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The gauge cell Monte Carlo method is extended to calculations of the incremental chemical potentials and free energies of linear chain molecules. The method was applied to chains of Lennard-Jones
beads with stiff harmonic bonds up to 500 monomers in length. We show that the suggested method
quantitatively reproduces the modified Widom particle insertion method of Kumar et al. [S. K.
Kumar, I. Szleifer, and A. Z. Panagiotopoulos, Phys. Rev. Lett. 66(22), 2935 (1991)], and is by an
order of magnitude more efficient for long chains in terms of the computational time required for the
same accuracy of chemical potential calculations. The chain increment ansatz, which suggests that
the incremental chemical potential is independent of the chain length, was tested at different temperatures. We confirmed that the ansatz holds only for coils above the θ temperature. Special attention is
paid to the effects of the magnitude of adsorption potential and temperature on the behavior of single
chains in confinements that are comparable in size with the free chain radius of gyration. At sufficiently low temperatures, the dependence of the incremental chemical potential on the chain length
in wetting pores is superficially similar to a capillary condensation isotherm, reflecting monolayer
formation following by pore volume filling, as the chain length increases. We find that the incremental gauge cell method is an accurate and efficient technique for calculations of the free energies
of chain molecules in bulk systems and nanoconfinements alike. The suggested method may find
practical applications, such as modeling polymer partitioning on porous substrates and dynamics of
chain translocation into nanopores. © 2011 American Institute of Physics. [doi:10.1063/1.3657438]
I. INTRODUCTION

The determination of the chemical potential of chain
molecules in Monte Carlo (MC) simulations is a long studied and difficult problem. Chemical potential in homogeneous simple fluids is readily calculated using Widom’s particle insertion technique.1 However, for moderately complex
molecules (such as chains of three or more monomers), the
probabilities of non-overlapping insertions are very low, resulting in long simulations with large statistical errors. Application of the Rosenbluth and Rosenbluth configurational
bias2 to test-chain insertions was used by Harris and Rice,3
and then by Siepmann4 to calculate the chemical potential of
chains on a lattice. Biased insertions were later generalized
to continuously deforming molecules by Frenkel et al.5 and
later by de Pablo et al.6 Insertion of configurationally biased
molecules overcomes the sampling issues mentioned above,
however the likelihood of an acceptable biased insertion in a
dense fluid decreases greatly when chain length n exceeds 20.
Various computational strategies were designed to improve
this limit,7, 8 most notably the pruned-enriched Rosenbluth
method (PERM) of Grassberger.9 This method involves generating populations of configurations, then periodically “pruning” them by discarding the most improbable, and “enriching” by duplicating the most favorable. Using this method one
can obtain an accurate measure of the chemical potential for
very long chains; however, this approach is only valid for so
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called “static” Monte Carlo9 (i.e., only one molecule’s conformation is sampled, and the simulation does not involve a
Markov chain). An attempt to extend PERM to conventional
“dynamic” Markov chain MC did not show an improvement
over the simple Rosenbluth insertions.10 Another method of
overcoming this finite chain-length drawback was proposed
by Kumar et al.11 Instead of inserting the entire chain in one
step, this method, called the modified Widom (MW) method,
is based on “incrementing” the chain (testing insertions of
monomers added to the chain end) to calculate the incremental chemical potential of the monomer μincr . The chemical potential of the chain is then the sum of the incremental chemical potentials of the monomers that the chain is comprised
of. The obvious drawback of the MW method is that rigorously, one requires n MC simulations for a single chain of
n monomers. Other methods for the calculation of chemical
potential include thermodynamic integration over the chain
with variable interaction potentials,12 reverse Widom method
via staged particle deletions,13 extension of the expanded ensemble to chains of variable length,8 grand canonical simulation of configurationally biased chains,14 and a hybrid method
of biased Widom insertions with the scanning method.15 The
technique proposed in this work is based on the “incremental” strategy,11 as we found this approach is the most suitable
for modeling nanoconfined polymeric systems that we are interested in. To this end, the MW method served as the reference technique for validation and justification of the proposed
method.
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The dependence of the incremental chemical potential
μincr on the chain length n is a much debated topic.6, 16–19
It was originally asserted11 that μincr depends on n only for
short chains, n < 5, and is essentially independent of the chain
length for long chains, but this conclusion was made within
computational constraints which allowed for calculations of
chains shorter than 30 monomers. This conclusion of the independence of the incremental chemical potential on the chain
length became known as the “chain increment ansatz.”19
Kumar later refined18 the initial assumption of μincr independence on n to include only “coil” polymers that are well
above their θ temperature, where the chain configuration may
be reasonably approximated by a self-avoiding random walk.
The original assumption11 was concluded to be invalid for
globular polymers, i.e., chains below their θ temperature.
At the θ temperature, the attractive and repulsive parts of
monomer-monomer interactions effectively cancel out,20 and
the real chain exhibits some characteristics similar to a free
Gaussian (ideal) chain. Above the θ temperature, the chain increment ansatz says that the chemical potential of a coil polymer can essentially be calculated in a single simulation, by
trial monomer insertions at the end of one chain in the system. The resulting incremental chemical potential can then be
multiplied by the number of monomers in the chain and corrected for short-chain behavior, to obtain the total chemical
potential of the chain in very few simulations. The ansatz was
tested for free chains up to 30 monomers using the modified
Widom method,18 for long chains (∼100 monomers) by using PERM,21 and thoroughly with fluids of short n-alkanes
(n = 6 to 16) at high densities by comparing the modified
Widom method with Rosenbluth insertions.19
In this work, we extend the mesocanonical Monte Carlo
(MCMC) method, also known as the gauge cell MC method,
to polymeric systems via the incrementing strategy. The
MCMC method was introduced earlier for calculating chemical potentials in dense and confined simple fluid systems. In
MCMC, the simulation system is constructed as follows: a
system of interest, or sample cell, is placed in chemical equilibrium with a reference control volume, or gauge cell. The
gauge cell brings two advantages: it serves as a meter of the
chemical potential, and its limited volume restricts density
fluctuations in the sample cell. This schematic corresponds to
a mesocanonical ensemble:24 it is equivalent to the canonical
ensemble in the target cell if the gauge cell volume is infinitely
small, and is equivalent to the grand canonical ensemble if
the gauge cell volume is infinitely large. MCMC finds numerous applications in simulation studies of phase transitions in
strongly heterogeneous systems. It has been employed in the
studies of capillary condensation in various geometries,25, 26
liquid bridge27 and droplet nucleation,28 bubble cavitation in
metastable liquid,29 adsorption deformation,30 and the segregation of surfactants.31 MCMC has been extended from its
original formulation22 to extremely small confinements with
the ideal gas gauge cell (IGGC) method,23 mixtures with
multi-component gauge cell method,24 coupling with Widom
insertions,32 configurational bias,33 and simplified insertions
using explicit chemical potential.34
To extend MCMC to linear homopolymers, we begin by
considering a system cell that contains a polymeric fluid of
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one or more chains of identical monomers, and a gauge cell
that contains a fluid of ideal non-bonded monomers. Standard
MC moves are used to sample state space in the system cell;
this work includes monomer displacement and reptation of
the chain (but can also include configurationally biased regrowth or any other canonical ensemble move to equilibrate
the chain in the system cell), particle insertion from the gauge
into the sample cell, and particle removal from the sample
cell to the gauge cell. On an attempted insertion, the particle removed from the gauge cell is attached to an end of the
polymer chain. Correspondingly, on an attempt of removal,
a terminal monomer is detached from the polymer chain and
placed into the gauge cell. Thus, in contrast with the Widom
method, MCMC deals with real insertion and removal of particles. Particle insertions and removals allow the chain to grow
or shrink according to given equilibrium conditions and allowed thermal fluctuations. Since the equation of state of the
reference ideal gas of monomers in the gauge cell is known,
we can also calculate the chemical potential of the chain in the
sample cell. Preliminary results and a short derivation of the
incremental gauge cell method for a fluid of chains with identical lengths was presented in Ref. 35, and will be expanded
and generalized in this work.
The rest of the paper is structured as follows: in
Sec. II, we formulate MCMC for a mixture of chains of various lengths, and give its statistical mechanical derivation. In
Sec. III, we discuss its practical implementation. Simulation
details are provided in Sec. IV. In Sec. V, we apply the suggested method to a single isolated polymeric chain of LJ particles connected by harmonic spring bonds and compare our
results to the literature data. Results obtained for single chains
in a nanoconfinement are presented in Sec. VI. A comparison
of the computational efficiency of the incremental gauge cell
method and the MW method is presented in Sec. VII. Finally,
conclusions and a critical discussion of the method are presented in Sec. VIII.
II. INCREMENTAL GAUGE CELL METHOD
A. Definition of the incremental chemical potential

To derive the statistical mechanical basis for the incremental gauge cell method, we start from the definitions of the
chemical potential and the incremental chemical potential in
a general case of a mixture of homopolymer chains of various lengths. Consider a three-dimensional canonical system
of constant volume V at temperature T. Let Ni be the number
of chains of length i (that is, N1 refers to the number of unbonded monomers, N2 to the number of dimers, and so on).
The mixture is then described by the set of all chains, {Nα }
= {N1 , N2 ,. . . , Ni , Ni+1 ,. . . }. The total number of chains is
M=

∞


Ni .

(1)

i=1

Similarly, the total number of monomers is
m=

∞


iNi .

i=1
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A general description of the canonical partition function for
such a system, with no restrictions for intramolecular connectivity, is

1
Q({Nα }, V , T ) = 3m ∞
drm exp[−(rm )/kB T ],
m)

(N
!)
i
(V
i=1
(3)
where  is the thermal de Broglie wavelength of the
monomers, rm is the set of m position vectors describing the
location of each monomer, and the total potential energy 
is the sum of monomer-monomer interactions, intramolecular
interactions (such as bond-stretching, angle-bending, or torsion potentials), and external potentials such as an adsorption
potential. The Helmholtz free energy of such a system can be
described in terms of the canonical partition function,
F ({Nα }, V , T ) = −kB T ln Q({Nα }, V , T ).

(4)

If the system is large, and its Helmholtz free energy F is continuous and differentiated function of N, the chemical potential of chains of length ν at constant {Nα=ν }, volume and temperature is

∂F 
μν ({Nα }) =
.
(5)
∂Nν {Nα=ν },V ,T

Following the approach of Widom,1 this expression can be
approximated as a finite difference, and the chemical potential
can be defined as the difference of the free energy of a system
with Nν + 1 and Nν molecules,
μν ({Nα }) = F ({N1 , . . . , Nν + 1, . . .}, V , T )
−F ({N1 , . . . , Nν , . . .}, V , T ),


Q({N1 , . . . , Nν + 1, . . .}, V , T )
,
μν ({Nα }) = −kB T ln
Q({N1 , . . . , Nν , . . .}, V , T )


(6b)

= −kB T ln

Vν
3ν
 (Nν + 1)



 

1
− kB T ln ν
drνins exp −φ rνins , rm
V (V ν )


kB T {N1 ,...,Nν ,...} .


(6c)

Correspondingly, the chemical potential of (ν + 1)-mers
is

μν+1 ({Nα }) = F ({N1 , . . . , Nν+1 + 1, . . .}, V , T ) − F ({N1 , . . . , Nν+1 , . . .}, V , T ),


(7a)



Q({N1 , . . . , Nν+1 + 1, . . .}, V , T )
Q({N1 , . . . , Nν+1 , . . .}, V , T )





ν+1


V
1
ν+1
ν+1 m
.
−
k
= −kB T ln
exp
−φ
r
/k
T
ln
dr
,
r
T
B
B
ins
{N1 ,...,Nν ,...}
3ν+3 (Nν+1 + 1)
V ν+1 (V ν+1 ) ins
μν+1 ({Nα }) = −kB T ln

In Eqs. (6c) and (7c), the RHS is divided into the ideal and
excess terms. As such, the excess chemical potential of a νmer can be determined by random insertion of ν monomers in
volume V, and averaging the Boltzmann probability that these
ν monomers may be bound in one chain with given bonded
and non-bonded interaction potentials. If this approach was
practical, it would represent a direct extension of the Widom
insertion method to chain molecules.
We can now define the incremental chemical potential
μincr (ν, {Nα }) as the difference of chemical potentials for the
chains of ν + 1 monomers and ν monomers, with all else held
equal, by subtracting Eq. (6a) from Eq. (7a):
μincr (ν, {Nα }) ≡ μν+1 ({Nα }) − μν ({Nα })

(6a)

(7b)
(7c)

= F ({N1 , . . . , Nν+1 + 1, . . .}, V , T )
−F ({N1 , . . . , Nν + 1, . . .}, V , T ), (8)
given ν > 0. Equation (8) is the foundation of the MW
method11 and represents the incremental chemical potential
of a ν-mer in a mixture of {Nα } chains. Determination of the
chain chemical potential μν ({Nα }) is simply a matter of summing all incremental values. As described in Ref. 16, μincr is
a well-defined thermodynamic quantity. Analogously to the
Widom insertion method, Eq. (4) is substituted into Eq. (8) to
obtain a ratio of partition functions, as the difference between
Eqs. (6c) and (7c),



Q({N1 , . . . , Nν+1 + 1, . . .}, V , T )
μincr (ν, {Nα }) = −kB T ln
Q({N1 , . . . , Nν +1, . . .}, V , T )

 


V (Nν + 1)
1
m+ν
= −kB T ln
T
ln
dr
(ν
+
1)exp[−φ(r
(ν
+
1),
r
)/k
T
]
−
k
B
ins
ins
B
{N1 ,...,Nν +1,...} , (9)
3 (Nν+1 + 1)
V (V )
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given ν > 0, and where φ(rins (ν + 1), rm + ν ) is the total interaction potential energy of the ν + 1 trial monomer, located at
rins , with the rest of the system. This trial monomer is positioned by incrementing a ν-mer chain by one monomer. The angle
brackets denote the canonical average over all particle positions rm + ν . To make the calculations more efficient, we assume that
monomer ν + 1 can only be inserted in a limited volume Vins around monomer ν. As such, we assume infinite bond energy
between the monomers if the bond length is too large or too small. This assumption is reasonable, since if the bond energy is
large, this configuration will not contribute to the Boltzmann factor that is being sampled. By averaging only over the volume
Vins , rather than over the entire volume V, Eq. (9) then becomes


V (Nν + 1)
μincr (ν, {Nα }) = −kB T ln
− kB T ln[(Vins /V )exp[−φ(rins (ν + 1), rm+ν )/kB T ]{N1 ,...,Nν +1,...},Vins ]
3 (Nν+1 + 1)
ex
= μid
incr (ν, {Nα }) + μincr (ν, {Nα }).

Here, we defined the ideal μid
incr (ν, {Nα }) and excess
(ν,
{N
})
contributions
into
the incremental chemiμex
α
incr
cal potential. The excess incremental chemical potential
μex
incr (ν, {Nα }) defined in Eq. (10) can be calculated by inserting a trial monomer in the insertion volume Vins at the chain
end and averaging the respective Boltzmann probability. This
constitutes the rigorous basis for the MW method11 that is
used for comparison with the incremental gauge cell method
described below.
The case of ν = 0 is determined in a similar fashion, with
the ratio in Eq. (9) equal to Q({N1 +1,. . . },V,T)/Q({Nα },V,T).
It represents the chemical potential of a monomer inserted
into the mixture of {Nα } chains, μ0 ({Nα }) = μincr (0, {Nα }),
and is expressed as


μν ({Nα }) = −kB T ln

−

ν−1


(10)


V
μ0 ({Nα }) = −kB T ln
3 (N1 + 1)



−kB T ln[exp[−φ(r0 , rm )/kB T ]{N1 ,...Nν ,...},V ]
ex
= μid
0 ({Nα }) + μ0 ({Nα }),

(11)

where r0 is the position vector of a trial monomer in the system. Because the first monomer of a chain has no bond potential, the average of Eq. (10) is calculated over the entire system volume V, and expression similar to the standard Widom
insertion is found. By summation of the incremental chemical potentials, and grouping the terms of Eqs. (10) and (11),
we obtain an expression for the chemical potential of a ν-mer,


Vν
− kB T ln[exp[−φ(r0 , rm )/kB T ]{Nα },V ]
3ν (Nν + 1)

kB T ln[(Vins /V )exp[−φ(rins (i + 1), rm+i )/kB T ]{N1 ,...,Ni +1,...},Vins ],

(12)

i=1

where rins (i+1) is position of the (i+1)-th trial particle. The
first term is the reference state for the ν-mer component of the
mixture, an ideal gas of non-interacting ν-mer chains with no
intramolecular potential. The second term is the excess chemical potential of inserting a single monomer into the system
(exactly the equation for the Widom method); the last term is
the sum of the excess incremental chemical potentials starting
from the previously inserted monomer. Note that the volume
ratio (Vins /V) represents a correction for the insertion volume
being different from the system volume. Upon summation
over i, the ideal term in Eq. (10) gives the ideal part of the
chain chemical potential. The incremental ratios of μid
incr in
Eq. (10) cancel in the summation, with only (Nν + 1) remaining in the denominator. Also note that although Vins appears
explicitly in Eq. (12), there is no dependence on it, as long as
it is chosen large enough to sample all non-negligible conformations and small enough to allow adequate sampling. Equa-

tion (12) can be written in terms of ideal and excess chemical
potentials,
ex
μν ({Nα }) = μid
ν ({Nα }) + μν ({Nα })
ex
= μid
ν ({Nα }) + μ0 ({Nα }) +

ν−1


μex
incr (i, {Nα }).

i=1

(13)
It is worth noticing that the excess incremental chemical potential μex
incr (i, {Nα }) depends on the composition {Nα },
but it does not depend on the length ν of the inserted
chain. Thus, the incremental insertion of the longest chain
present in the mixture (that is, calculating the canonical average in Eq. (10) for each monomer of the longest chain)
yields all incremental chemical potential values need for
calculating the chemical potentials of remaining chains of
any length. The chain increment ansatz involves the excess
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∼ ex
incremental chemical potential defined by Eq. (10) and yields that μex
incr (ν, {Nα }) = μincr (ν + 1, {Nα }) for ν  1.
For single chain systems considered below, Eq. (10) reduces to
μincr (ν) = −kB T ln[(Vins /3 )exp[−φ(rins (ν + 1))/kB T ]{N1 ,...,Nν +1,...},Vins ].

In examples shown below, we report the values of μincr given
by Eq. (10 ) with  set to unity for the sake of comparison to
literature results.
B. Foundations of the gauge cell method

Mesocanonical MC was originally introduced as a computational method to measure chemical potential in dense
fluids confined by external potentials. Use of the gauge cell
brings several advantages to the simulation. First, it serves
as a meter of chemical potential of the fluid in the main
cell. Second, its finite volume suppresses fluctuations and allows the stabilization of metastable and unstable states in the
sample cell. And third, it is computationally more efficient
than Widom trial insertions, as the exchange of particles from
gauge cell to sample cell and back facilitates mixing of the
particles in the sample cell. The simulation scheme is constructed as follows: a sample cell of volume V containing the
mixture of {Nα } chains is placed in contact with a gauge cell
of volume Vg , and both are immersed in a heat bath of temperature T. Exchange of particles between the main and gauge
cells is permitted by allowing the ends of a designated “test”
chain to accept or send monomers to gauge cell. Note the test
chain is in addition to the existing mixture {Nα }. The total
number of particles between the test chain and the gauge cell
n = nt + ng is constant. Thermodynamically, equilibration
of this construction corresponds to the minimization of the
total free energy of the test chain and the gauge cell,
F (n , {Nα }, V , Vg , T )
= Ft (nt , {Nα }, V , T ) + Fg (ng , Vg , T ) ⇒ min, (14)
where Ft is the free energy of the test chain, Fg is the free
energy of the fluid in the gauge cell, and F is their sum. The
minimization implies equality of the partial derivatives,


∂Fg 
∂Ft 
=
.
(15)
∂nt {Nα },V ,T
∂ng Vg ,T
The finite difference approximation of the left-hand side of
Eq. (15) is in fact the incremental chemical potential of the
test chain, as defined in Eq. (8), and is equal to the chemical
potential of gauge,
F (nt + 1, {Nα }, V , T ) − F (nt , {Nα }, V , T )

∂Fg 
=
= μincr (nt , {Nα }) = μg (ng ).
∂n 

(16)

g Vg ,T

This is the basis of the so called mean density gauge cell
(MDGC) MCMC method.22 After an equilibrium distribution
is reached, the average number of monomers ng in the gauge

(10 )

cell can be used to compute the incremental chemical potential of a chain of length n − ng , assuming the equation of
state of the reference fluid in the gauge cell is known. It is important to note that Eqs. (15) and (16) are an approximation,
which is only valid if the numbers of molecules of both cell
are large enough.23 Strictly, the chemical potentials can be
calculated from the probabilities of observing a specific ng on
any given step. This ideology was implemented in the IGGC
MCMC version of the gauge method,23 where the reference
fluid was chosen to be an ideal gas.
To extend the IGGC MCMC formalism to chain
molecules, we begin with the system defined above, a system {Nα } chains in volume V, with an additional single test
chain of nt monomers present. A gauge cell containing a fluid
of ng monomers with volume of Vg is allowed to exchange
particles with the test chain only. Similar restrictions as the
original gauge cell are applied: n = nt + ng , V, Vg , and T
are all held constant. Given some number of monomers in the
gauge, the probability to observe a test chain of nt and gauge
cell containing ng = n − nt monomers is proportional to


1
[Ft (nt, {Nα }, V , T )+Fg (ng , Vg , T )] .
Pnt = Png ∝ exp −
kB T
(17)
Similarly, if the test chain is incremented by one monomer,
the probability to observe such a system is proportional to

1
Pnt +1 = Png −1 ∝ exp −
[Ft (nt + 1, {Nα }, V , T )
kB T

(18)
+Fg (ng − 1, Vg , T )] .
By taking the ratio of Eqs. (17) and (18), the incremental
chemical potential (as defined in Eqs. (8) and (16)) emerges,


Png −1
1
Pnt +1
=
= exp −
[μincr (nt ) + μg (ng − 1)] ,
Pnt
Png
kB T
(19)
where μg is the chemical potential of the gauge cell, defined
traditionally as Fg (ng ) − Fg (ng − 1). Rearranging in terms of
incremental chemical potential, we obtain
μincr (nt ) = μg (ng − 1) + kB T ln(Png /Png −1 ).

(20)

Equation (20) is the basis for calculation of the incremental chemical potential via MCMC. It relates the incremental
chemical potential of the test chain to the chemical potential
of gauge cell. Because nt + ng is finite, the probabilities Png
and Png −1 can be recorded during simulation. So far, no assumption has been made regarding the nature of the gauge
cell fluid. The most useful choice is an ideal gas. The chemical
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potential of an ideal gas (as defined with a finite difference)
in the gauge cell is


V
.
(21)
μig (i) = −kB T ln
3 (i + 1)
Substituting Eq. (21) into Eq. (20) and simplifying, we obtain


Vg
+ kB T ln(Png /Png −1 ).
μincr (nt , {Nα }) = −kB T ln
3 ng
(22)
This is the main equation used for calculating μincr via
the IGGC method. Correspondingly, if nt is large enough,
Eq. (22) simplifies to the equation for the MDGC method,
μincr (nt , {Nα }) = kB T ln

ρ 
g

3

,

(23)

where ρ g is the monomer density in the gauge cell. In practice, they are calculated simultaneously; the IGGC MCMC
yielding several points of decreasing statistical accuracy on
μincr (nt ) curve, and MDGC MCMC yielding one point per
simulation. In both cases, to quantitatively compare with
Eq. (10 ), the term 1/3 is moved to the reference chemical
potential, μid .
Similarly to the grand canonical MC simulation, the
probability of attempting an insertion is equal to that of a removal, in order to preserve the symmetry of the underlying
Markov chain. Acceptance probabilities for insertions and removals are derived from the detailed balance condition. The
probability of accepting an insertion to a randomly selected
end of the test chain is



Vins ng
φins (nt + 1)
,
exp −
acc(nt → nt + 1) = min 1,
Vg
kB T
(24)
where φ ins (nt + 1) is the potential energy of the trial inserted
monomer. There are two notable differences between Eq. (24)
and its corresponding simple-fluid equivalent.23 First, the volume term in the numerator is the only volume in which the
nt + 1 monomer is allowed to be placed (Vins ), rather than
the entire system volume (V). Second, there is no N term in
the numerator, as the number of molecules in the system does
not change due to a monomer insertion (unless it is the first
monomer of the chain). The corresponding equation for removal is
acc(nt → nt − 1)

= min 1,

Vins



Vg
φrem (nt − 1)
exp
, (25)
kB T
ng + 1

where φ rem (nt − 1) is the potential energy of the terminal
monomer selected for trial removal. Similarly to what is described in Eq. (12), a special case exists for nt = 0. The insertion for (0 → 1) and removal of (1 → 0) monomers of
the test chain are governed by the original gauge cell acceptance equations.23 Together, these equations sample the mesocanonical ensemble distribution of particles for the test chain
in contact with a gauge cell as described above.

III. IMPLEMENTATION

Practical implementation of the incremental MCMC
method is straightforward. Starting from a validated canonical ensemble MC algorithm, only one extra subroutine (particle exchange with the gauge cell) and several variables (ng
and Vg ) need to be added. In the exchange routine, removal
or insertion is selected with equal probability, as is which end
of the chain to exchange with. For removal, the potential energy of the terminal monomer on the chain is calculated, and
the probability of its removal is calculated using Eq. (25) and
accepted if greater than a random number on [0, 1]. Likewise,
if insertion is selected, a new particle is generated at random
in the insertion volume at the end of the chain, and its potential energy calculated. The probability of accepting it into the
configuration of the main cell is calculated using Eq. (24) and
accepted similarly to particle removal. If the exchange move
is accepted, the global potential energy is updated and the particle added (or removed) to the array of current coordinates.
Care must be taken for the limiting cases of nt = 0 or 1; in
these situations, exchange probabilities are calculated using
the original MCMC equations.23
It is important to note that the particles contained in the
gauge cell do not need to have coordinates or energy recorded
because we assumed the gauge fluid is ideal gas. Therefore,
we only have to additionally track the current number of particles in the gauge and the volume of the gauge cell. The selection of the gauge cell volume is crucial to obtain results for
a desired value of μincr (nt ). A gauge cell that is too small will
not be able to obtain sufficient statistics as particles will tend
to stay on the test chain; and if the volume is too large, the
particles will tend to stay in the gauge cell and the test chain
will not exist in the system cell. The size of the gauge cell can
be calculated from an a priori estimate of chemical potential
using Eq. (23). In practice, it is useful to calculate the most
suitable gauge cell volume during the simulation. Of course,
for the mesocanonical ensemble to be valid, the gauge cell
volume must be constant. But during the equilibration phase
of the simulation (i.e., the discarded steps), no such restriction exists. The gauge volume can thus be adjusted using the
simple relation, Vg = ng,target /ρ g , where ng,target is the desired
average number of particles in the gauge cell and ρ g = ng /Vg .
Before the averaging (i.e., production) segment of the simulation commences, a final gauge volume is selected by either
averaging previous volumes or using the last computed one.
For this work, ng,target was selected as 10, a comprise of reasonable statistics and short simulations.

IV. SIMULATION DETAILS

A single freely jointed linear Lennard-Jones (LJ) chain of
length n = 2 to 500 was considered in two situations: in free
spaces (approximating the zero-density limit) and confined in
a spherical pore. Monomers were modeled as LJ beads that
interact with all other non-bonded monomers. LJ parameters
were selected to roughly mimic methylene monomers (ε/kB
= 49.3 K, σ = 0.394 nm).36 The LJ potential was truncated
at 10σ . Covalent bonds were modeled by using a bounded
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where r is the distance between bonded beads, r0 is the
equilibrium bond length, here equal to 1 σ , and κ b is the
spring constant, taken to be 400 ε/σ 2 .37 The insertion volume (Vins ) is the volume where this potential is bounded (here
between rmin = 0.5 σ and rmax = 1.5 σ ). Confinement effects were tested by utilizing a spherical enclosure of dacc
= 10.05 σ , with either an attractive adsorption potential of
LJ type, or a hard-wall repulsion. Here, dacc refers to the diameter of the pore that is accessible to the monomers, specifically the volume where the solid-fluid potential is less than
zero.38 Adsorption was modeled as an interaction between
each monomer with a solid wall that was formed by a uniform layer of “smeared-out” LJ atoms. These solid-fluid interactions were integrated over the spherical surface to obtain
a one-dimensional external potential, Uadsorption = Uwall (r),
where r is the distance between a given monomer and the pore
wall. Parameters for the adsorption potential were solid-fluid
LJ energy (εSF = 100.0 kB K), solid-fluid LJ diameter (σ SF =
0.33 nm), and the surface density of the LJ atoms in the wall
(15.3 nm−2 ), chosen to approximate alkane interactions with
an amorphous silica surface. Free chains were simulated in a
box with periodic boundary conditions, with volume selected
so that density was not greater than 1 × 10−8 . Simulations
lengths were at least 108 MC steps, with an attempted displacement or exchange move performed on each step. This
relatively long simulation time ensured equilibration of the
chain.
In addition to the monomer insertions and removals
from/to the gauge, described by Eqs. (24) and (25), the system in the target cell was equilibrated using standard canonical MC moves that included random monomer displacement in the target cell, and chain reptation. On displacement,
a randomly selected monomer was displaced in a random
direction. Maximum displacement distance was selected so
that the move is accepted ∼50% of attempts. Reptation, or
the “slithering snake” move, involves growing the chain at
one end while removing the opposite end.39 Sampling of
polymeric systems is often facilitated using other canonical moves, such as crankshaft type moves,40 partial regrowth
via configurational bias,41, 42 and concerted rotation,43 just to
name a few. Generally speaking, these additional moves are
necessary to ensure reasonable sampling of state space for
polymeric systems.

V. SINGLE CHAIN IN THE ZERO-DENSITY LIMIT:
COMPARISON TO PREVIOUS METHODS

Using MDGC, IGGC, and MW trial particle technique,
we calculated the incremental chemical potential (μincr ) for
chains of harmonically bonded LJ beads from n = 2 to 30
in a 10003 σ 3 periodic box to approximate the zero density
limit, that is, at the same conditions they were studied by the
MW method.11 These authors considered two temperatures,

-1.4

kBT/ = 8

-1.6
-1.8
-2.0
0

10
20
n, Chain Length

30

FIG. 1. Comparison of MCMC and MW methods for calculating the incremental chemical potential μincr in dilute bulk solution. Triangles are data
from Ref. 11, calculated by using MW insertions at the end of the chain (to
compare with published data, the term ln(Vins ) was subtracted from referenced data). Open circles correspond to IGGC method, and closed circles to
MDGC method. The deviations between the IGGC and MW calculations of
μincr do not exceed 0.01 kB T. Note that IGGC provides at least two values
of μincr at given n, calculated from the overlapping histograms of IGGC simulations. As expected, μincr calculated by MDGC method diverges for short
chains of n < 10, when n < ng , and agrees with IGGC method for longer
chains. The IGGC method should be used for short chains (n < 10), while
MDGC method is sufficient at n > 10.

kB T/ε = 2 and kB T/ε = 8. The higher temperature kB T/ε = 8
is well above the θ point, which means that the chain accepts a
self-avoiding random coil configuration characterized by the
RG ∝ (n − 1)0.59 dependence between the radius of gyration
RG and the chain length n. This condition is analogous to the
polymer being dissolved in a “good” solvent. On the contrary,
kB T/ε = 2 is below the θ point,21 which means that polymerpolymer interactions are more favorable than polymer-solvent
ones; this effective attraction between the beads prevails over
the entropic desire for a disordered (highly random) chain,
and the polymer “condenses” into a globule with RG ∝ (n −
1)1/3 . At the θ temperature, the entropic contribution (favoring
chain expansion into a self-avoiding coil) and enthalpic contribution (favoring chain contraction into a globule) approximately cancel each other, and the polymer effectively behaves
like a Gaussian chain with RG ∝ (n − 1)1/2 . The θ temperature
for a stiff-jointed LJ polymer was earlier estimated as kB T/ε
= 3.18 when considering short-range interactions with LJ potential cutoff at rcut = 2.5 σ ,44 and approximately kB T/ε = 4
with rcut = ∞.21
Our results for n < 30 are displayed in Figure 1, along
with the original MW results.11 Our results agree quantitatively with the MW method (a difference of less than
0.02 kB T was observed) at n > 10. Both MDGC and IGGC
results agree when n > 10. For shorter chains, the results of
the IGGC and MW are in good agreement, while the chemical
potentials obtained by MDGC deviate. This problem is similar to the one faced by very small non-polymer systems,23
since Eq. (23), upon which the MDGC method is based, is
itself an approximation truly valid only for large systems approaching the bulk limit. The MDGC method is reliable when
the average number of particles in the gauge cell does not differ (within given accuracy) from the most probable number.
In practice, this occurs when n (the average chain length) is
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FIG. 2. Chain length dependence of μincr at different temperatures, calculated by MDGC method. Larger statistical variation is present for long chains
at the lowest temperature due to sampling inefficiencies. At temperatures below the θ -point, μincr decreases with the chain length, since larger globules
have larger surface that favors additional monomer insertions.

larger than ng . If this condition is not met, the IGGC method
should be used. The IGGC method calculates μincr from individual (statistically significant) histogram density bins rather
than the average density of the gauge cell and therefore the
results do not depend on the gauge size. In this calculation,
the gauge volume was selected to have an average particle
number of 10 in the gauge cell. Each IGGC simulation, therefore, yields several points (of varying statistical certainty) in
a plot of μincr versus n. In fact, multiple overlapping points
in Figure 1 were determined from distinct gauge cell particle distributions from IGGC method. With either method, the
feature of interest is the dependence of μincr with the chain
length. For the high temperature case, μincr does not depend
on n, for chains n > 10. This behavior is expected by the chain
increment ansatz.18, 19, 21 At kB T/ε = 2, μincr monotonically
decreases with n, albeit slowly, and the ansatz does not hold.
To further investigate the chain length dependence, we
used the incremental MCMC method to study the behavior of long chains. Chains from n = 10 to 500 were simulated in free space at low (kB T/ε = 1), intermediate (kB T/ε
= 2), and high (kB T/ε = 8) temperatures. A semi-log μincr (n)
plot is presented in Figure 2. It is clear that the chain increment ansatz holds for very long chains in the high temperature (that is, for a self-avoiding coil type of configuration)
case with a reasonable precision. The standard deviation in
μincr from n = 15 to 500 is 1.49 × 10−3 , with a mean value
of −1.265 kB T, indicating little variation of μincr over a long
range of chain lengths. At both intermediate and low temperatures, μincr decreases monotonically with the length. Since
both intermediate and low temperatures are below the θ -point
the chain increment ansatz is not expected to hold. As the
polymer globule grows, there is an increase in the attractive
potential experienced by each new bead inserted. As a result,
the incremental chemical potential decreases monotonically,
and at a greater rate for a lower temperature (where attractive
monomer-monomer interactions are stronger). The situation
is similar to that in a liquid droplet of a small-molecule fluid
in its equilibrium vapor: as the droplet grows, the fraction of
molecules located at the droplet surface decreases, and hence
the chemical potential decreases. For both low temperature

0.1

1

kBT/

10

100

FIG. 3. Temperature dependence of the chain expansion ratio, RG / RG,θ
(where RG,θ is the gyration radius of an ideal chain), for various chain lengths.
The incremental MCMC method replicates previous MW calculations for the
shortest chain.18 As the chain length increases, the transition between globular and random coils becomes sharper. Note that, even for the longest chain
of 410 monomers, this transition is far from a stepwise one.

cases, the incremental activity has an approximate power law
dependence on the chain length, exp(−μincr /kB T) ∼ bna ; for
kB T/ε = 1, b = 0.8593 and a = 0.4008, with correlation coefficient R2 = 0.9913, and for kB T/ε = 2, b = 0.8408 and a
= 0.0836, with correlation coefficient R2 = 0.9924. The exponent a diminishes as the temperature increases, however, in
order to draw any conclusions on its temperature dependence,
additional simulations are needed.
As an additional test of the employed equilibration
scheme, and to determine the θ temperature in our model,
we studied how the length of free chains affects the coilglobule transition temperature. To this end, we calculated the
chain expansion ratio at various temperatures, kB T/ε = 1 to
100, to investigate the globular to self-avoiding random coil
transition. The chain expansion ratio is defined as the ratio
of the radius of gyration squared and the radius of gyration
squared of an ideal Gaussian chain. The results for various
chain lengths are displayed in Figure 3. Short chains (n = 20)
are compared to previous work.18 Finite chain effects are immediately observed, as the transition from poor to good solvents occurs over a range of temperatures, rather than a firstorder type transition expected from an infinite length chain.45
Two longer chains, n = 50 and n = 410, showed sequentially
sharper transitions. Chains at their θ temperature would be
realized as exhibiting a chain expansion ratio of unity. From
the three chain lengths studied, we observe the temperature
at which the expansion ratio is equal to unity increase with
chain length. For the last case of n = 410, this temperature
is ∼3.3 ε/kB , which is within the expected range for the θ
transition of finite chains.18, 21, 46 If their trend is extrapolated,
the curves seem to approach the infinite length θ temperature
value of ∼4 ε/kB .21
VI. SINGLE CHAIN CONFINED TO NANOPORE

The incremental MCMC method was developed with
further studies of adsorbed and confined chains in mind.
Accurate prediction of partitioning (such as in polymer
chromatography) and chain translocation through an opening (e.g., DNA/RNA transport) are examples of situations
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FIG. 4. Chain length dependence of the incremental chemical potential of free, confined, and adsorbed chains at different temperatures, kB T/ε = (a) 8, (b) 2,
(c) 1. Green triangles () – free chain (no confinement), red squares () – chain confined to the spherical pore of volume V/σ 3 = 523 with hard non-adsorbing
walls, and blue diamonds () – chain in the same pore, but with adsorbing LJ walls.
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as the monomer density ρσ 3 remains relatively constant in the
pore, with only a slight increase near the adsorbing wall. Note
that while the chain increment ansatz holds for the free chains
it fails for confined and adsorbed chains, for which the incremental chemical potential increases with the chain length
in a non-linear fashion similar to an adsorption isotherm at
supercritical (for confined LJ fluid) conditions that would be
measured for non-bonded monomers.
When the temperature of this system is reduced below
the θ temperature to kB T/ε = 2, the behavior of the incremental chemical potential in confinement becomes more
complex; see Figure 4(b). In the case of hard-wall potential,
μincr is similar to the free chain up to a certain length. After this point, confinement effects manifest as steric restrictions, and μincr begins to increase exponentially as in the high
temperature case. Because the incremental chemical potential for free chains decreases while below the θ temperature
the, μincr for confined chains has a minimum at some chain
length. This effect is more pronounced at the lower temperature of kB T/ε = 2, where the minimum is achieved at n
≈ 100. When the adsorption potential is applied, a clear shift
of μincr is observed. Unlike the high temperature case, below
the θ temperature the adsorption force mostly overcomes the
entropic effects of confinement. A large shift, μincr ≈ −3
kB T, occurs at kB T/ε = 2 for short chains as they are predominately adsorbed onto the pore walls. As chain length
increases, the thickness of the adsorbed layer grows and
μincr increases gradually. An inflection point is observed at n
= 275, at μincr ≈ −3.6 kB T. Near this density, the pore becomes filled as can be seen from the increase in density as
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where the thermodynamics of confined polymers is important. To illustrate the potential uses of our method for confined polymers, a series of single chains were simulated
in the nanopores with and without adsorption potential. As
an instructive example, the confinement was chosen as a
spherical pore of 10 σ in diameter that may accommodate
∼525 LJ particles either as a dense fluid or connected in
the chain. For the rest of this section, “confined” refers to a
single LJ chain in a pore with no adsorption potential (i.e.,
only the hard-core repulsion between the beads and the wall),
and “adsorbed” refers to a chain subjected to the mean-field
spherically integrated LJ potential47 exerted by the pore wall.
High, intermediate, and low temperatures, (kB T/ε = 8, 2, and
1), were examined, representing the conditions of good and
poor solvents. The dependence of μincr on chain length for
free, confined, and adsorbed polymers at all three temperatures is presented in Figure 4. As mentioned before, confinement has a double influence on the free energy and behavior of the chain in that (1) it imposes limitations on the possible conformations of the chain, which diminishes the entropy; this effect becomes more important as the temperature
increases, and (2) the adsorption field reduces the configurational energy of the polymer as its monomers are adsorbed on
the wall; this effect becomes less important as the temperature increases. As Figure 4(a) shows, at kB T/ε = 8 the confinement severely constricts conformations, as μincr increases
dramatically with n when confined. The inclusion of an adsorption potential reduces μincr , but does not change its overall behavior, as μincr increases exponentially with the chain
length. This is also reflected in the density profiles (Figure 5),
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n

FIG. 5. Chain length dependence of the radius of gyration of free, confined without adsorption, and confined with adsorption chains at temperatures, kB T/ε
= (a) 8, (b) 2, (c) 1. Green triangles () – free chain (no confinement), red squares () – chain confined to the spherical pore of volume V/σ 3 = 523 with hard
non-adsorbing walls, and blue diamonds () – chain in the same pore, but with adsorbing LJ walls. The solid horizontal line indicates the radius of gyration for
a hypothetical case of the uniform mass distribution within the pore of radius R, RG = 3R2 /5.
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FIG. 6. Density profiles of chains in adsorbing pores at different temperatures. (Top plot) chains of n = 260 (pore filling density of ∼0.5); (bottom
plot) chains of n = 105 (pore filling density of ∼0.2). The maximum density
(ρσ 3 ) for this pore is ∼10. Note a distinct layering at low temperatures.

well as the local density profiles, see Figure 5. The polymer
chain now occupies all available volume in the pore. This
is analogous to phase change in a pore filled with a simple
fluid.48 When a pore is filling with a simple fluid, a transition
is observed from a vapor-like state to a liquid-like state at the
vapor-liquid equilibrium pressure. In this study, a single LJ
chain is observed transitioning from layering to filling, which
occurs at some characteristic incremental chemical potential.
To be clear, this is not a phase change, but a conformation
change. Although adsorbed layers are sharp, all mass is not
tightly bound in this layer. The selected density profiles (Figure 5) show a slight “tail” towards the center of the pore, suggesting the system contains enough thermal energy for loops
or pending ends of the chain to exist unadsorbed for an appreciable amount of simulation time.
The low temperature case was simulated at kB T/ε = 1, a
temperature well below the θ temperature of the globule transition point in the bulk. A plot of μincr versus n is presented
in Figure 4(c). Confinement without adsorption potential has
little effect on μincr until high densities; the chain exists as a
tight globule with monomer interactions dominating whether
confined or free. Confinement effects are not “felt” until the
globule’s radius of gyration approaches the size of the pore. In
the adsorption case, layering is strong, as the polymer chain
strongly adsorbs to the pore wall. Unlike the previous thermal
cases, μincr as a function of chain length is not monotonically
increasing. At small chain lengths, it is nearly constant, decreasing from −6.7 to −6.9 kB T, from n = 5 to 170. In this
range, the chain is adsorbed in a growing monolayer. At n ≈
170, μincr begins to increase, and the second adsorbed layer
starts to grow. A transition region, from n = 250 to n = 410,
exhibits a negative trend of μincr . In this region, the second
and third layers grow until transition to a filled pore is observed. Plots of the density profile (Figure 6) confirm what is
observed in behavior of μincr ; sharp peaks of high local densities indicate distinct layering occurring in the pore.
The influence of adsorption can also be noticed when
comparing the radius of gyration RG of free and confined
chains. Figure 5 displays RG as a function of the chain length

for all three temperatures, and for each type of confinement.
In the high temperature case, μincr for both the adsorbing pore
and hard-wall pore shows an asymptotic approach to the limiting value of RG for a uniform density distribution, 3R2 /5,
in a spherical pore with radius R. The value of the adsorbing and hard-wall nearly coincide, which strongly suggests
no appreciable adsorption and thus negligible effect of adsorption potential. However, when temperature is decreased,
two important effects are noticed: (1) RG of the free chain approaches that of hard-wall confined chain, and (2) RG of the
adsorbing chain has a maximum, with a value larger than the
limiting case of uniform density, at a relatively small chain
length. The first point has already been made above; as the
temperature is reduced, the polymer globule is more tightly
condensed, and can be smaller than the pore containing it, resulting in no or little confinement effects. The second point
reflects the creation of an adsorbed layer at the wall; in this
case, the adsorbed chain exhibits RG larger than that of the
uniform density. The location of the maximum of RG helps
to identify transitions from growing adsorbed film to volume
pore filling. The adsorption curve on the low temperature subplot Figure 5(c) has a broader curve than the intermediate case
of Figure 5(b). This suggests that at the lower temperature,
the chain remains in an adsorbed, film-like conformation for
longer chain lengths then that of the middle temperature, before transitioning to a pore volume filling conformation. The
evolution of the chain conformation from adsorbed film to
pore filling is illustrated on selected snapshots presented in
Figure 7.
When in contact with an attractive substrate, many features of μincr (n) are analogous to adsorption isotherms of
simple fluids confined to nanopores. For comparison with
the chain adsorption isotherms, μ = μ(N), the canonical
isotherms of non-bonded LJ particles were calculated using
MCMC and are displayed in Figure 8. All parameters (e.g.,
the fluid-fluid and fluid-solid interaction) were the same as for
the chains, with the exception of the absence of the harmonic
bond potential (Eq. (26)). Panel A of Figure 8 gives an example of typical fluid behavior when confined to nanopores.
The left-most curve, kB T/ε = 0.7, is a subcritical fluid that
would exhibit hysteresis on absorption and desorption. It is
characterized by an S-shaped, van der Waals type loop.25, 49
The lower branch (ρσ 3 < 0.4) indicates a vapor-like phase,
while the upper branch (ρσ 3 > 0.7) shows a liquid-like phase.
They are joined at their respective spinodal points by an

FIG. 7. Selected snapshots of chain conformations for an adsorbing chain at
kB T/ε = 1. Red balls indicate the monomers in contact with the pore wall
(i.e., monolayer adsorption), yellow indicates the second adsorbed layer, and
the remaining monomers are colored blue (green ball is indicator of pore
center). From left to right, n = 55, a short chain fully adsorbed; n = 209,
near the monolayer capacity (several short “loops” are visible); n = 295,
full monolayer plus a more weakly adsorbed second layer; n = 392, a pore
volume filling conformation. Rendered using VMD software.54
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A
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FIG. 8. Comparison of the monomer isotherms and the incremental chemical potential of LJ chains in a 10 σ adsorbing pore at various temperatures. (Panel
A) Red squares report the incremental chemical potential of the LJ chain, using Eq. (10 ). Blue diamonds represent the isotherm of a monomer fluid. (Panel B)
Red squares report the incremental chemical potential subtracted by the average contribution of a harmonic bond, Eq. (27). Blue diamonds represent the excess
isotherm by excluding the ideal term, kB T ln[(N+1)/V] from the “true” isotherm. At the lowest temperatures (leftmost subplot), the isotherm is subcritical, with
metastable and labile states connecting the stable vapor branch to the stable liquid branch. Increasing temperature forces a transition to a critical fluid, and
finally, to a supercritical fluid.

unstable branch. Thermodynamic integration of the isotherm
and the application of Maxwell’s rule yield the position of
the vapor-liquid equilibrium. The grand canonical isotherm
of this system would exhibit hysteresis between the spinodal pressures of condensation and evaporation. The next
isotherm, kB T/ε = 1.0, is close to a critical fluid (the critical
temperature of an LJ fluid is about 1.3 ε/kB ).50 In this case,
the pore contains a growing film at low chemical potentials,
and exhibits a sharp yet reversible transition to a liquid-like
state at μ ≈ 5.2 kB T. The last two temperatures considered
are supercritical, and the adsorption isotherms reflect a pore
volume filling with fluid density increasing monotonically
with μ.
Except for significantly more gradual formation of the
monolayer, the monomer adsorption isotherm resembles the
chain length dependence of the incremental chemical potential. The apparent distinction prior to the monolayer formation
is not surprising, since there are two factors affecting the difference of free energies between free and bonded monomers.
The main difference between the monomer and incremental
chemical potentials comes from the loss of translational degrees of freedom of bonded monomers due compared to free
monomers. There is also a loss of free energy by removal of
the harmonic bond between consecutive monomers. Panel B
shows the same data as panel A, but the monomer adsorption
isotherms are presented as functions of the reduced chemical
potential with the characteristic contributions from these two
factors subtracted: the monomer chemical potential is reduced
by the ideal contribution, kB T ln [(N+1)/V] and the incremental chemical potential is reduced by the average bond energy
contribution per monomer,
μbond
incr

 √

4 2π 3 (κb 2 + kB T )
= −kB T ln
.
√
κb κb /kB T

(27)

In doing so, one can quantitatively compare the monomer
isotherm to the chain incremental chemical potential isotherm
and find the two strikingly similar, albeit somewhat superficially. While one can distinguish on the S-shaped isotherms
the regions of metastable and labile states separated by
turnover points of “spinodals,” and also indentify the “critical” temperature above which the isotherms are monotonic,
this physical picture is applicable only for the phase behavior of simple fluids. Such behavior of the chain incremental chemical potential cannot be treated in terms of phase
equilibrium and criticality, yet it clearly reflects the variation of the chain conformations from an adsorbed state to
a pore filling state as the chain length increases. A similar behavior is expected for the chain of given length with
the decrease of the adsorption potential at fixed temperature or with the increase of temperature at fixed adsorption
potential.

VII. COMPUTATIONAL EFFICIENCY

We tested the efficiency of incremental MCMC relative to
that of the MW method by comparing the length of simulation
time of each method to arrive at a statistically equivalent average of incremental chemical potential. The simulation was
ended when a desired level of precision was obtained in the
averaging of chemical potential. To estimate the standard deviation of such correlated samples, we applied the standard
blocking method of Flyvbjerg and Petersen.51 In this method,
the trajectory is divided into smaller and smaller “blocks,”
and the results for each block are compared. We implemented
the algorithm of Kent et al.52 to calculate these quantities
as the simulation progressed. The simulation was considered
converged in μ when two conditions were met: first, if the
blocking procedure produces a valid estimate of variance
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FIG. 9. Comparison of the computational efficiency between the incremental
gauge cell and MW methods for a single chain confined in a hard wall sphere
of diameter 10 σ at kB T/ε = 1. The vertical axis represents normalized length
of simulation required to reach an acceptable level of error in the chemical potential calculation, chosen to be ±0.01 kB T. The relative efficiency of MCMC
increases with the chain length.

(where variance is approximately constant over blocks with
more than ten samples), and second, if the estimated standard
deviation was less than a specified value and within an acceptable error range. For the MW method, the Boltzmann factor of
the trial insertions was sampled. Once the first criterion above
was met, the resulting standard deviation was used to calculate the precision in chemical potential. The same method was
used with MCMC, but the monitored quantity was the number of particles in the gauge. In both cases, the simulation was
stopped after a certainty of ±0.01 kB T in chemical potential
was obtained. The system considered was the same model as
described above, with chain length varying from n = 10 to
300, confined in a hard wall sphere of d = 10 σ , at temperature kB T/ε = 1, calculated using either the canonical ensemble
with Widom insertions, or the mesocanonical ensemble using
the gauge cell method. Each MC step corresponds to one attempted monomer displacement and either one trial monomer
insertion or attempted gauge monomer exchange, depending
on the method of chemical potential calculation. Therefore,
each step (in both canonical and mesocanonical ensembles)
requires O(2n) calculations to complete.
The results of this approach are displayed in Figure 9. We
normalized the number of steps in each simulation by

teff = tactual

δactual
δspecified

2
,

(28)

where t is the number of MC steps, either “effective” or actual, and δ is the error in chemical potential. This was necessary because of the nature of equilibration of long chains
using only local moves. In some cases, it takes many local
moves for the transition to the next global conformation, and
many unique conformations are required to achieve a suitably converged average. In such a case, the resulting error becomes much lower than initially specified. The error bars in
Figure 9 were calculated simply by averaging the estimated
error of the standard deviation in the blocking plateau region.
Using MCMC brings approximately an order of magnitude

decrease in the number of steps required to equilibrate and
collect a significant average. By allowing the exchange of
particles, the configuration is allowed more degrees of freedom than a constant length chain, where the trial Widom insertion by definition cannot influence system. The exchange
move combines both equilibration and “measurement” of
chemical potential in one MC move, and as such it facilitates further mixing of the system. This results in significantly
shorter simulations than using the conventional Widom trial
particle insertion to calculate chemical potential.
It is worth noting that the most efficient algorithm for calculation of this particular system (a single LJ chain) would
be Grassberger’s PERM.9 However, the incremental gauge
cell method is intended to be a general methodology for calculation of chemical potential in the complex and confined
systems, which require the traditional Markov chain MC approach. PERM is a static method not capable of calculating
complex systems (e.g., multiple chains or chains in an explicit
solvent), whereas the simple fluid gauge cell method has already been extended to mixtures, and generally only requires
an additional gauge cell per extra component.24
VIII. DISCUSSION AND CONCLUSION

The mesocanonical method suggested in this work offers
substantial advantages in calculating the chain chemical potential over the two most popular strategies, namely the insertion of the entire chain via various configurational bias
methods4, 5, 41 and the incremental insertion according to the
MW scheme.11 Following the work of Kumar et al.,11 we
exploited the concept of the incremental chemical potential
as the increase of the chain free energy upon its growth by
one monomer, as shown by Eq. (8). This strategy avoids relying on the insertions of the entire chain in one MC move,
whose probability even using customized bias schemes becomes very rare as the chain length increases. The use of
MCMC offers several advantages over the trial monomer insertion strategy of the MW method: first, several points of the
μincr − n dependence may be calculated in a single simulation
via the IGGC framework (Eq. (22)), with the size of the gauge
cell dictating the level of the density fluctuations in the system; and second, replacement of the trial chain growth by real
increment and decrement of the chain by one monomer provides additional “mixing,” thereby facilitating the equilibration of the system and making the simulation more efficient,
especially for inhomogeneous and dense systems. We quantitatively validated our method against the published data of the
MW method. At the same time, we estimated the sampling efficiency gain as approximately one order of magnitude when
utilizing MCMC over the MW method. Further progress in efficiency in dense environments may be achieved by using advanced MC move types developed for chain molecules within
the configurational bias technique.7, 42, 53
The suggested method was applied for calculations of
the chemical potentials of free chains in a wider range of the
chain lengths, up to n = 500, that was studied before by traditional MC. We confirmed that above the θ temperature, the
incremental chemical potential of sufficiently long random
coils is constant in accord with the chain increment ansatz.19
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For globular chains below the θ temperature, the chain increment ansatz progressively fails and requires a logarithmic
correction. This dependence hinders the main advantage of
the chain increment ansatz that the chain chemical potential
can be calculated from the few simulations with short chains.
As such, the computational advantages of the incremental
MCMC method, combined with interpolation opportunities
provided by the established logarithmic correction, seem to
be especially important in the studies of globular polymers,
for which the chain increment ansatz is not valid.
We explored the effects of confinement on the incremental chemical potential of a single chain, focusing our attention on the competition of steric restrictions imposed by the
confinement of the polymer and attractive adsorption forces
between individual monomers and the substrate. These two
factors determine the free energy difference of confined polymers and thus govern polymer sorption from dilute solution,
which is of significant practical importance in polymer chromatography. At good solvent conditions, the steric restrictions
are considerable even for relatively short chains. As the chain
length increases, sorption of a polymer quickly becomes unfavorable due to the loss of entropy, which overcomes the
gain of enthalpy due to the adsorption attraction that is limited to the chain fragments being in the immediate vicinity
of the pore walls. Entropic effects are leveled and may be
even overcome by enthalpic adsorption effects. At sufficiently
low temperatures, entropic effects are completely masked by
adsorption, and short polymer chains are strongly adsorbed
to the pore wall forming a monolayer film. The incremental chemical potential decreases slightly as a monolayer is
formed. Only when the chain length exceeds the monolayer
capacity to some fragments of the chain protrude into the pore
volume forming floating loops. Upon further increase of the
chain length, the whole pore volume becomes gradually filled,
however the monomer density distribution at the pore walls is
always larger than in the pore center.
The dependence of the incremental chemical potential on
the chain length resembles the canonical ensemble isotherm
of capillary condensation of a fluid of free monomers and has
a characteristic S-shape of van der Waals isotherms. After the
formation of the monolayer, μincr as the function of the chain
length first increases up to a certain maximum and then decreases down a certain minimum and further monotonically
increases. This behavior is limited by a certain temperature,
above which the incremental chemical potential monotonically yet non-linearly increases with the chain length. The
turnover points of S-shape μincr (n) dependencies are apparently analogous to the spinodals on the vapor-liquid phase
diagram of subcritical fluids, as the limiting temperature of
S-shape behavior is to the critical temperature. However, this
analogy should not be extended to the description of the chain
length dependence of the incremental chemical potential as a
characteristic to the phase transition. At the same time, we
envision that the adsorption behavior of the chain of a given
length upon increase of the temperature, or upon the decrease
of adsorption potential, can exhibit transitions between adsorbed film and pore filing conformations. In this case, the
analogy with the vapor-liquid transition may be useful. A series of snapshots illustrating the transition from adsorbed film
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FIG. 10. Selected snapshots of chain conformations for the adsorbing chain
of length n = 200, illustrating the transition from adsorbed film to pore filling
conformation upon the increase of temperature, kB T/ε = 1 (left), 2 (center),
and 8 (right). Red balls indicate the monomers in contact with the pore wall
(i.e., monolayer adsorption), yellow indicates the second adsorbed layer, and
the remaining monomers are colored blue. Rendered using VMD software.54

to pore filling conformation of the chain of length n = 200
with the temperature increase is given in Figure 10.
We provided a rigorous statistical mechanical derivation
of the definition of the incremental chemical potential in the
general case of a polymer melt consisting of a mixture of
chain lengths, as well as the foundations of the mesocanonical
MC scheme. Although the validation of the proposed method
and the presented applications are limited to single chain
systems, this general approach can be further advanced to
include multi-component, copolymers, and polymer/solvent
systems. Immediate practical applications of the proposed
method worth noting are the problem of polymer partitioning
on porous substrates between size-exclusion, critical adsorption, and adsorption chromatography, as well as the dynamics
of translocation of chain molecules through nanopores in biological and solid-state membranes.
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