 6. Free energy landscape of translocation of real chain (w = 0.5) of
length N = 200 (with Rg = 7.13) into spherical pore of Rtrans = 5 at different
magnitudes of the adsorption potential, V = 0, −0.5, −0.7, and −1.0. (a)
Semi-infinite cis compartment and (b) cis compartment represented by a large
spherical pore of Rcis = 10.
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energy increases monotonically with the degree of translocation setting a high-energy barrier; as such, translocation implies an increase of the chain free energy and, as such, is
t
[n]|n→N
unfavorable. At strong adsorption (V < −0.7), Ftrans
t
 Fcis [N − n]|n→0 , the free energy gradually decreases and
translocation is effectively facilitated. In the intermediate
regime, (−0.7 < V < −0.5), the free energy landscape has
a minimum at a certain degree of translocation, which corresponds to a long-living conformation of the chain composed
of cis and trans subchains. Such a minimum may cause very
long translocation time since the chain can be trapped in this
conformation. However, in contrast to ideal chains, the critical adsorption potential, at which the free energy of adsorbed
polymer is independent of the polymer length, does not exist
for real chains.
Another worth noting feature is that the free energy barriers are different between Rcis = 10 and Rcis = ∞ at the same
adsorption strength. The case of Rcis = 10 corresponds to apparent lower barrier, which result from the smaller conformational entropy loss due to the change of spatial confinement
from cis to trans.
D. The free energy barrier between two pores
of equal size

Unforced translocation between two pores of equal size
without any external force involved is an instructive example
to demonstrate interplay between entropic and excluded volume effects. Fig. 7(a) displays the free energy landscape for
Gaussian chains, which is concave disregarding of the size of
confinement. It is symmetric with a flat maximum at n = N/2
that corresponds to the energy barrier that should be crossed
in the course of successful translocation. The minimum is
t
[n]|n→0 =
achieved at the initial and final conformation, Ftrans
t
Ftrans [n]|n→N .
The energy landscapes for real chains are quite different
(Fig. 7(b)). The size of small compartments of R = 5 and 8
is now comparable with the free chain size, Rg = 7.13, and
the exclusion volume interactions are significant. At these
conditions, the most energetically favorable conformation is
achieved at n = N/2, when the chain is equally distributed between cis and trans compartments reducing the exclusion volume penalty. This mostly stretched conformation corresponds
to the free energy minimum, which gets deeper as the pore
size decreases. At R = 5, there is only one minimum of the
symmetric energy landscape, and one may expect equal probability of successful and fail translocation events and long residence times due to long-living equilibrium symmetric conformation at n = N/2. At R = 8, in addition to the minimum
at n = N/2, there are two symmetric maxima to small
(n
N/2) and large (N – n
N/2) degrees of translocations
which posed energy barrier for entering into and exiting from
trans compartment. In this case, one may expect smaller probability of translocation and longer translocation time. A special case should be observed at a certain size of compartment
when the free energy of symmetric conformation at n = N/2
equals the free energy of initial and final conformations. For
sufficiently large confinements of R = 12 and 20, which can
accommodate real chains of Rg = 7.13 without severe exclu-

FIG. 7. Free energy landscape for (a) Gaussian (w = 0, N = 200, Rg =
5.78) and (b) real chains (w = 0.5, N = 200, Rg = 7.13) as a function of
translocation coordinate n. Translocation between two equal spherical pores
without adsorption (V = 0). Different curves correspond to different pore
sizes R given in the figures.

sion volume penalty, the energy landscapes are qualitatively
similar to those for ideal chains and have one flat maximum.
The described dependence of the energy landscape on the size
of confinement is consistent with Monte Carlo simulation results of Cifra.47
V. TRANSLOCATION DYNAMICS
A. The Fokker-Plank formalism

The FP formalisms model the diffusion in real space as a
random walk process over the free energy landscape associated with the variation of an order parameter, which characterized the progression of the transport process. The FP equation
relates the rate of transfer to the free energy gradient in the
direction transfer. As related to the problem of translocation,
this order parameter is the degree of translocation, or the number of chain segments transferred from cis to trans compartment. The free energy landscape is the free energy Ftotal (N,
n) of the chain composed of cis and trans fragments tethered
to the pore opening, Eq. (30). The translocation dynamics was
investigated by the FP formalism in earlier papers by Park and
Sung35, 48 and Muthukumar,15, 16 which we follow.
Consider the function W (n, t; n0 , 0), which represents
the probability of a polymer chain of length N, which had
n0 segments in trans compartment (and N – n0 segments
in cis compartment) at time 0, to have n segments in trans
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compartment at time t. As such, n is the variable order parameter, which defines the state of the chain. In other words,
W (n, t; n0 , 0) is the probability of translocation of n – n0 segments within time t. The equation for W (n, t; n0 , 0) is derived
in a standard way, which we present below for the sake of
methodological clarity. The balance equation in finite differences for a small time interval t reads
W (n, t +



t; n0 , 0) = W (n, t; n0 , 0)[1 − kn+ + kn− t]
+
+ kn−1
W (n − 1, t; n0 , 0) t
−
+ kn+1
W (n + 1, t; n0 , 0) t.

(31)

Here, kn+ is the rate constant of chain translocation by one
segment into trans compartment and transition from n to n+1
state, and kn− is the rate constant of chain translocation backwards into cis compartment and transition from n to n–1 state.
Defining a probability flux from n to n – 1 state as

sionless time τ = k0 t, Eq. (35) can be expressed as
∂
W (n, τ ; n0 , 0)
∂τ


∂ ∂Fn
∂
W (n, τ ; n0 , 0) +
Wn (n, τ ; n0 , 0) . (37)
=
∂n ∂n
∂n
The time of successful translocation is determined as the
probability flux J|n = N at n = N, which represents the probability per unit time that the chain will successfully pass
through the opening in time t starting from n0 segments located in trans compartment. Respectively, the time of unsuccessful translocation attempt, or the time of return to cis compartment, is determined as the probability flux −J|n = 0 at n
= 0. In terms of the probability flux, the translocation time
probability distribution is given as
PT (τ ) = J |n=N


∂Fn
∂
W (n, τ ; n0 , 0)+k0 W (n, τ ; n0 , 0)
= − k0
,
∂n
∂n
n=N


Jn,n+1 = kn W (n, t; n0 , 0) − kn+1
W (n + 1, t; n0 , 0). (32)

(38)
and the return time probability distribution is given as

Equation (31) is transformed into
∂
∂J
W (n, t; n0 , 0) = Jn−1,n − Jn,n+1 = − .
∂t
∂n

(33)

The main assumption is that of equilibrium conformations of cis and trans fragments of the translocating chain.
We suppose that the polymer translocation process is slow
enough compared to the thermodynamic relaxation time of
chain conformations in cis and trans compartments at any
time. As such, the rate constants for direct and reverse transitions between states n and n + 1 satisfy the detailed balance
condition,

kn+1
= exp(Fn+1 − Fn ),
kn

(34)

where Fn = Ftotal (N, n)is the free energy of the chain with n
translocated segments defined by Eq. (30). Using this equation, we arrive at the FP equation in the following form:
∂
W (n, t; n0 , 0)
∂t


∂
∂Fn
∂
=
kn
W (n, t; n0 , 0) + kn Wn (n, t; n0 , 0) . (35)
∂n
∂n
∂n
The boundary and initial conditions for the partial differential equation (35) are
W (n, t; n0 , 0) = 0 at n = 0 and n = N;
and W (n, t; n0 , 0) = δ(n − n0 ) at t = 0.

PR (τ ) = −J |n=0


∂Fn
∂
W (n, τ ; n0 , 0) + k0 W (n, τ ; n0 , 0)
= k0
.
∂n
∂n
n=0
(39)
The average times of successful τ T  and unsuccessful
τ R  translocation attempts are given by
 ∞
τ PT /R (τ )dτ
.
(40)
τT /R  = 0 ∞
PT /R (τ )dτ
0

By the definition τ T/R  depends on the initial state n0 .
In this paper, we consider the translocation process, which
starts from the initial state with one translocated segment, and
always choose n0 = 1.
B. Translocation time distribution

As an instructive example of detailed calculations of the
characteristics of the translocation process, we present in
Fig. 8, the normalized distribution function PT (τ )/PTtotal for
translocation time of a real polymer of length N = 200 at different adsorption potentials transferred from a semi-infinite
space to the adsorbing spherical pore of radius R = 5. The
free energy landscapes are shown in Fig. 6(a). The normalization constant equals to the total probability of successful
translocation attempt,
 ∞
total
=
PT (τ )dτ.
(41)
PT
0

(36)

The rate constant kn is referred to as a local friction
parameter36 and is taken in the following calculations as an
independent of m constant (kn = k0 ). Introducing the dimen-

Note the qualitative difference between the different
translocation regimes depending on the magnitude of the
adsorption potential: week adsorption (−0.5 < V < 0)
with monotonically increasing free energy; strong adsorption
(V < −0.8) with monotonically increasing free energy, and
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be an attempt to be successful; a slow goer is doomed to fail.
With the increase of adsorption driving force both the probability of translocation and the translocation time increase, and
the time distribution becomes wider. While the former observation is logical, the fact that the translocation time increases
with the increase of the driving force is peculiar. The explanation is similar to that discussed above: as the hill becomes less
steep, less rapid walkers may get a chance to succeed. However, upon achievement the intermediate regime with transient
metastable states, the qualitative behavior changes. With the
further increase of the driving force, the behavior becomes
more “logical”: the probability of translocation increases and
the translocation time decreases. This observation is important for theoretical models of translocation, which are based
on the scaling analysis and relate the translocation time to the
driving force using the monotonically increasing power functions. As shown in this example, such scaling approach may
be justified only when the driving force is large enough so
that the process of translocation is reminiscent to down-hill
diffusion.
C. Chain length dependence of the mean
translocation time

FIG. 8. (a) Distribution functions of the translocation time for real chain of
length N = 200 at different adsorption potentials, V = 0, −0.2, −0.5, −0.7,
−0.8, and −1.0. Note the qualitative difference between different translocation regimes: week adsorption (−0.5 < V < 0) with monotonically increasing free energy; strong adsorption (V < −0.8) with monotonically increasing
free energy, and intermediate regime, exemplified by V = −0.7, with a nonmonotonic free energy landscape having a minimum that corresponds to a
long-living metastable state. (b) Dependence of the mean translocation time
on the adsorption potential. (c) Dependence of the translocation probability
on the adsorption potential.

intermediate regime, exemplified by V = −0.7, with a nonmonotonic free energy landscape having a minimum that corresponds to a long-living metastable state. In the latter case,
the distribution function is the widest and the mean translocation time is the largest. This is explained by the fact that the
chain fluctuates around the metastable state for long time. In
the absence of adsorption (V = 0), the probability of translocation is lowest, yet the translocation time is the shortest. This
apparent contradiction is explained by the analogy of climbing up a slippery hill: the sharper the hill the faster should

The chain length dependence of the mean translocation
time provides an instructive information for a better understanding of the specifics of the translocation process. The
mean translocation time as a function of the chain length for
both ideal and real chains at different adsorption potentials are
given in Figs. 9 and 10, respectively. The corresponding free
energy landscapes are given by Figs. 5 and 6(a). For ideal
chains, the translocation time is a concave function of the
chain length N. If the adsorption potential is strong enough
(|V| = 1.0) we find a linear dependence τ ∼ N . However,
real chains do not follow a simple linear relationship between
translocation time and chain length: they might be concave,
convex, or even of sigmoidal shape depending on the magnitude of the adsorption potential.
As discussed above in Sec. V B with example of
data presented in Fig. 8, the mean translocation time is a
non-monotonic function or the magnitude of the adsorption

FIG. 9. The average translocation time of Gaussian chain (w = 0) as a function of N is plotted for different adsorption potentials V. Translocation from
semi-finite space (RA = infinite) to a small adsorbing pore (RB = 5). The
values of V are 0, −0.2, −0.4, −0.6, −0.8, and −1.0.
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FIG. 10. The average translocation time for real chain (w = 0.5) as a function
of N for different adsorption potentials. Translocation from semi-finite space
(RA = infinite) to a small adsorbing pore (RB = 5). The values of V are (a) 0,
−0.2, −0.4, −1.0; (b) −0.6, −0.7, −0.8, and −1.0.

FIG. 11. The average translocation time for different chain length as a function of the magnitude of adsorption potential. Translocation of when Gaussian chain (a) or real chain (b) from semi-finite space (RA = infinite) to a
small adsorbing pore (RB = 5).

potential. This effect is clearly seen in Figs. 9 and 10. For
ideal chains, Fig. 9, the mean translocation time for unforced
translocation (V = 0) is comparable with that for adsorption
driven translocation at V = −0.6, and the maximum time is
observed at V = −0.4. In Fig. 11, we present the translocation time as a function of the magnitude of adsorption potential for chains of different length. The non-monotonic behavior is more pronounced for longer chains. In the case of real
chains, the maximum of the translocation time is related to
the existence of a shallow minimum on the respective free energy landscapes shown in Fig. 6, which reflects the presence
of transient metastable states. In the case of Gaussian chains,
the maximum corresponds to the values of the adsorption potential, at which the energy landscape is almost flat as seen in
Fig. 5, so that the driving force proportional the free energy
gradient is negligibly small.

in trans compartment, then the solution of Fokker-Plank equation is given by20

D. Non-monotonic dependence of the translocation
time

The non-monotonic dependence of the translocation time
on the magnitude of the driving force deserves an additional
discussion beyond a qualitative allegory with up-hill climbing
suggested above. In order to get a better understanding on a
qualitative level, let us consider a simple example.
Assume a linearly decreasing (down-hill) free energy
landscape, which favors the translocation, Fn = −υ 0 n and
∂Fn /∂n = −υ 0 . If at the beginning τ = 0 there are n0 segments

W (n, τ ; n0 , 0) =

∞
2 
exp(−λm τ ) exp(−υ0 n0 /2) sin(hm n0 )
N m=1

× exp(−υ0 n/2) sin(hm n).

(42)

Here hm = mπ /N and λm = υ02 /4 + h2m is the eigenvalues of
the operator,
[∂ 2 /∂n2 − υ0 ∂/∂n]fm (n) = −λm fm (n).

(43)

As such, we can express the translocation time distribution
function as
υ

2k0
0
exp
(N − n0 )
PT (τ ) = J |n=N = −
N
2
∞

exp(−λm τ )hm sin(hm n0 ) cos(hm N ). (44)
×
m=1

The integral of PT (τ ) represents the probability of translocation,
 ∞
υ

2k0
0
total
exp
(N − n0 )
PT
=
PT (τ )dτ = −
N
2
0
×

∞

hm
sin(hm n0 ) cos(hm N ).
λ
m=1 m

(45)
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Let us now consider the opposite situation with a linearly
increasing free energy landscape, which favors the translocation, Fn = υ 0 n and ∂Fn /∂n = υ 0 . The time distribution function in this case differs from that given by Eq. (42) only by the
prefactor, which is time independent, as the eigenvaluesλm are
the same. The probability of up-hill translocation is equal to

PTtotal

=
0

×

∞

PT (τ )dτ = −

 υ

2k0
0
exp − (N − n0 )
N
2

∞

hm
sin(hm n0 ) cos(hm N).
λ
m=1 m

(46)

This result means that the normalized distributions of
the translocation time for these two opposite situation are the
same, while the probability of up-hill translocation is significantly smaller than that of down-hill translocation. It is worth
noting that Park and Sung35 used the reflection boundary conditions, which prevent the chain return into the cis compartment, and at these conditions the translocation time monotonically decreases with the increase of driving force. However,
the definition of the translocation time that we adopted reflects the experimental measurements, in which the successful and unsuccessful translocation effects are separated during
the recording.

E. Probability of successful translocation

In Fig. 12, we present the probability of successful
translocation PTtotal (41), as a function of the magnitude of
adsorption potential for ideal (a) or real (b) chains of different length with example of translocation from semi-finite
space into spherical pore of radius R = 5, for which the free
energy landscapes are given in Figs. 5 and 6(a). These dependencies are as expected. The probability of translocation
increases with the increase of the driving force. The probability of translocation for ideal chains is larger than that for
real chains at the same conditions, since the excluded volume
interaction hinders translocation into confining compartment.
For reasonably long chains (N > 50) and large driving forces
in the regime of strong adsorption ((|V| > 0.8), the probability of translocation does not any significantly depend on
the chain length. This is understandable, since in the regime
of strong adsorption, we deal with down-hill free energy
landscapes, and the probability of return sharply decreases
with the increase of the degree of translocation, as shown in
Sec. V F.
Our method can be generalized easily to the case with
pore openings, which can accommodate more than one segment. This situation for Gaussian chains has been studied by
Muthukumar et al.17 and the application of our approach is
straightforward. Since the opening is not a planar hole but a
channel, one only needs to add the adsorption energy related
to chain block in the channel in Eq. (30). The free energy
landscape apparently will be affect by the channel length especially at the beginning and the end of translocation. However, we will not pursue the detailed investigation about this
effect.

FIG. 12. Probability of successful translocation as a function of the magnitude of adsorption potential for ideal (a) or real (b) chains of different
length. Translocation from semi-finite space into spherical pore of radius
R = 5.

F. Distribution of translocation and return times

The distribution functions of successful translocation
and return (failed translocation attempt) times are shown in
Fig. 13 drawing on the example of Gaussian and real chains
of length N = 30 transferred from the semi-infinite space
to the spherical pore of radius R = 5 with adsorbing potential V = −1.0. Note that despite the significantly higher

FIG. 13. Distribution functions of successful translocation and return
times for Gaussian (w = 0) and real (w = 0.5) chains of length N
= 30. Translocation from semi-finite space into spherical pore of radius
R = 5 with adsorbing potential V = −1.0. Probabilities of successful translocation are 0.245 and 0.187 for Gaussian and real chains, respectively.
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probability of translocation for Gaussian chains, the time distribution functions are pretty similar and reflect qualitatively
general features of the translocation process. The probability
of return sharply decreases with the time of observation. The
probability of successful translocation is negligibly small at
short times, which are not sufficient for the passage of the
chain through the opening; it has a prominent maximum and
long tail. These features of the time distribution functions are
similar to the experimental results on the forced translocation
of single stranded DNA chains through a lipid bilayer with
α-hemolysin pores.8 The translocation event in these experiments was detected as a prominent drop of the ionic current
due to a partial pore blockage by moving chains. The duration of the current drop was associated with the translocation time. The authors distinguished “short-time” and “longtime” blockages, which may be related to failed and successful translocation attempts.
VI. CONCLUSIONS

We investigated the effect of adsorption on the dynamics of polymer translocation by means of the self-consistent
field theory and Fokker-Plank formalism. In doing so, we derived the SCFT equations for the free energy of a real chain
tethered at the surface of confining compartment in the presence of external field, calculated the free energy landscapes
of the chain translocation from cis to trans compartment, and
determined the distribution of translocation times by solution
of the FP equation of the chain diffusion along the free energy landscape. The goal was to investigate how the exclusion
volume interactions, the chain length, and the magnitude of
the adsorption potential affect the mechanism of the translocation process. We considered transfer of ideal (Gaussian)
and real (with exclusion volume interactions) chains from the
semi-infinite space into the spherical pore through an opening, which can accommodate only one Kuhn segment. It is
worth noting that the suggested method can be generalized to
the case of wider pore openings, following the approach employed by Muthukumar et al.17 in studies of Gaussian chains.
The main results can be summarized as follows. There is
a qualitative difference between the behavior of ideal and real
chains. For ideal chains, the energy landscapes are linear. Depending on the magnitude of the adsorption potential, one can
identify two regimes: weak adsorption, when the driving force
does not compensate for the loss of entropy, and the translocation represents an up-hill diffusion; strong adsorption, when
the gain of enthalpy due to adsorption overweighs the entropy
loss, and the translocation process represents a down-hill diffusion. These two regimes are separated by the critical adsorption potential, at which the free energies of the chain in
cis and trans compartments equal each other. The excluded
volume interactions bring about nonlinear features of free energy landscapes. One can identify the intermediate range of
adsorption potentials, at which the energy landscape is nonmonotonic and possesses a minimum, which corresponds to
a long-living metastable state of the translocating chain. At
these conditions, the process of translocation may take long
time, since the chain tends to fluctuate around this metastable
state prior to escape from the opening either into trans or
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back into cis compartment. With the increase of the magnitude of the adsorption potential, the probability of successful translocation sharply increases, as expected, in all cases.
However, the mean translocation time and the distribution of
translocation times depend on the adsorption strength nonmonotonically. The longest translocation times correspond to
the intermediate regime between weak and strong adsorption.
We also found nonlinear dependences of the translocation
time on the chain length, which qualitatively differ depending on the adsorption strength. These observations show that
the standard interpretation of the parameters of the translocation process in terms of scaling relationships, which imply
power dependencies between the translocation time on one
hand and the chain length and the driving force on another
hand, have a limited applicability. They may be justified only
for sufficiently strong driving forces. In addition, we derive
the distribution functions for the times of successful and fail
translocation attempts, which are qualitative similar to those
observed in the experiments.
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