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In polymer chromatography, chain molecules are separated by molecular weight, size, and chemical
composition due to adsorption and exclusion in nanoporous substrates. Three regimes of separation
are distinguished depending on the adsorption strength and the pore size. In the regime of size exclusion chromatography, the adsorption energy is weak and the separation is entropy-driven with larger
molecules having shorter retention times. On the opposite, in the regime of adsorption chromatography, enthalpy gain due to strong adsorption energy prevails over entropy loss, and the retention time
of smaller molecules is shorter. We study the intermediate regime of so-called critical conditions, at
which the entropic and enthalpic effects are mutually compensated, and the partition coefficient does
not depend on the polymer molecular weight. Using the self-consistent field theory of tethered polymer chains, we confirm that for ideal chains the critical conditions are justified, albeit they depend
on the pore size. However, for real chains with the excluded volume effect, the critical conditions
hold only approximately, and the discrepancy increases as the pore size decreases. We show that it is
important to consider three characteristic adsorption states: chains adsorbed at the external surface,
chains adsorbed completely inside the pores, and partially translocated chains or “flowers” with a
“root” adsorbed inside the pore and a “stem” hanging outside. The interplay of different adsorption
mechanisms and the pore size distribution inherent to real substrates may lead to the manifestation
of apparent critical adsorption conditions within the inherent deviation of experimental data. © 2013
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4810747]
I. INTRODUCTION

Polymer chromatography is the most efficient technique
for characterization and separation of macromolecules by
molecular weight, chemical composition, microstructure, and
topology; it is commonly employed in almost all branches
of chemical industry, biology, and medicine.1, 2 The separation process is governed by a competition of entropic and enthalpic interactions between macromolecules and porous particles packed into a chromatographic column. Traveling down
the column, polymeric chains penetrate into pores and lose
conformational entropy due to spatial confinement, which
can be compensated by attractive adsorption interactions.
The retention time and the sequence in which the polymeric
fractions leave the column depend on the pore geometry and
on the strength of adsorption interactions. The latter can be
controlled in chromatographic experiments by varying temperature or/and solvent composition. In the regime of size
exclusion chromatography (SEC), when the adsorption interactions are negligible, the separation occurs purely due
to geometrical factors characterized by the ratio of the gyration radius Rg of unconfined chains to the pore size Rp .
Smaller molecules easily penetrate into the pores and spend
a) Author to whom correspondence should be addressed. Electronic mail:
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more time immobilized on the stationary phase than larger
ones. Thus, the retention time is shorter for longer chains
and the polymer fractions are separated with respect to the
molecular weight with longer chains coming out of the column earlier than shorter chains. The opposite sequence of
elution is observed in the regime of liquid adsorption chromatography (LAC), when the adsorption interactions prevail.
In LAC, the gain of enthalpy due to adsorption increases with
the molecular weight, and longer molecules spend more time
in pores than shorter ones. The most interesting case, from
both theoretical and experimental standpoints, is the intermediate regime, known as liquid chromatography at critical conditions (LCCC), in which the entropic and enthalpic factors
are assumed to fully compensate one another so that the retention time becomes independent of the molecular weight.3
The LCCC regime was found experimentally for a number of
systems and was actively employed for separation of various
polymers and biomolecules.4–9
Although the idea of complete compensation of entropic
and enthalpic contributions seems to be natural and appealing,
the theoretical proof of the existence of the critical point of
adsorption (CPA), at which the partition coefficient does not
depend on the molecular weight, exists only for the most simplistic models. Skvortsov and Gorbunov (SG) in their seminal
work3 have demonstrated that CPA does exist for ideal polymer chains adsorbed in the gap between parallel solid plates in
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FIG. 1. Characteristic configurations of chains considered in this work:
(1) completely confined chain, (2) tethered chain inside the pore, (3) tethered chain outside the pore, (4) chain adsorbed at the external surface, and
(5) unconfined chain in the mobile phase. Tethered chains inside and outside the pore constitute the “root” and the “stem” of a chain that is partially
translocated into the pore; these configurations are called below “flower”
configurations.

the limit of Rg /Rp  1 (Rg is the chain gyration radius and Rp
is the pore size), and CPA corresponds to the first order phase
transition between adsorbed and dissolved chains. After this
work, the notion of CPA as the point of the first order phase
transition has been taken for granted and has found a wide application in the chromatographic literature. However, the SG
theoretical conclusion is limited to ideal polymer chains without excluded volume interactions and an ideal slit-pore model
that is infinite in two dimensions. The question, whether this
conclusion can be extended to real polymer chains with excluded volume interactions and to different shapes of pore
confinements, is still open. Moreover, there are several examples of Monte Carlo simulations of real chains in slit-like
and channel-like pores, which challenge the very existence of
CPA for non-ideal systems.10–14
In this paper, we present a model of polymer adsorption on nanoporous substrates using the self-consistent field
theory (SCFT) of Edwards.15, 16 In contrast to the previous
works,10–14 which studied the adsorption equilibrium between
the chains in unconfined bulk solution and the chains completely confined within the pores, in which at least one dimension was infinite (2D slits or 1D channels), we consider a
model substrate with finite size spherical pores exposed to the
external surface. This model is more realistic and accounts
for different characteristic states of the adsorbed chains. As
shown in Fig. 1, a chain can be either adsorbed at the external
surface without entering the pores, or entirely confined inside
a pore, or partially translocated into a pore as a “flower” consisting of two subchains tethered at the pore opening, a “root”
inside the pore and a “stem” outside. The flower state provides for an additional degree of freedom, the degree of chain
translocation through the pore opening.
The key problem in predicting the adsorption equilibrium is the determination of the free energy of molecules in
adsorbed states. Since the chromatographic experiments are
performed with dilute solutions, this problem is reduced to
calculating the free energy of single chains in five generic
states: (1) chain completely confined in the pore, (2) tethered chain inside the pore, (3) tethered chain outside the pore,
(4) chain adsorbed at the external surface, and (5) unconfined
chain in the mobile phase. The latter state is the reference
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state, since the partition coefficient is determined from the
difference of the chain excess free energies in adsorbed and
unconfined/free states. In this paper, we calculate the free energies of these generic states by solving the system of SCFT
equations with different boundary conditions and analyze the
dependence of the partition coefficient on the chain length for
a range of adsorption potentials. We show that the critical conditions are justified for ideal chains, yet the corresponding
critical adsorption potential depends on the pore size. However, for more realistic chains with excluded volume effects,
the critical conditions hold only approximately, and the discrepancy increases as the pore size decreases. At the same
time, the compensation of different adsorption mechanisms
and the pore size distribution inherent to real substrates may
lead to the experimental manifestation of critical adsorption
conditions within the accuracy of practical measurements.
II. SCFT MODEL OF POLYMER ADSORPTION

SCFT is a well-established technique for theoretical
modeling of various polymeric systems.16–18 However, applications of SCFT to the problems of polymer adsorption remain limited, mainly due to the difficulties of accounting for
the effects of confinement, which may break down the symmetry characteristic to the respective bulk systems. In our
recent paper,19 we derived a system of SCFT equations for
calculating the free energy of the adsorbing chain during its
translocation into spherical confinements. Here, we adopt and
advance this model for studies of polymer adsorption in the
process of chromatographic separation.
A. Basic principles of SCFT model

Within the SCFT framework,16, 17 a polymer chain composed of N Kuhn segments (KS) of size b is modeled as a random walk trajectory in a potential field. The conformations of
the chain tethered at point r0 are accounted for by the Green
function, or propagator G(r, r0 ; s), which represents the probability that the sth segment of the chain is located at point r.
The propagator G(r, r0 ; s) fulfills a diffusion-type equation
with the coordinate s along the chain playing the role of time,


∂
b2 2
− ∇r + wρ(r, r0 ; N ) + U (r) G(r, r0 ; s) = 0. (1)
∂s
6
Here, the differential operator ∇ r acts on the spatial coordinate r. The solvent-mediated non-bonded interactions are
accounted in Eq. (1) by a mean field potential that is proportional to the local density of chain segments ρ(r, r0 ; N)
multiplied by the exclusion volume parameter w (expressed
in the units of b3 ). The case of ideal chains corresponds to w
= 0. U(r) is the external potential that represents the segmentsolid adsorption potential. In the examples presented below,
we used the square-well attractive potential of width b and
variable depth U. As such, the adsorption potential is exerted
only on the segments located in the immediate vicinity of
the surface. The critical adsorption conditions are treated in
terms of the critical adsorption potential U*, at which the
equilibrium partition coefficient is independent of the chain
length N.
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The segment density ρ(r, r0 ; N) of the chain tethered
at a given point r0 depends on the Green function in a selfconsistent fashion:


 N


ρ(r, r0 ; N) = dr
dsG(r, r0 ; s)G(r, r ; N − s)


0

dr G(r , r0 ; N).

(2)

Equation (1) coupled with Eq. (2) is solved numerically with
natural initial and Dirichlet boundary conditions, G(r, r0 ; 0)
= δ(r − r0 ), and G(r, r0 ; s) = 0 at the confinement boundaries. The Dirichlet boundary conditions correspond to the
edge of the solid surface, at which the segment density must
be zero. Once the propagator G(r, r0 ; N) is determined, the
free energy Ft (r0 , N) of tethered chains is calculated according to the following equation:



w
Ft (r0 , N ) = − ln
drρ 2 (r, r0 ; N ).
drG(r, r0 ; N ) −
2
(3)
Here, kB T is used as the unit of energy.
The details of the solution of Eq. (1) and a precise derivation of Eq. (3) are given in our preceding paper,19 where this
approach was employed to study the translocation of chain
molecules into nanopores. It is worth noting that there is a
certain misunderstanding in the literature regarding the free
energy relationship, Eq. (3). While Netz and Schick20 used
this same expression, in some papers,21 the second term in the
right-hand side of Eq. (3) was ignored. As shown in Ref. 19,
this term originates from the direct integration of the Boltzmann factor over all possible chain conformations. The contribution from this term is especially important in determining the precise free energy of a tethered chain due to the
anisotropic distribution of the density of tethered chains.
To set a reference for analyzing the adsorption equilibrium, we have to determine the excess free energy Ft0 (N ) of
the free chain by solving Eqs. (1)–(3) without external potential, U(r) = 0. Unconfined conditions are modeled by placing
the chain end at the center of a spherical compartment with radius larger than the length of the stretched chain to avoid the
effect of boundary conditions. Ft0 (N) equals the excess chemical potential of the free chain, and it serves as the reference
for determining the Henry constant and partition coefficient
for different adsorbed states. Note that due to the definition
of the Weiner measure,17 all free energies in SCFT are reckoned from the excess free energy of free ideal chain that is set
0
= 0. The chain length
to zero. As such, for ideal chains, Ft,id
dependence of the unconfined chain excess free energy Ft0 (N )
is presented and discussed in the supplementary material
(SI 1).37

Here, Ft (z) represents the free energy of the chain tethered at
distance z from the adsorbing surface and the limit L of integration is taken large enough to ensure that the free energy
of the chain tethered at z = L is indistinguishable from the
excess free energy of the free chain, Ft (L) = Ft0 . The free
energy Ft (z) is determined from the solution of Eqs. (1)–(3)
with r0 = (0, 0, z) in a cubic box of size 2L × 2L × 2L with
the adsorbing surface at z = 0, and repulsion surfaces at x
= ±L, y = ±L, z = 2L. Definition (4) is in line with the standard thermodynamic definition of excess Gibbs adsorption; it
does not require any ad hoc definition regarding which state
should be considered as the adsorbed state. The Henry constant Hext represents the ratio between the excess adsorption
of polymer chains per unit area and their bulk concentration;
it is positive for adsorbing surfaces. In the case of repulsive
surface, the chain concentration near the surface is depleted
and the Henry constant is negative.
Typical examples of the Henry constant as a function of
the adsorption potential are given in Fig. 2 for chains of different lengths N = 50, 100, and 200. Both the ideal chains
(Fig. 2(a)) and the real chains (Fig. 2(b)) demonstrate the existence of CPA as one would expect for adsorption on nonporous surfaces. CPA corresponds to a critical adsorption potential U*, at which the Henry constant is independent of the
chain length and is displayed by the intersection of the Henry
constant dependencies for chains of different lengths. Note
that in both cases the Henry constants at CPA are slightly
negative, pointing toward a minor yet noticeable depletion

B. Adsorption on the external surface

The excess adsorption on the external surface is defined
by the Henry constant, Hext , which is calculated from the following expression:
 L

 
(4)
dz exp − Ft (z) − Ft0 − 1 .
Hext =
0

FIG. 2. Henry constant for surface adsorption as a function of the adsorption
potential for chains of lengths N = 50, 100, and 200. Both ideal chains (a)
and real chains (b) display the existence of CPA, at which the Henry constant
is independent of the chain length.
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of the polymer concentration at the surface at critical conditions. Compared to the critical adsorption potential of U*
= −0.372 for ideal chains, the critical adsorption potential
for real chains is stronger, U* = −0.4. The reason is that the
real chains need stronger adsorption energy to compensate for
the entropic loss due to the excluded volume interactions.
It is worth noting that the non-adsorbing case (U = 0) is
similar to the retardation model proposed by DiMarzio and
Guttman.22, 23 The Henry constant is negative and decreases
with the chain length. Thus, due to larger conformational entropy loss, longer chains tend to be further away from the surface than shorter chains and the sequence of elution will be
similar to that in hydrodynamic chromatography, with larger
chains eluting first.
C. Adsorption inside the pores

Adsorption inside the pores is treated in absolute values,
since the volume of pores is included in the volume of the stationary phase. Absolute adsorption in contrast with the excess
adsorption represents the total amount of adsorbed molecules
within the confinement. The partition coefficient K(N, Vc ),
which depends on the chain length N and the individual pore
volume Vc , is defined as the ratio of the average number of
chains confined in the pores and the number of chains in
the bulk solution of the same volume as the pore space volume. As such, adsorption in pores is considered as an absolute
rather than excess quantity. According to this definition, K(N,
Vc ) is always positive in contrast to the Henry coefficient for
adsorption on the open surface. It is determined by the excess
free energy of completely confined chain,
K(N, Vc ) = exp[−Fex (N )],
where the excess free energy Fex (N) is defined as

 
1
dr0 exp − Ft (r0 , N)−Ft0 (N )
Fex (N ) = − ln
Vc VC

(5)

.

(6)
Here, the integration is performed over the pore space of
volume Vc ; for a spherical pore of radius R, Vc = 4π R 3 /3.
Equation (5) takes into account all possible conformations of
completely confined chains, which are distinguished by the
position r0 of the first segment. The probability of such conformation is characterized by the free energy Ft (r0 , N) of the
chain tethered at point r0 . The free energy Ft (r0 , N) is defined
via Eq. (3), and it is calculated by solution (1) coupled with
Eq. (2) with the Dirichlet boundary conditions reflecting the
pore geometry. The details of computing Ft (r0 , N) are given
in Appendix A.
To demonstrate the effects of confinement on the free
energy of completely confined chains, we performed calculations for chains of three different lengths (N = 50, 100,
and 200) and spherical pores of three different radii (R
= 5, 10, and 15; all distances are measured in the units of
the Kuhn segment b). This choice allows us to analyze and
compare the behavior of chains depending on the degree of
confinement. The root mean square end-to-end distance of
unconfined chains can be estimated as Rend, id = N1/2 for
ideal chains and as Rend,real ≈ (5/3)0.6 (w/3π )0.2 N3/5 for real

chains.24 The latter estimate for w = 0.5 reduces to Rend,real
≈ 0.775N3/5 . The ratio of the pore diameter to the mean endto-end distance of unconfined chains, g = 2R/Rend , characterizes the degree of confinement. As such, a pore of R = 5
provides weak confinement for N = 50 (Rend,id ≈ 7.1, Rend,real
≈ 7.9, g > 1), moderate confinement for N = 100 (Rend,id
≈ 10, Rend,real ≈ 12, g ∼ 1), and strong confinement for N
= 200 (Rend,id ≈ 14, Rend,real ≈ 18, g < 1); a pore of R = 10
provides weak confinement for N = 50 and 100, and moderate confinement for N = 200; and a pore of R = 15 provides
weak confinement for all chains considered. It is worth noting
that the degree of confinement can be alternatively characterized by the ratio of the chain gyration radius to the pore radius,
which does not differ significantly from that based on the endto-end distance; see the supplementary material SI 2.37 It is
worth noting that here we use the terms “weak” and “strong”
to characterize the size of confinement, which determines the
entropy loss of completely confined chains. The stronger the
confinement, the larger is the entropy loss induced by the
confinement.
In Fig. 3 we display the results of Fex (N, R) calculations. The excess free energy difference Fex (N, R) is presented as a function of the adsorption potential U, which was
varied from 0 (no adsorption) to −1 (strong adsorption). Top
plots correspond to ideal chains (w = 0) and bottom plots
correspond to real chains with the exclusion volume parameter w = 0.5. For ideal chains, the free energy curves intersect at one point U = U* that corresponds to CPA. At this
point, the partition coefficient K(N, Vc ), which is proportional
to exp(−Fex (N, R)), does not depend on the chain length
N. It is noteworthy that the critical adsorption potential depends on the size of confinement; its magnitude increases as
the pore size decreases. This finding is in agreement with the
simulation results by Wang and co-workers for channel-like
pores13, 14 and the experiments.25 With the increase of the confinement size (R → ∞), the value of U* approaches that for
the flat surface.
For real chains, the free energy curves for the chains of
different lengths do not intersect at one point, and thus CPA is
not observed. These results are in line with earlier MC simulations performed in other pore geometries.12 The deviations
are most pronounced for the smallest confinement of R = 5,
see Fig. 3(d). In this case, the transition from SEC to LAC
regimes with the increase of adsorption potential occurs in a
continuous fashion, as shown in Appendix B. As the pore size
increases, the interval of U which corresponds to the intersection of free energy curves becomes narrower and CPA can
be introduced within a certain precision. The failure of the
critical conditions for real chains in small pores can be easily understood from the fact that for a pore of finite volume
there exists a limiting length of chains which can be accommodated without prohibitive segment overlap. This limiting
length can be estimated from the number of particles which
may be densely packed within the confined pore.
As expected, for ideal chains there is complete compensation between conformational entropy loss and adsorption
energy at CPA. The existence of CPA originates from the linear dependence of each contribution of free energy on N, both
for the conformational entropy loss due to spatial constraint
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FIG. 3. The dependence of the excess free energy difference for complete adsorption of ideal (a)–(c) and real (d)–(f) chains on the adsorption potential for
chains of different lengths, N = 50, 100, and 200 in pores of different radii R = 5, 10, and 15 (from left to right).

(∼Nb2 /R) and for the gained adsorption energy (∼UN).26 The
linearity of the excess free energy of ideal chains, Fex ∝ N,
is shown in Fig. 4 (top). At the critical conditions, Fex is
c
= 0.07kT). The linearity of the
constant, close to zero (Fex
chain free energy is related to the “chain increment ansatz,”27
which implies that the incremental chemical potential defined
as the difference of the excess free energies of the chains with

N + 1 and N segments, μinc (N) = Fex (N + 1) − Fex (N), is
constant and does not depend on the chain length N.28 This
ansatz holds for ideal chains, however, its extension to real
chains has been a subject of intense discussions.27, 29–31 Recent detailed MC studies32 confirmed that chain increment
ansatz holds for the chains with Lennard-Jones non-bonded
interactions at good solvent conditions. However, within the
SCFT model employed here, the chain increment ansatz does
not take place for real chains even in unconfined state, which
can be found from the nonlinear relationship of chain free energy as shown in the supplementary material SI 1.37
As follows from our calculations, once the excluded volume interactions are considered, the linearity of Fex (N)
breaks down, though it holds approximately when pores are
large enough compared with the chain size. This is shown in
Fig. 4 (bottom), for the real chains of N < 200 confined in
the pore of R = 10. In this case, one can identify the adsorption potential U* = −0.472, at which the excess free energy
Fex varies with N so insignificantly that it can be regarded
as constant from a practical standpoint. As such, “practical”
critical conditions of adsorption can be distinguished for real
chains, but within a limited range of chain lengths. No phase
transition, in the sense of the SG transition for ideal chains in
slit pores, takes place at N → ∞ for real chains confined in
finite size pores.

D. Partially translocated chains

FIG. 4. The excess free energy of a chain confined in a sphere (R = 10) as
a function of chain length for ideal chains (a) and real chains (b) at different
adsorption potentials. The critical adsorption potentials are also given in each
figure.

When the chain is too long to fit completely into the pore,
it partially translocates in the pore as a “flower” with the trans
part, or “root,” adsorbed inside the pore and the cis part, or
“stem,” adsorbed at the external surface or floating in the solution, as shown in Fig. 1. For the sake of simplicity, we assume that the pore opening is narrow and can accommodate
only one Kuhn segment and ignore possible chain loops between trans and cis compartments. As such, both cis and trans
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FIG. 5. The dependence of the excess free energy difference including partially translocated configurations of ideal (a)–(c) and real (d)–(f) chains on the
adsorption potential. Different chains of lengths 50, 100, 200 and pore radii R = 5, 10, 15 are considered. Critical adsorption potential can be introduced in
large pore cases. For the smallest pore of R = 5, CPA does not exist for both ideal (see zooming inset) and real chains.

subchains represent chains tethered at the pore opening. The
free energy of the flower chain of length N with s segments
adsorbed inside the pore, Ff (N, s), is the sum of the free energies of trans and cis tethered chains of length s and N − s,
respectively,
F f (N, s) = Fttrans (s) + Ftcis (N − s).

(7)

The dependence of Ff (N, s) on the degree of translocation, s, was analyzed in our previous paper,19 where we
considered the dynamics of chain translocation into spherical pores. The details of computations of the free energies of
the trans and cis tethered chains can be found in this paper. It
is worth noting that in contrast with the translocation model
of Ref. 19, where the external surface was considered inert,
in this work, the adsorption potential was applied to the external surface in order to account for the adsorption of cis part
of the chain. Adsorption of the stem on the external surface
significantly increases the statistical weight of flower configurations, which in the case of strong confinements are more
favorable than the completely confined states.
The probability of the chain being adsorbed in one of the
flower configurations is determined by the integrated free energy of the flower chain:
 N
 
ds exp − Fttrans (s)+Ftcis (N −s) .
exp[−F f (N)] =
0

(8)
To account for the flower configurations in calculating
the partition coefficient, one has to add the free energy (8)
into Eq. (6):

 
1
dr0 exp − Ft (r0 ; N)−Ft0 (N )
Fex (N ) = − ln
Vc VC

 N
 
.
+ ds exp − Fttrans (s)+Ftcis (N −s)−Ft0 (N )
0

(9)

The excess free energy difference Fex (N) corrected for
the contribution from partially translocated chains, Eq. (9),
is shown in Fig. 5 for the same systems as in Fig. 3. The
contribution from the partially translocated states is negligible for weak and moderate confinement conditions. This contribution is important in case of strong confinement, which is
pronounced for the smallest pore of R = 5 and the longest
chain of N = 200. In this case, CPA at U* = −0.46 can be
identified only approximately even for ideal chains, since the
free energy curves for chains of different lengths do not intersect in one point, see inset in Fig. 5(a). This can be understood
in the following manner. For the longest chain of N = 200, the
confinement is strong and the flower configurations dominate;
whereas for the shortest chain of N = 50, the confinement
is weak and the completely confined configurations are most
favorable. As such, the adsorption mechanisms of short and
long chains are essentially different and result in distinct dependences of the free energy on the adsorption potential. For
real chains, this distinction is more prominent as seen in Fig.
5(d). From these examples, one can conclude that weak confinement is the mandatory condition for the existence of CPA
for the case of pore adsorption.
In order to quantify the role of partially translocated
chains, we define the contribution of flower states as the
fraction

exp −F f (N ) − Ft0 (N )
f
.
(10)
ν =
Vc exp[−Fex (N )]
In Fig. 6 we display the fraction of flower states ν f for
several characteristic cases as a function of the adsorption potential. These dependencies are quite different for the systems of different chain lengths and pore sizes. Also, there
are qualitative differences in the dependencies for ideal and
real chains. For ideal chains, the ν f − U dependence is nonmonotonic with a pronounced minimum for strong (R = 5, N
= 200) and moderate (R = 5, N = 100) confinements, while
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ν f and the adsorption potential U, some important trends can
be revealed. In all cases, the longer the chain, the larger is the
contribution from flower configurations. This trend is favored
by two factors. First, the 3D configurational entropy of completely confined chains decreases with the chain length, especially for real chains. Second, the 1D translational entropy
of partially translocated chains, which is associated with the
degree of translocation, increases with the chain length. This
factor seems to be more important for ideal chains.
It is worth noting that the pore model considered above
assumes that the pore opening can accommodate only one
Kuhn segment. Equation (9) can be modified to account for
wider openings, which allow for additional degrees of freedom inside the opening and, respectively, for a larger number
of flower configurations. This effect is considered in the supplementary material SI 3.37
E. Overall partition coefficient

The partition coefficient is commonly defined as the ratio
of the equilibrium concentrations of solute in the stationary
phase and in the mobile phase.33 To predict the chromatographic separation, one has to account for the different modes
of adsorption shown in Fig. 1. The overall partition coefficient
depends on the structure of the stationary phase, most importantly on the external surface area, Sext , and the accessible
porosity, εa . In the following treatment, both of these quantities are reduced per unit volume of stationary phase. The overall partition coefficient K̄(N, Sext , εa ) equals the weighted
sum of the Henry coefficient of adsorption on the external surface H (Eq. (4)) and the pore partition coefficient K (Eq. (5))
calculated from the excess free energy of completely confined
and partially translocated chains via Eq. (9):
FIG. 6. The contribution of flower configurations calculated by Eq. (10) for
ideal (a) and real [(b) and (c)] chains.

for weak (R = 5, N = 50) confinement, ν f decreases monotonically as the adsorption strength decreases, Fig. 6(a). The
respective dependencies for real chains are qualitatively different, see Figs. 6(b) and 6(c). This difference points toward
the importance of accounting for the excluded volume effects
during adsorption in confinements.
The distribution of configurations of partially translocated chains is determined by the competition between the
enthalpy gain due to adsorption and the conformational enthalpy loss due to confinement, as well as by the 3D translational entropy of completely confined chains (proportional to
the logarithm of the pore volume) and 1D translational entropy of flower chains associated with the variation of the
degree of translocation (proportional to the logarithm of the
chain length). Apparently, if the confinement is strong enough
for the chain of given length, the probability of complete adsorption is very low compared to that of partial adsorption in
a flower state, as seen for the case of R = 5, N = 200, w = 0.5
in Fig. 6(b). In this case, the confinement cannot accommodate the whole chain due to the exclusion volume packing
restrictions. Although there is no simple relationship between

Vs
[Sext Hext (N ) + εa Ka (N, Vc )]
Vm


εa
Ka (N, Vc ) .
= ξs/m Sext Hext (N ) +
Sext

K̄(N, Sext , εa ) =

(11)
Here, Vs and Vm are the volumes of the stationary and mobile
phases, and ξ s/m is the ratio of these volumes. The relative
contributions from the adsorption on the external surface and
in the pores depend on the ratio of the pore volume to the
external surface area of the stationary phase εa /Sext , which is
a geometrical parameter of given stationary phase. Generally,
this ratio is proportional to the pore size, εa /Sext ∼ R; the
smaller the pore size the larger is the contribution from the
external surface.
In order to demonstrate one of the main conclusions of
this work, that the overall partition coefficient depends on the
specifics of the stationary phase pore structure, we present in
Fig. 7 the calculation results for the model of a plane surface
perforated with spherical pores. It should be noted that this
model does not reflect the disordered pore structure of real
chromatographic supports; nevertheless, it is instructive to illustrate our conclusions. To be more specific, we assumed a
dense packing of spherical pores at the external surface that
corresponds to the maximum ratio of the pore volume to the
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FIG. 7. The overall partition coefficient K̄(N, Sext , εa )/ξs/m Sext as a function of adsorption strength U for ideal (a)–(c) and real (d)–(f) chains of lengths
N = 50, 100, and 200. The ratio of the pore volume to the external surface area of the stationary phase εa /Sext = 1.2R corresponds to the dense packing of
spherical pores at the external surface.

external surface area in this model, εa /Sext = 1.2R. One can
see that the apparent critical conditions of adsorption can be
identified within certain accuracy. The theoretical deviations
become more pronounced as the pore size decreases; yet they
may be indistinguishable in experiments. The explanation for
the negative partition coefficients in Fig. 7 is the same as the
above with respect to the Henry constant for the adsorption at
the external surface.
Also, it should be acknowledged that real substrates are
heterogeneous with rough surfaces and unequal pores of various shapes. To account for the pore size distribution, the structural model of the substrate with spherical pores of equal size
adopted above can be extended assuming independent contributions from pores of different sizes. Respectively, Eq. (11)
for the overall partition coefficient can be modified to involve
the contributions from different groups of pores:


 εac,i
Ka,i (N, Vc,i ) .
K̄(N, Sext , εa )=ξs/m Sext Hext (N )+
Sext
(12)
is
the
fraction
of
pores
of
volume
V
,
Here,
ε
c,i ε a
 ac, i
= εac, i . An example of the pore size distribution effect is
considered in the supplementary material SI 4.37 This example shows that the pore size distribution effects may further reduce the deviations between the overall partition coefficients
and lead to the observation of apparent critical conditions of
adsorption.
III. CONCLUSION

Using the SCFT we investigated the regime of LCCC.
LCCC, at which the elution time is molecular weight independent, is considered as the intermediate separation regime
between SEC, in which the elution time decreases with the
molecular weight, and adsorption chromatography (AC), in

which the elution time increases with the molecular weight.
We studied the effects of the pore size and the adsorption potential on the partition coefficient and attempted to validate
the existence of the CPA, at which the separation is chain
length independent. Different modes of adsorption were considered: adsorption at the external surface, complete adsorption inside the pores, and partial translocation, wherein one
part of the chain is adsorbed inside the pore and the other at
the external surface.
For ideal chains without excluded volume effects, we
found that the CPA does exist for complete confinement in
the spherical pores of any size. However, the critical adsorption potential depends on the pore size; it gets stronger as the
confinement size decreases. The weakest critical adsorption
potential corresponds to the adsorption on the external surface. In the case of partially translocated chains, the existence
of CPA was not confirmed. This is an interesting and unexpected observation, since the existence of a universal CPA for
ideal chains has not been questioned in the literature at all.
For real chains with excluded volume effects, we found that
CPA does not exist in all cases. We conclude that, in general,
the transition from the SEC to AC regimes with the increase
of the adsorption potential proceeds in a continuous fashion,
without achieving a condition of chain length independent
separation.
Despite the fact that theoretically the existence of CPA is
not totally justified, we showed that the interplay of different
adsorption modes and the effects of pore size heterogeneity
may result in so-called apparent critical conditions, when the
continuous transition between SEC and AC regimes occurs
within so narrow a range that the LCCC regime can be identified within the inherent deviation of experimental data. The
possibility of such apparent critical conditions was demonstrated with several illustrative examples.
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Finally, we conclude that the SCFT model provides a useful qualitative insight onto the mechanisms of polymer adsorption on nanoporous substrates. However, it is desirable
to verify these findings with more realistic models of polymer chains, such as bead-spring models employed in Monte
Carlo simulations. It is also desirable to extend the consideration from linear homopolymers to copolymers and marcomolecules of complex topology.
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APPENDIX A: SCFT CALCULATION OF THE FREE
ENERGY OF TETHERED CHAINS IN SPHERICAL
CONFINEMENTS

The free energy of completely confined chains is computed via Eq. (5) that takes into account all possible conformations, which are distinguished by the position r0 of the
first segment. The probability of such conformation is characterized by the free energy Ft (r0 , N) of the chain tethered
at point r0 . The free energy Ft (r0 , N) is defined via Eq. (3).
Here, we present the detailed calculation of the free energy
Ft (r0 , N) of the tethered chain with one end tethered at point
r0 in a spherical pore of radius R. Since the end of the chain
is fixed at some point, the spherical symmetry is lost, and it is
necessary to consider Eqs. (1)–(3) in polar coordinates with
the azimuthal symmetry around the axis drawn through the
pore center and the tethering point r0 (r = r0 , θ = 0), see
Fig. 8. As such, Eqs. (1)–(3) are solved in (r,θ ) space with
0 ≤ r ≤ R and 0 ≤ θ ≤ π . Accounting for the azimuthal
symmetry, we denote below the propagator G(r, r0 ; s) as
G(r, θ , r0 ; s).
In the polar coordinates with azimuthal symmetry,
Eq. (1) reduces to the partial differential equation
∂
G(r, θ, r0 ; s)
∂s

2 ∂
b2 ∂ 2
G(r, θ, r0 ; s)
G(r, θ, r0 ; s) +
=
2
6 ∂r
r ∂r

r0

r

R
FIG. 8. Spherical coordinates employed for calculating the free energy Ft (r0 ,
N) of the tethered chain in a spherical pore of radius R.

∂2
∂
1
1
G(r, θ, r0 ; s)
+ 2
G(r, θ, r0 ; s)+ 2
2
r sin θ ∂θ
r sin θ ∂θ
−[wρ(r, θ ; r0 ) + U (r)]G(r, θ, r0 ; s),



(A1)

which is solved with the initial condition G(r, r0 ; 0) = δ(r −
r0 ) and boundary conditions G(r, r0 ; 0)|r = R = 0 and ∂G(r,
r0 ; 0)/∂r|r = 0 = 0. The adsorption potential is given by U(r)
= U at R − b < r < R and U(r) = 0 at 0 < r < R − b.
It is convenient to introduce the end-integrated propagator,

(A2)
q(r, s) = dr G(r, r ; s),
which fulfills the same equation (1) as G(r, r0 ; s) but has the
initial condition q(r, 0) = 1, and boundary conditions q(r, s)
= 0 at r = R and ∂q(r, s)/∂r = 0 at r = 0. Equation (2) for the
mean density is reduced to the following relationship:
 N
dsG(r, θ, r0 ; s)q(r, θ ; N − s)
0
. (A3)
ρ(r, θ ; r0 ) =
 R
 π
2
2π
r dr
sin θ dθ G(r, θ, r0 ; N )
0

0

SCFT equations (A1) and (A3), combined with the equation for the propagator q(r, s), are solved numerically by an
iterative algorithm. In order to solve the two-dimensional diffusion equation (A1), we employed the alternating direction
implicit (ADI) method.34 Using the converged solution for the
propagators and the density, the free energy of the tethered
chain is obtained as
 

 π
R
r 2 dr
sin θ dθ G(r, θ, r0 ; N )
F (r0 ) = −kT ln 2π
0


−π w

0



R

r 2 dr
0

π

sin θ dθ ρ 2 (r, θ ; r0 ).

(A4)

0

APPENDIX B: TRANSITION FROM SEC TO LAC
REGIMES WITH THE INCREASE OF ADSORPTION
POTENTIAL

The results of thermodynamic simulations of adsorption
equilibrium and stochastic calculations of the dynamics of
adsorption-desorption of individual molecules constitute a
basis for developing a macroscopic model of the separation
process in a chromatographic column. To demonstrate the
transition from SEC to LAC regimes with the increase of
adsorption potential, we employ the first passage time (FPT)
distribution model35 that implies an equilibrium distribution
of molecules between mobile and stationary phases characterized by the apparent partition coefficient K̄NN .36 The FPT
model presents the elution time distribution in the form of the
inverse Gaussian distribution,

 
gN (t) = L/ 4π EN t 3



2
v0
× exp − L −
t
(4EN t) , (B1)
1 + KN
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FIG. 9. FPT model of isocratic elution of ideal (top series) and real (bottom series) chains (of length 50, 100, and 200) at different adsorption potentials (U
increases left to right) on a stationary phase with spherical pores of R = 10. Transition of the elution sequence from SEC to AC regimes is clearly seen. For ideal
chains, this transition qualitatively resembles experimental data in LCCC regime with a pronounced CPA. For real chains, CPA does not exist and the transition
from SEC to AC is continuous.

where L is the column length, v 0 is the solvent velocity,
and EN = DN /(1 + K N ) is the effective dispersion coefficient, which is proportional to the longitudinal diffusion
coefficient DN . The FPT model is instructive for qualitative
analyses of isocratic separation. The FPT model is very
useful in getting a better understanding of competition
between various physical mechanisms. It allows one to
relate the mean retention time τN = L/(v0 /(1 + K N )),
the elution peak width τN = (1 + K N )(2DN L/v03 )1/2 ,
and height gN (τN ) = (v03 /4π DN L)1/2 /(1 + K N ) to the
mobile and stationary phases parameters, including the pore
size and adsorption potential, and to analyze the correlations between these parameters and the separation
efficiency.
In Fig. 9, we present the elution distributions calculated
with Eq. (B1) for the example of complete adsorption in
pores of radius R = 10 shown in Fig. 3 (middle), ignoring contributions from the partial adsorption in flower states
and adsorption on the external surface. The partition coefficient K N was calculated according to Eqs. (5) and (6),
assuming that the pore volumes equaled the mobile phase
volume. The elution distributions demonstrate the transition
from the SEC and AC regimes as the adsorption potential
increases. Note a pronounced difference between adsorption of ideal and real chains. For ideal chains, the transition
from SEC and AC regimes occurs through a well-defined
regime of LCCC at the adsorption potential corresponding
to CPA. For real chains, CPA does not exist and the transition from SEC and AC regimes occurs in a continuous
fashion.
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