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ABSTRACT: We present a theoretical study of the deformation of
mesoporous solids during adsorption. The proposed thermodynamic
model allows one to link the mechanical stress and strain to the solvation
pressure exerted by the adsorbed molecules on the pore wall. Two
approaches are employed for calculation of solvation pressure as a function
of adsorbate pressure: the macroscopic DerjaguinBroekhoﬀde Boer
theory of capillary condensation, and the microscopic density functional
theory. We revealed that the macroscopic and microscopic theories are in
quantitative agreement for the pores >8 nm diameter within the whole
range of adsorbate pressures. For smaller pores, the macroscopic theory
gradually deteriorates, and the density functional theory extends the thermodynamic model of adsorption-induced deformation to the nanometer scales.

1. INTRODUCTION
In the course of gas adsorption or desorption, the volume of
adsorbents changes. This phenomenon is known in the literature
as adsorption-induced deformation. It is hard to refer to the ﬁrst
observations of adsorption-induced deformation, but as early as
in the 18th century this eﬀect was already implemented in an
instrument. De Saussure employed the property of a human hair
to expand with the increase of air humidity in his hair
hygrometer.1 This eﬀect was explained by the action of capillary
forces using the KelvinLaplace equation that related the
capillary pressure to humidity2 (see ref 3 for review).
Adsorption-induced deformation is a ubiquitous phenomenon observed in various systems: charcoal,4,5 activated carbon,6
porous glass,79 zeolites,1012 silica gels,13 and porous silicon.14
Recently, the interest in scientiﬁc studies of the speciﬁcs of
adsorption-induced deformation has revived due to the opportunities oﬀered by novel nanoporous materials, such as mesoporous crystals and metalorganic frameworks (MOFs), which
possess crystallographically ordered morphologies, and modern
experimental techniques, such as ellipsometric porosimetry15
and in situ small-angle X-ray and neutron diﬀractometry,16 which
allow one to obtain high-resolution data for theoretical analyses.
While a rich collection of experimental data is currently available,
the theoretical understanding of adsorption-induced deformation is still far from being completed. In particular, the most
recent ﬁndings of breathing transitions in MOFs17 facilitated
development of novel thermodynamic approaches to coupling
adsorption and deformation processes.18
The classical experiments on adsorption on charcoal demonstrated monotonic swelling of samples upon adsorption19 that
was explained in terms of the so-called Bangham eﬀect:20
adsorption causes a gradual decrease of the surface free energy
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or surface tension of the pore walls. However, the deformation
behavior of mesoporous solids, which is the main subject of the
current paper, is more complicated. In particular, Amberg and
McIntosh7 showed that, in general, deformation is not necessarily monotonic and may exhibit alternating stages of expansion
and contraction in the course of adsorption. Moreover, deformation in the process of desorption reveals a prominent hysteresis
coupled with the adsorptiondesorption hysteresis. The
authors7 explained the nonmonotonic deformation of porous
glass by a competition of capillary and Bangham eﬀects. Such
characteristic nonmonotonic deformation was later observed for
many other systems.14,2125
In a recent letter,26 we presented a thermodynamic approach
to adsorption-induced deformation of mesoporous solids, based
on the DerjaguinBroekhoﬀde Boer (DBdB) theory of capillary condensation.2729 The DBdB theory allowed us to obtain
an analytical description of the adsorption stress and respective
strain for a model adsorbent with cylindrical pores. While the
results of the DBdB theory are in line with the qualitative
description of Amberg and McIntosh7 and give good agreement
with recent experimental data,24 they have a serious limitation
due to the macroscopic nature of basic equations.30 Adsorption
isotherms calculated with the DBdB theory are in quantitative
agreement with experimental data and results of microscopic
approaches based on Monte Carlo (MC) simulations or the
density functional theory (DFT) only for pores larger than
∼78 nm.31 For smaller pores, the DBdB predictions gradually
deteriorate.
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In the current study in order to extend this approach to smaller
pore sizes, we employ the quenched solid density functional
theory (QSDFT).32,33 Our goal is to obtain deformation curves
based on QSDFT, and, as such, to build a bridge between the
intuitively transparent macroscopic theory26 and the microscopic
description. The structure of the paper is as follows: In Section 2,
the thermodynamic approach to adsorption-induced deformation is formulated. A brief overview of the DBdB theory and its
application is given in Section 3. Section 4 presents the formulation of the QSDFT model. Section 5 contains the results of
calculations and a discussion of the QSDFT and DBdB predictions of adsorption and stain isotherms.

2. THERMODYNAMIC MODEL OF ADSORPTIONINDUCED DEFORMATION
While describing the adsorption-induced deformation of
porous solids, two diﬀerent scales should be addressed. The
stress exerted on the pore walls by the adsobed molecules
(adsorption stress) is calculated on the single pore level. The
elastic response of the porous body is calculated either using the
macroscopic elasticity theory34 or applying Biot’s theory of
poroelasticity.35,36 As we revealed in our preceding study,26
for mesoporous solids, which are relatively rigid and have narrow
pore size distribution (such as glasses or silica mesoporous
crystals), a detailed examination of the elastic response is not
necessary. Deformation of these systems can be described within
a framework of the thermodynamic model, which was employed
earlier for description of deformation of zeolites,37 microporous
carbons,38 MOFs18 and coal.39 This model assumes that
Hooke’s law is fulﬁlled for the sample as a whole, and that the
solvation pressure fs determines the magnitude of elastic deformation:
1
ð1Þ
ε ¼ ð fs  σ 0 Þ
K
Here ε is the volumetric strain (ε =ΔV/V, where ΔV is the
variation of the pore volume), K is the eﬀective elastic modulus,
and σ0 is the pre-stress in the reference state, at which the initial
pore volume V is deﬁned. Solvation pressure is determined as
the diﬀerence between the adsorption stress σs and the external
pressure P, fs = σs  P.40 Adsorption stress is quantiﬁed as the
derivative of the grand thermodynamic potential Ω of the
adsorbed phase with respect to the pore volume V at ﬁxed
temperature T and adsorbate chemical potential μ:
 
DΩ
ð2Þ
σs ¼ 
DV μ, T
Therefore, to predict the sample strain, it is suﬃcient to know
the solvation pressure fs, or the adsorption stress σs. Using eq 2,
the latter can be obtained from the grand potential Ω. Thus, the
main theoretical problem is the determination of the grand
thermodynamic potential Ω(μ,V,T) of the adsorbate as a function of the external thermodynamic variables T and μ and the
pore volume V. This can be done using a certain model of the
adsorption process.
Before discussing the general situation, we should note that
for a particular case of large mesopores at high adsorbate
pressures, a simple capillary approximation can be used for
the description of adsorption-induced deformation. Here, and
below in this paper, we will assume the cylindrical geometry for
the pores: R is the pore radius, L is the length of the pore, which
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Figure 1. Adsorption stress of the ﬁlled pore.

is assumed to be suﬃciently long, L . R. After the adsorbate
pressure P exceeds the capillary condensation pressure Pc, but
is still lower than the saturation pressure P0 (i.e., Pc < P < P0),
the pore is ﬁlled with the condensed adsorbate except for
concave menisci at the pore entrances (Figure 1). In this case
(referred to as “ﬁlled pore” below) the Laplace pressure γ/Rm
(γ is the liquidvapor surface tension, Rm is the radius of
meniscus) is acting outward, contracting the pore and the
sample as a whole. The solvation pressure in this case is equal to
the Laplace pressure that is obtained from the KelvinLaplace
equation
fs ¼ ðRg T=VL Þ lnðP=P0 Þ

ð3Þ

where Rg is the gas constant, and VL is the molar volume of the
condensed phase.
The Laplace pressure decreases with the increase of adsorbate
pressure, therefore the sample expands with the growth of P. It is
worth noting that the capillary pressure (eq 3) does not depend
on the speciﬁcs of the porous solid and, as such, is universal. It is
this simple principle, which not only stays behind the hair
hygrometer,3 but also is widely used for processing results of
adsorption-deformation experiments,22,23,41 particularly for deriving the values of elastic modulus K of mesoporous samples.
However, the capillary approximation cannot predict the adsorption stress for adsorbate pressures prior to capillary condensation
in the so-called ﬁlm region, when adsorbate forms an adsorbed
ﬁlm on the pore walls. The DBdB theory of capillary condensation helped us overcome this limitation.26

3. DBDB THEORY OF CAPILLARY CONDENSATION
Capillary approximation does not take into account solid
ﬂuid interactions, and it cannot give any predictions for the
solvation pressure in the ﬁlm region of adsorption isotherm,
where these interactions are dominant. The DBdB theory2729
is capable of predicting the whole adsorption isotherm
quantitatively.31 It employs Derjaguin’s concept of disjoining
pressure to describe the thermodynamic properties of adsorption
ﬁlm. Within the DBdB theory, the chemical potential μ of the
ﬁlm of thickness h adsorbed on the surface of a cylindrical pore is
given by the following equation:


γ
ð4Þ
μ ¼ Rg T lnðP=P0 Þ ¼  ΠðhÞ þ
VL
Rh
where Π = Π(h) is the disjoining pressure. Two terms in the
brackets on the right hand side of eq 4 represent two uncoupled
contributions to the chemical potential: disjoining (related only
to the ﬁlm thickness h) and capillary (related only to the internal
radius of ﬁlm curvature R  h). Equation 4 assumes than the
adsorbed phase is incompressible (VL = const) and the gas phase
is ideal.
Disjoining pressure isotherm Π(h) can be obtained from
adsorption experiments on a plain nonporous surface. For the
cases of argon and nitrogen adsorption on silica, considered
below, it is well approximated with the FrenkelHalseyHill
equation:4244
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Table 1. Macroscopic Parameters of Nitrogen and Argon
Adsorption on a Silica Surface30
adsorbate

γ (mN/m)

VL (cm3/mol)

k

m

N2 at 77.4 K

8.88

34.66

44.54

2.241

Ar at 87.3 K

12.5

28.68

73.17

2.665

ΠðhÞ ¼

Rg T
k
VL ðh=h0 Þm

ð5Þ

where h0 = 1 Å, and k and m are empirical parameters. Values of k,
m, and VL for argon and nitrogen are given in Table 1.
As the adsorbate pressure P increases in the adsorption experiment, the ﬁlm thickness h grows. The two contributions to the
chemical potential (eq 4) compete: the disjoining pressure Π(h)
decreases, and the capillary pressure γ /(R  h) increases. Therefore,
at a certain value of pressure Pc, the ﬁlm becomes unstable and the
spontaneous capillary condensation takes place. The corresponding
ﬁlm thickness hc can be obtained from the condition of the chemical
potential maximum, as the solution of the following equation:

dΠðhÞ
γ
þ
¼0
ð6Þ

dh 
ðR  hc Þ2
h¼h
c

At pressure values P > Pc, the pore is ﬁlled, and the deformation can
be treated in the capillary approximation (eq 3).
In the desorption process, the pressure P decreases starting
from the ﬁlled pore region, and the capillary evaporation takes
place upon the formation of the equilibrium meniscus at P =
Pe (Pe < Pc). The value of Pe, along with the corresponding ﬁlm
thickness he, can be obtained from the Derjaguin equation:29
Rg T lnðPe =P0 Þ
"
#
Z R
γ
1
0
0
0
þ
ðR  h ÞΠðh Þ dh
¼  2VL
R  he ðR  he Þ2 he

ð7Þ

During desorption from the ﬁlm at P < Pe, the chemical potential of
the system μ is interrelated with the ﬁlm thickness by means of eq 4.
Therefore, deriving Pe and Pc from eqs 6 and 7, using eq 4, one can
construct the whole adsorption isotherm (see Section 5).
Variation of the grand potential of the system along the
isotherm is related to the adsorption isotherm through the Gibbs
equation
Z μðPÞ
Nðμ0 Þ dμ0
ð8Þ
ΩðPÞ ¼ ΩðP0 Þ 
0

4. QUENCHED SOLID DENSITY FUNCTIONAL THEORY
QSDFT, developed recently,32,33 provides a coherent description of adsorption on amorphous surfaces. In contrast to the
conventional nonlocal DFT,45,46 QSDFT accounts for the
molecular roughness of the solid surface. QSDFT considers a
two-component system, where the solid is modeled as a compound of hardcore spheres, interacting with the ﬂuid molecules
via a pairwise attractive potential. The QSDFT grand thermodynamic potential of the solidﬂuid system Ωsf is written as32,33
Ωsf ½Fs ðrÞ, Ff ðrÞ ¼ Fid ½Ff ðrÞ þ Fid ½Fs ðrÞ þ Fex ½Fs ðrÞ, Ff ðrÞ
Z Z
1
þ
drdr0 Ff ðrÞFf ðr0 Þuff ðjr  r0 jÞ
2
Z Z
1
drdr0 Fs ðrÞFs ðr0 Þuss ðjr  r0 jÞ
þ
2
ZZ
þ
drdr0 Ff ðrÞFs ðr0 Þusf ðjr  r0 jÞ
Z
Z
 μf
drFf ðrÞ  μs
drFs ðrÞ
ð11Þ
Here r and r0 are the position vectors, Ff(r) and Fs(r) are the ﬂuid
and solid density proﬁles, Fid[Ff(r)] and Fid[Fs(r)] are the ideal
contributions of hard-sphere repulsive free energy for the ﬂuid
and solid components, Fex[Fs(r),Ff(r)] is the excess free energy
term for both solid and ﬂuid components, uﬀ(r), uss(r), usf(r) are
the attractive parts of the ﬂuidﬂuid, solidsolid, and solid
ﬂuid potentials, respectively (r is the distance between two
particles), and μf and μs are the chemical potentials of the ﬂuid
and solid.
The key term of the QSDFT approach in eq 11 is the excess
free energy of the solidﬂuid hard spheres mixture, Fex[Fs(r),
Ff(r)]. We employ Rosenfeld’s fundamental measure theory47 in
its version,48 which is consistent with the PercusYevick equation of state for bulk hard spheres ﬂuid (see details in ref 33). The
QSDFT model assumes that the distribution of solid density
does not change in the process of adsorption and, as such, is
“quenched”. The equilibrium ﬂuid density distribution is found
from the condition of minimization of the grand thermodynamic
potential with respect to the ﬂuid density, while the solid density
and the external thermodynamic conditions of T and μ are kept
ﬁxed,

δΩ½Fs ðrÞ, Ff ðrÞ
¼0
ð12Þ


δFf ðrÞ
Fs ðrÞ

which leads to the solution of the EulerLagrange equation
Ff ðrÞ ¼ Λf 3 expfcð1Þ ðr, ½Fs , Ff Þ
Z
β
dr0 Ff ðrÞuf f ðjr  r0 jÞ þ βμ
Z
β
dr0 Fs ðrÞusf ðjr  r0 jÞg

Thus, the DBdB theory allows one to obtain from eqs 2, 8, 4, and
5 the analytical expressions for the solvation pressure both in the
ﬁlm (ffs) and ﬁlled pore (fcs ) regions of adsorption isotherms:26
 
Rg T
γ
P
fsc ðPÞ ¼  sl þ
ln
ð9Þ
þ ðP0  PÞ
P0
R
VL
fsf ðhÞ

 
Rg T
γsl
γ
m h0 h 1  m

¼  P
k
R  h VL m  1 R h0
R
ð10Þ

where γsl is the solidliquid surface tension.

ð13Þ

where c(1)(r,[Fs,Ff]) = βδFex[Fs(r),Ff(r)]/δFf(r) depends on
both the solid and ﬂuid densities. Here β = 1/kBT, kB is the
Boltzmann constant, T is the absolute temperature, Λf =
h/(2πmkT)1/2 is the thermal de Broigle wavelength, h is the
Planck constant, and m is the molecular mass of the ﬂuid
molecule.
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Table 2. Lennard-Jones Parameters of Nitrogen and Argon
Adsorption on a Silica Surface32a
ﬂuidﬂuid parameters
εﬀ/kB (K)

σﬀ = dhs (Å)

εsf/kB (K)

σsf (Å)

N2 at 77.4 K

95.77

3.549

148.45

3.17

Ar at 87.3 K

111.95

3.358

160.5

3.104

adsorbate

a

solidﬂuid parameters

In our calculations, ﬂuidﬂuid interactions were truncated at 5σﬀ.

Figure 3. (a) Argon adsorption isotherms for 8.2 nm pore. Dashed line:
DBdB theory predictions. Solid line: QSDFT theory predictions.
(b) Solvation pressure for argon adsorption. Dashed line: DBdB theory
predictions. Solid line: QSDFT theory predictions; adsorption and
desorption paths are displayed with arrows.

Figure 2. (a) Nitrogen adsorption isotherms. Points: experimental data
on SBA-15.49 Dashed line: DBdB theory predictions for 8.2 nm pore.
Solid line: QSDFT theory predictions for 8.2 nm pore. (b) Solvation
pressure for nitrogen adsorption. Dashed line: DBdB theory predictions
for 8.2 nm pore. Solid line: QSDFT theory predictions for 8.2 nm pore;
adsorption and desorption paths are displayed with arrows.

Once the equilibrium distribution of ﬂuid density is determined,
its average value gives the adsorption isotherm. The adsorption
stress (eq 2) is determined by numerical diﬀerentiation of the ﬂuid
part of the grand thermodynamic potential (eq 11), in which the
ﬂuid equilibrium density is substituted. Since the solid contribution to the grand thermodynamic potential (eq 11) is not subject
to variation, it does not contribute to the adsorption stress. This
leads to a constant shift of the solvation pressure curve (making
fs(P = 0) = 0) and is equivalent to omitting the pre-stress in eq 1.
Below in Section 5, the solvation pressure curves obtained using
DBdB are shifted in the same fashion for easier comparison. This
also allows one to avoid the superﬂuous parameter γsl.

5. RESULTS AND DISCUSSION
As a typical example, we studied adsorption of nitrogen at
77.4 K and argon at 87.3 K in cylindrical silica pores of two sizes

of 4.0 and 8.2 nm in diameter that are typical for MCM-41 and
SBA-15 mesoporous crystals. The adsorption isotherms were
calculated using the DBdB and QSDFT methods. The parameters for calculations used in the DBdB method were taken
from ref 30 and given in Table 1. For QSDFT calculations, we
used the parameters suggested in ref 32: the density proﬁle of the
solid is represented as a linear ramp with the half-width δ = 4 Å,
the hard sphere diameter of the solid molecule is taken as dhs = 3 Å,
the number density of the solid is 4.4  1028 m3, and the
Lennard-Jones parameters for ﬂuidﬂuid and solidﬂuid interaction are given in Table 2.
In Figure 2, we present the results for N2 adsorption in an
8.2 nm pore. Hereinafter, we plot the relative adsorption reduced
to the adsorption at saturation pressure, P/P0 = 1. In addition to
the theoretical isotherms, the experimental isotherm on the SBA15 sample49 is included in Figure 2a to show that both theories
quantitatively describe the data in the range of the capillary
condensation hysteresis. The noticeable upward shift of the
experimental isotherm in the ﬁlm region can be attributed to
the presence of micropores in the SBA-15 sample. The DBdB
and QSDFT isotherms perfectly agree, except for an insigniﬁcant
deviation in the ﬁlm region.
The DBdB and QSDFT solvation pressure isotherms shown
in Figure.2b agree well also. Their nonmonotonic shape reﬂects
the competition between the capillary and Bangham eﬀects. The
solvation pressure increases in the ﬁlm region due to the
Bangham eﬀect and then, upon achieving a maximum prior to
6929
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Figure 4. (a) Nitrogen adsorption isotherms for 4.0 nm pore. Dashed
line: DBdB theory predictions. Solid line: QSDFT theory predictions.
(b) Solvation pressure for nitrogen adsorption. Dash line: DBdB theory
predictions. Solid line: QSDFT theory predictions; adsorption and
desorption paths are displayed with arrows.

the capillary condensation, abruptly decreases as the capillary
condensation proceeds. In the ﬁlled pore region, the solvation
pressure increases in accord with the KelvinLaplace equation.
On the desorption path, the solvation pressure exhibits hysteresis
with the minimum achieved at the verge of capillary evaporation.
This behavior of the solvation pressure determines the characteristic nonmonotonic variation of the sample volume, which
exhibits elastic deformation with expansion as the solvation
pressure increases in the course of experiment and contraction
as the solvation pressure decreases.
The results of similar calculations for Argon adsorption
(Figure 3) conﬁrm that the DBdB theory describes adsorption
and solvation pressure isotherms in mesopores of 8.2 nm
reasonably well.
Figure 4 and 5 display the calculated adsorption and solvation
pressure isotherms in a 4 nm mesopore. The deviations between
the DBdB and QSDFT methods are signiﬁcant because the
macroscopic method does not account for the microscopic
structure of the adsorbed phase in such tight conﬁnement. The
reasons for the inconsistency of the DBdB methods in pores
smaller than 78 nm were discussed earlier in refs 30 and 31. At
the same time, it was shown that the DFT method describes
reasonably well the adsorption isotherm in pores as narrow as
4 nm,32 although the theoretical isotherms exacerbate the hysteresis eﬀect, which in real experiments diminishes in pores smaller
than 4 nm (the comprehensive discussion of experimental and
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Figure 5. (a) Argon adsorption isotherms for 4.0 nm pore. Dashed line:
DBdB theory predictions. Solid line: QSDFT theory predictions.
(b) Solvation pressure for argon adsorption. Dashed line: DBdB theory
predictions. Solid line: QSDFT theory predictions; adsorption and
desorption paths are displayed with arrows.

theoretically predicted hysteresis loops can be found, e.g., in
ref 51). This makes us believe that the QSDFT method can be
employed for the analysis of the eﬀects of adsorption deformation
in the whole range of mesopores. The experimental data on
adsorption deformation of silica mesoporous crystals is scarce,
and we cannot conﬁrm this conclusion quantitatively. Indirectly,
this conclusion is conﬁrmed by the fact that we were able in our
previous work26 to get a semiquantitative agreement of the DBdB
theory for the solvation pressure with the experimental data on
water adsorption24 on the same SBA-15 silica sample49 with
8.2 nm pores. Unfortunately, we are unable to apply the QSDFT
method to process this data, since the watersilica interaction
potential is lacking, and we did not want to use it as an adjustable
function.
It is worth noting that ﬁrst attempt to use the QSDFT model
for calculating the solvation pressure in the cylindrical mesopore was made in ref 32; however, due to an error in the
numeric code, the results presented there were erroneous in the
ﬁlm region.
In conclusions, the QSDFT model is shown to be instrumental for analyses of the variation of the solvation pressure and
the respective adsorbent deformation in the course of gas
adsorptiondesorption cycles on mesoporous materials. The
DBdB theory provides an adequate quantitative description
for adsorbents with pores larger than ∼8 nm and progressively
deteriorates in smaller pores. Thus, the QSDFT model can
serve as a bridge between the microscopic and macroscopic
descriptions.
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