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Peter I. Ravikovitch and Alexander V. Neimark*
Center for Modeling and Characterization of Nanoporous Materials, TRI/Princeton, 601 Prospect AVenue,
Princeton, New Jersey 08542
ReceiVed April 21, 2006. In Final Form: September 20, 2006
Molecules adsorbed in pores cause elastic deformations of the solid matrix leading to either contraction or swelling
of the material. Although experimental manifestation of adsorption-induced deformation in clays, coals, carbons,
silicas, and other materials has been known for a long time, a rigorous theoretical description of this phenomenon
is lacking. We report the nonlocal density functional theory (NLDFT) calculations that reproduce almost quantitatively
the adsorption and strain isotherms of Kr and Xe on zeolite X. This system exhibits characteristic contraction at low
vapor pressures and swelling at high vapor pressures. We show that the experimentally observed changes in the
adsorbent volume are proportional to the solvation (disjoining) pressure caused by the adsorption stress exerted on
the pore walls. The proposed NLDFT model can be used for the interpretation of adsorption measurements in microand mesoporous materials and for the characterization of their mechanical properties.

Introduction
The phenomenon of adsorption-induced deformation is well
documented in the literature.1-12 Various explanations and
macroscopic thermodynamic theories have been proposed for
the mechanisms of dimensional changes of materials in the
processes of adsorption and desorption.1-3,5,10,13 In compliant
materials such as gels, these deformations are quite pronounced.14,15 In microporous materials such as carbons and
zeolites, the reported magnitude of the adsorption-induced strain
is usually on the order of 10-4-10-3, which may seem to be a
small value. However, elastic moduli may be on the order of
gigapascals.16 This implies large internal stresses on the order
of megapascals. Such large stresses may play a crucial role in
the stability of geological formations during the sequestration of
carbon dioxide,17,18 load-bearing composite systems, thin porous
coatings, and membranes for electronic systems.19 The develop* Corresponding author. Present address: Department of Chemical and
Biochemical Engineering, Rutgers, The State University of New Jersey, 98
Brett Road, Piscataway, New Jersey 08854-8058 E-mail:
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ment of novel low-dielectric-constant films20,21 has triggered
recent interest in revisiting the problem of adsorption-induced
deformation. Low-k films are characterized by ellipsometric
porosimetry, which measures vapor adsorption isotherms and
associated changes in the film thickness (strain).22 A method has
been proposed for the determination of the Young’s modulus of
thin porous films from capillary condensation measurements
using the Laplace equation.20 However, many of the prospective
low-k materials possess nanometer-size pores,21,23-25 to which
the macroscopic concepts of capillary contraction are not
applicable. Moreover, experimental studies of the adsorption of
gases and vapors in zeolites,6,7 microporous carbons,12 porous
silicon,19 and low-k films20 demonstrate a characteristic common
trend: at low vapor pressure, the system undergoes contraction
followed by swelling at higher vapor pressure. Thus, strain as
a function of vapor pressure (or adsorption) exhibits a nonmonotonic behavior that cannot be explained, even on a qualitative
basis, by the macroscopic thermodynamics of capillarity, which
employs the Laplace equation to assess the stress causing the
contraction of the material.
Molecular simulations and density functional theory (DFT)
provide a direct route to calculating the adsorption stress σs exerted
on the solid by the molecules adsorbed in pores. The difference
between the adsorption stress and external pressure, fs ) σs pext, is called the solvation or disjoining pressure in the literature.26
The complex nonmonotonic behavior of the solvation pressure
as a function of pore size has been found for model fluids confined
between parallel walls26-31 as well as for clay interlayers.32,33
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However, few attempts have been made to relate the calculated
solvation pressures to the material deformation measured in the
course of adsorption, and all of them were based on the slit pore
model.34,35 Also, only a very limited number of molecular
simulations addressed the flexibility of the porous network.36
In this work, we present a molecular-level approach for the
correlation of adsorption and strain measurements and the
calculation of the mechanical properties of nanoporous materials
with spheroidal pores. We show that the adsorption-induced stress
in the porous matrix is related to the solvation pressure calculated
in the framework of the nonlocal density functional theory
(NLDFT). The theoretical results are compared with the
experimental strain isotherms of Kr and Xe in faujasite-type
CaNaX zeolites.6,7 These crystalline microporous materials, which
possess a uniform 3D pore structure composed of ∼12.3 Å cavities
connected by ∼7.4 Å windows, are suitable model adsorbents
for studies of adsorption deformation. Moreover, their mechanical
properties are of special interest because zeolites have been
proposed as candidate materials for low-k layers.37 The NLDFT
model that we present below for spheroidal pores can be extended
to pores of other shapes and to systems with polydisperse
distributions of pore size.

Second, we assume that the density of the solid framework
itself is unchanged and the differential volume change of the
sample d(∆V) ) V0 d causes the respective alteration of the
pore volume, V0 d ) NpV0d(4πR3/3), and the pore radius, dR
) 1/3R d/φ. The free energy of the adsorbed phase in deformed
pores is uncoupled from the elastic free energy and can be
calculated by using the standard NLDFT routine for the pore of
given size R (see below). Thus, the free energy of the adsorbed
phase equals

Density Functional Theory of the Elastic Stress in
Materials with Spheroidal Pores

NpV0d(Fp - µN) + KV0 d ) -pextV0 d

Consider a porous body with a network of spheroidal pores,
which is a crude representation of the pore structure in faujasite
zeolites. The density of pores (i.e., the number of pores per unit
volume) Np is related to the body porosity φ:

or invoking the definition of the grand thermodynamic potential
of the adsorbed phase in the individual pore, Ωp ) Fp - µN,

Np )

3φ
4πR3

(1)

We make several assumptions about the elastic deformation of
the porous body in the process of adsorption. First, we assume
that the deformation is isotropic and is characterized by the
volumetric strain  ) ∆V/V0, where ∆V is the volume change
compared to the initial volume V0 of the body not being exposed
to the adsorptive. Then, we adopt Hooke’s law to relate the
elastic stress σ and volumetric strain  through the bulk modulus
K

σ ) K

(2)

and express the elastic free energy as

Fe ) V

∫0 K d


(3)

For an isotropic solid, the bulk modulus K is related to Young’s
modulus E and the Poisson ratio ν as K ) E/3(1-2ν). Note that
equation 3 does not imply that the bulk modulus is constant, and
thus it accounts for a possible nonlinear strain-stress relation.38
In general, K depends on the porosity and pore structure
morphology and may vary as adsorption progresses.
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Fa ) NpV0Fp(N, Vp, T)

(4)

where Fp(N, Vp, T) is the free energy of the adsorbed phase in
a single pore of volume Vp ) 4πR3/3 that contains N molecules
of adsorbate at temperature T.
Third, we assume that the total free energy is the sum of the
elastic and adsorption free energies, and its variation at given
chemical potential µ, external pressure pext, and temperature T
is written as

d(Fa + Fe) ) µNpV0 dN - pextV0 d

(5)

At a given chemical potential µ,

3φ
dΩp + K d ) -pext d
4πR3

(6)

(7)

The grand thermodynamic potential Ωp is the function of the
chemical potential µ, temperature T, and pore volume Ωp )
Ωp(µ, V(R), T). The first term on the right-hand side of eq 7 can
be expressed through the adsorption stress σs exerted by the
adsorbed phase on the pore walls,

σs(R) ) -

( )

1 ∂Ωp
|µ,T
4πR2 ∂R

(8)

Thus, accounting for dR ) 1/3R d/φ, we arrive at the equation

σ ) K ) -

( )

1 ∂Ωp
|µ,T - pext ) σs - pext ) fs (9)
4πR2 ∂R

which relates the volumetric strain  to the solvation pressure fs
through the bulk modulus K.
It is worth noting that in the limit of large pores filled with
liquid the solvation pressure fs approaches the capillary pressure
pcap ) pl - pext, with pl being the pressure in a condensed liquid.
Respectively, the elastic stress equals the capillary pressure, which
is related to the relative vapor pressure p/p0 through the Kelvin
equation σ ) pcap ) RT/Vl ln p/p0. Although this capillary
approximation is frequently used,14,20,21 its applicability is limited
to relatively large pores. Within the capillary approximation, the
elastic stress is always negative, and its magnitude decreases as
the vapor pressure increases, which implies shrinkage in the
process of drying and swelling in the process of adsorption.
To calculate the adsorption stress (eq 8), one has to employ
a certain dependence of the grand thermodynamic potential on
the pore size. We apply the NLDFT model for spherical pores39
to calculate the grand thermodynamic potential in a pore of size
R. Within the NLFDT framework, the grand thermodynamic
(39) Ravikovitch, P. I.; Neimark, A. V. Langmuir 2002, 18, 1550-1560.
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Table 1. Parameters of the Intermolecular Potentialsa
b

ff/kB, K
σff, Åb
sf/kB, Kc
σsf, Åc
c

Xe

Kr

227.6
3.901
128.2
3.586

162.6
3.627
109.6
3.450

a
Framework oxygen number density FS ) 0.177 Å-2. b From ref 47.
From ref 48.

potential Ωp ) Ωp(µ, V(R), T) is found from the minimization
of the grand thermodynamic potential functional Ω[F(r)] with
respect to the fluid density distribution F(r):40

Ω[F(r)] ) Fid[F(r)] + Fex[F(r)] +
(|r - r'|) -

∫ ∫ dr dr' F(r) F(r') uff

1
2

∫ dr F(r)[µ - Uext(R, r)]

(10)

Here Fid[F] and Fex[F] are the ideal and excess components,
respectively, of the Helmholtz free energy of the reference hard
sphere (HS) fluid, Uext(R, r) is the fluid-solid intermolecular
potential, which depends on the pore radius R, and uff(|r - r′|)
is the attractive part of the fluid-fluid intermolecular potential
treated in a mean-field fashion using the WCA scheme.41 For the
free-energy functional of HS fluid Fex[F], we invoke Rosenfeld’s
fundamental measure theory (FMT),42 which gives very good
results in effectively zero-dimensional confinements such as
spherical cavities.43 Explicit expressions can be found elsewhere.42,44,45
We model faujasite pores as spherical cavities of radius R )
7.5 Å (measured to the center of the first layer of solid atoms).
We apply the solid-fluid potential obtained by integration of
the Lennard-Jones (LJ) potential over the spherical surface.46
(See ref 39 for explicit equations.) Kr and Xe are modeled as
LJ fluids with the energetic ff and distance σff parameters taken
from ref 47. The parameters of the Kr-O and Xe-O interaction
potential were calculated from the Lorentz-Berthelot mixing
rules based on the reference Ar-O potential for high-silica zeolites
as determined in ref 48 (Table 1). The only adjustable parameter
in our calculations was the effective density of oxygen atoms,
which was found to be FS ) 0.177 Å-2 to match the pore-filling
step on the experimental isotherms (Figure 1a). It should be
noted that this density is somewhat higher than the effective
density of oxygen atoms describing Ar adsorption in NaY (FS
) 0.15 Å-2),49 which effectively accounts for the presence of
cations in CaNaX.
Minimization of the functional (eq 10) was done following
the standard DFT scheme (e.g., ref 44). Furthermore, the
adsorption stress σs(R) was determined by the differentiation of
the grand thermodynamic potential Ωp according to eq 8. The
derivative in eq 8 has been calculated numerically using NLDFT
calculations of Ωp in pores of size R and (R + ∆R), where ∆R/R
was on the order of 0.005-0.01. We have verified that the choice
(40) Evans, R. In Fundamentals of Inhomogeneous Fluids; Henderson, D.,
Ed.; Marcel Dekker: New York, 1992; Chapter 5.
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Figure 1. (a) Experimental (points)7 and NLDFT calculated (lines)
adsorption isotherms of Xe on zeolite CaNaX at 180 K. (b)
Experimental strain (points, right vertical axis) and calculated
solvation pressure (line, left axis) as a function of the amount
adsorbed. (c) Same as in plot b but as a function of the bulk relative
pressure P/P0.

of ∆R does not affect the value of the calculated solvation pressure
fs(R), which is compared with experimental data.

Results and Discussion
In Figure 1a, we compare the experimental and calculated
adsorption isotherms of Xe on zeolite CaNaX at T ) 180 K. The
total loading of Xe at P/P0 ) 1 was estimated to be nmax ) 6
mmol/g. Using the NLDFT density of confined Xe at P/P0 ) 1,
we estimated the available pore volume of CaNaX as Vpore )
0.35 cm3/g, which corresponds to the spherical cavity of Rin )
6 Å and agrees with the theoretical pore volume for faujasite
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Table 2. Structural Parameters of the CaNaX Zeolite as
Determined from the NLDFT Model
nmax, mmol/ga
Vpore, cm3/g
bulk modulus, K, GPa
a

Xe

Kr

6
0.35
38

7
0.31
46

Maximum adsorption.

zeolites (Table 2). The calculated Xe isotherm exhibits a somewhat
sharper pore-filling step than the experimental one, which is due
to simplifications of the spherical model of CaNaX cavities and
the absence of cations in our model. Figure 1b and c show the
experimentally measured volumetric strain during Xe adsorption7
and the solvation pressure calculated from eq 9. The strain is
initially zero and becomes negative (the sample contracts) as
adsorption increases. The maximum measured negative strain is
ca. -5.4 × 10-4. After that, as adsorption progresses further, the
sample expands. It can be seen that the calculated solvation
pressure is proportional to the measured strain, and the agreement
is almost quantitative in the full range of adsorption (vapor
pressure). For Xe at 180 K, the external bulk pressure pext (eq
9) plays a minor role. The calculated maximal solvation pressure
is fs ) -20.7 MPa, and we estimate the bulk modulus of CaNaX
zeolites to be K ) 38 GPa.
Qualitatively similar results have been obtained for Kr
adsorption on the CaNaX zeolite at T ) 153 K. From the
comparison with the experimental adsorption isotherm,6 we
estimated the total loading of Kr at P/P0 ) 1 to be nmax ) 7
mmol/g and the total pore volume to be Vpore ) 0.31 cm3/g,
which is again in reasonable agreement with the pore structure
of faujasites. However, there is a somewhat larger discrepancy
in the shape of the experimental and calculated Kr isotherms.
We attribute this to the deficiency of the simplified spheroidal
representation of CaNaX cavities, which apparently becomes
more important as the size of the guest molecule decreases (Kr
vs Xe). Nevertheless, the calculated solvation pressure and the
experimentally measured strain are in good agreement when
plotted as a function of Kr loading (Figure 2b). Some discrepancy
is apparent when these quantities are plotted as functions of the
relative pressure (Figure 2c). These deviations can possibly be
reduced by employing a nonlinear stress-strain relation. The
maximum measured negative strain is -4 × 10-4, and the
corresponding solvation pressure is fs ) -18.4 MPa. Thus, the
calculated bulk modulus of CaNaX obtained from Kr adsorption
is K ) 46 GPa, which is in reasonable agreement with the value
obtained from Xe adsorption.
Given the simplified representation of the CaNaX structure
and the fact that the only adjustable parameter in the calculations
was the effective density of framework oxygens, we may conclude
that the NLDFT provides an adequate, almost quantitative
description of experimental adsorption and strain isotherms of
Xe and Kr on zeolite CaNaX. The obtained bulk moduli of CaNaX
can be compared with rather scarce data on the compressibility
of faujasite and other zeolites. Colligan et al.16 measured 38 GPa
for pure silica NaY and 35 GPa for NaX by compression in a
nonpenetrating silicone oil. The calculated modulus of NaY using
an empirical interatomic potential for tetrahedral SiO2 structures50
was 59 GPa.16 Thus, our values of 38 and 46 GPa fall between
the reported experimental and calculated bulk moduli of faujasites.
The original calculations of Bering and co-workers using the
thermodynamic vacancy solution theory5 gave the bulk modulus
of the CaNaX zeolite as ca. 70 GPa, which seems to be too high.
(50) Sanders, M. J.; Leslie, M.; Catlow, C. R. A. J. Chem. Soc., Chem. Commun.
1984, 1271-1273.

Figure 2. (a) Experimental (points)6 and NLDFT calculated (lines)
adsorption isotherms of Kr on zeolite CaNaX at 153 K. (b)
Experimental strain (points, right vertical axis) and calculated
solvation pressure (line, left axis) as a function of the amount
adsorbed. (c) Same as in plot b but as a function of the bulk relative
pressure P/P0.

For comparison, the experimentally measured bulk modulus
of the NaA zeolite is 22 GPa in glycerol 16,51 and 20-22 GPa
in silicone oil.52 The experimental value for R-quartz is 39 GPa,53
and for R-cristobalite it was reported to be 11.5 GPa54 and ∼16
GPa.55 Astala et al.56 calculated from electronic density functional
theory the bulk moduli of R-quartz, R-cristobalite, sodalite (SOD),
(51) Hazen, R. M.; Finger, L. W. J. Appl. Phys. 1984, 56, 1838-1840.
(52) Arletti, R.; Ferro, O.; Quartieri, S.; Sani, A.; Tabacchi, G.; Vezzalini, G.
Am. Mineral. 2003, 88, 1416-1422.
(53) McSkimin, H. J.; Andreatch, P.; Thurston, R. N. J. Appl. Phys. 1965, 36,
1624-1632.
(54) Downs, R. T.; Palmer, D. C. Am. Mineral. 1994, 79, 9-14.
(55) Yeganeh-Haeri, A.; Weidner, D. J.; Parise, J. B. Science 1992, 257, 650652.
(56) Astala, R.; Auerbach, S. M.; Monson, P. A. J. Phys. Chem. B 2004, 108,
9208-9215.
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NaA (LTA), and silicalite (MFI) to be 38, 8, 18, 46, and 41 GPa,
respectively. We estimated ∼39 GPa for NaA from the simulations
of Kim et al.,57 who used the BKS potential.58 However,
micromechanical compressive response measurements of siliceous MFI zeolite single crystals gave an average Young’s elastic
modulus of only ca. ∼4 GPa.38 It is also important that the
measured stress-strain curve for MFI zeolite was markedly
nonlinear even for stresses <10 MPa38 (e.g., those comparable
with the predicted solvation pressures in zeolitic micropores).
Given that we found only one reliable experimental piece of data
for the bulk modulus of faujasites to compare with16 and also
quite diverse, method-dependent data for other zeolites, we may
conclude that the bulk modulus of CaNaX calculated with the
NLDFT model is in very reasonable agreement with the range
of data reported for zeolitic materials. Finally, we note that some
crystalline silicas (e.g., R-quartz and R-cristobalite) exhibit
unusual mechanical properties such as negative Poisson’s
ratios.55,59,60 In this case, one might expect significant anisotropy
of the deformed framework that cannot be captured within our
model.
In a companion paper,61 we have calculated the solvation
pressure isotherm of argon in mesoporous MCM-41 material
with amorphous silica walls. The calculated solvation pressure
exhibits nonmonotonic behavior, which is in qualitative agreement
with the experimental strain isotherm measurements discussed
above.19-21

Conclusions
The isotropic NLDFT model explains and describes almost
quantitatively nonmonotonic adsorption-induced deformations
typical for most zeolites and other microporous materials such
as charcoal and activated carbon. This characteristic feature can
(57) Kim, S. C.; Keskar, N. R.; McCormick, A. V.; Chelikowsky, J. R.; Davis,
H. T. J. Chem. Phys. 1995, 102, 8656-8661.
(58) Van Beest, B. W. H.; Kramer, G. J.; Vansanten, R. A. Phys. ReV. Lett.
1990, 64, 1955-1958.
(59) Keskar, N. R.; Chelikowsky, J. R. Nature (London) 1992, 358, 222-224.
(60) Grima, J. N.; Jackson, R.; Alderson, A.; Evans, K. E. AdV. Mater. 2000,
12, 1912-1918.
(61) Ravikovitch P. I.; Neimark A. V. Langmuir, in press.

Letters

be explained by a competition between the attraction of adsorbed
molecules to the framework and the packing effects. Compression
of the solid framework at low pressures is induced by dispersion
attractive interactions with guest molecules. Adsorbed molecules
serve as attractive “bridges” between the framework molecules,
and the adsorption stress (eq 8) is negative so that the framework
contracts. The condition of maximum contraction is determined
from the condition of minimum adsorption stress:
2
1 ∂ Ωa
∂
1 ∂N
|R,T ) |µ,T ) 0
)2
∂µ
4πR K ∂R∂µ
4πR2K ∂R

( )

( )

(11)

The maximum contraction corresponds to the minimum of the
adsorption stress that characterizes the “most comfortable”
packing of adsorbed molecules in a cavity of a given size. The
term “most comfortable” indicates the packing for which a virtual
variation (both positive and negative because (∂N/∂R)|µ,T ) 0)
of the pore size would lead to a decrease of adsorption at a given
chemical potential and temperature. As the adsorption increases
further, the repulsive interactions due to the densification of
packing in the adsorbed phase come forward and the adsorption
stress increases, and at a certain point, the solvation pressure
may change sign and become positive (Figure 2b). Consequently,
the material expands, and the volume of the saturated sample
may exceed the volume of the evacuated (dry) sample. Certainly,
a more detailed model, which would take into consideration the
real morphology of the zeolites’ framework, is desirable.
However, it is likely that, with the exception for the absolute
value of the bulk modulus, the results of more elaborate models
will be qualitatively similar to the results obtained with the NLDFT
model presented here.
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