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1. INTRODUCTION

The advent of ultrafast lasers has brought many new applications, in particular in biomedicines and material 
processing, such as laser tissue ablation (Huang and Guo, 2010; Jiao and Guo, 2011), laser tissue soldering 
and welding (Kim and Guo, 2004), protein shock (Sajjadi et al., 2013), thermal response (Jiao and Guo, 
2009), and the detection of tumors by using an exogenous fl uorescence agent and ultrashort near-infrared 
laser pulses (Quan and Guo, 2004).

The development of optical computed tomography (optical-CT) has been proceeding vigorously, as the 
optical-CT is expected to obtain imaging information on the physiology as well as morphology inside living 
bodies (Yamada, 1995; Hebden et al., 2001). To realize a fully functional optical-CT, better understanding of 
the characteristics of laser radiative transfer of scattered signals in highly scattering and weakly absorbing 
biological tissues is needed. It is important that accurate solutions be obtained for the equation of radiative 
transfer. There have been many proposed numerical methods to solve the hyperbolic equation of ultrafast 
radiative transfer accurately as recently reviewed by Guo and Hunter (2013). The solution based on the fre-
quency-domain diffusion approximation was also considered (Liu and Liu, 2012). 

Some prior numerical studies relevant to the present study are reviewed as follows. Muthukumaran and 
Mishra (2008b,c,d) concentrated on numerical studies for elucidating the radiative transfer characteristics in 
a homogeneous medium and a participating medium consisting of local inhomogeneity subjected to a diffuse 
or a collimated pulse train consisting of 1–4 pulses with a step or Gaussian temporal variation, using the fi -
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nite volume method (FVM). Muthukumaran and Mishra (2008a) investigated the temporal transmittance and 
refl ectance signals on a 1D inhomogeneous medium consisting of 2–3 layers subjected to a single step laser 
pulse or a train of four step pulses with a pulse train interval that is the same as the pulse width. Muthuku-
maran et al. (2011) analyzed signals originating from a human tissue phantom subjected to a short-pulse laser 
that can have a temporal span of the order of a nano-, pico-, or a femtosecond with both step and Gaussian 
distributions, to assess the case of a human skin-mimic tissue. Mishra et al. (2012) compared temporal signals 
resulting from the boundary conditions of a train of pulses by using both the FVM and the DOM for various 
optical situations, and they found that the solutions computed using the FVM were in good agreement with 
those computed using the DOM. However, this group of authors used "direct pulse simulation" (Mishra et al., 

NOMENCLATURE

c speed of light Greek symbols
dc width of the collimated laser sheet δ Dirac delta function
f(t) boundary condition function Δt time step
I radiation intensity Δx, Δy, Δz grid size
Ic laser intensity Φ scattering phase function
Ip radiation intensity at the node γ weighting factor

of a control volume η, μ, ξ direction cosines 
L length of a cube ρ diffuse refl ectivity
N angular discrete order in SN σa absorption coeffi cient

approximation σe extinction coeffi cient
n number of angular discretization σs scattering coeffi cient
Q net radiative heat fl ux τ optical thickness
R refl ectance ω scattering albedo

r position vector
Subscripts

S source term

ŝ discrete ordinate direction b blackbody value

T transmittance c collimated laser
t time d downstream surface
t* nondimensional time = ct/L p control volume index
td pulse interval u upstream surface
tp pulse width w wall
U(t) unit step function

Superscripts
w angular weight
x, y, z Cartesian coordinates l discrete direction index
x*, y*, z* nondimensional coordinates * dimensionless quantity
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2006) to model pulse train irradiation, i.e., they computed radiative transfer using the aforementioned meth-
ods (FVM or DOM) from the start until the end of the pulse train. In such a situation, the numerical errors 
accumulated with time advance are obvious and the CPU times used is a simple product of the CPU time for 
a single pulse and the pulse numbers in a pulse train. 

Recently, Yi et al. (2013) developed a MC model with a combination of time shift and superposition princi-
ple for solving transient vector radiative transfer in a scattering layer. Zhang et al. (2013, 2014a) solved tran-
sient radiative transfer problem in a 1D slab containing absorbing and scattering media subjected to a short laser 
irradiation using the lattice Boltzmann method (LBM). Zhang et al. (2014b) solved transient radiative transfer 
in 2D semitransparent media subjected to a collimated short laser irradiation by the natural element method 
(NEM). Padhi et al. (2011) employed the CLAM scheme for discretizing the spatial term. Huang et al. (2009) 
investigated the transient radiative transfer process within absorbing, scattering, and nonemitting two-layer 
participating media by using the DRESOR method based on the Monte Carlo (MC) method to clarify the 
dual-peak phenomenon of a temporal refl ectance signal and the existence conditions of the dual peak.

For analyzing ultrafast radiative transfer in a participating medium imposed by a laser pulse, Guo and 
Kumar (2002) were the fi rst to fi nd that Duhamel’s superposition theorem can be used to construct the pulsed 
radiation response subjected to various incident pulse shapes based on the results of a unit step pulse, since 
the transient radiative transfer equation is linear when medium emission is negligible within an ultrashort 
timescale. Liu and Hsu (2008) followed this superposition in the consideration of time shifts in a 1D purely 
scattering medium subjected to a square pulse irradiation train.

Akamatsu and Guo (2011, 2013b) conducted complete transient 3D numerical computations by applying 
the DOM and Duhamel’s superposition theorem to scrutinize the radiative transfer characteristics in a homo-
geneous medium subjected to a diffuse or a collimated short square pulse train consisting of fi ve or 10 pulses. 
They found that the superposition effect for transmitted pulse trains strongly depends on the pulse train inter-
val between two successive pulses and the pulse broadening under diffuse and collimated irradiations. They 
also elucidated that Duhamel’s superposition theorem provides better accuracy and computational effi ciency 
than the direct pulse simulation for the radiative transfer analysis of multiple pulses, because Duhamel’s su-
perposition theorem needs only one solution exposed to a single unit step square pulse for different problems 
subjected to a square pulse train with various pulse widths and pulse train intervals, whereas the direct pulse 
simulation is time-consuming and subject to increased numerical errors because of error accumulation (Aka-
matsu and Guo, 2013a).

In the real world of laser-matter interactions, the medium properties are generally inhomogeneous. Thus, 
the investigation and elucidation of ultrafast radiative transfer characteristics in inhomogeneous participating 
media subjected to a pulse train are very important to advance the applications of ultrafast laser technology. 
To this end, we carried out the complete transient 3D numerical computations in this study to understand the 
ultrafast radiative transfer characteristics in inhomogeneous participating media. We considered a medium of 
three layers of different properties, which is subjected to a collimated short square pulse train; and solved 
the problem by combining the DOM and Duhamel’s superposition theorem. The effects of the pulse width, 
pulse interval, scattering albedo, optical thickness, and detecting position on the refl ectance and transmittance 
signals were scrutinized.

2. GOVERNING EQUATIONS

In the present numerical computations, a cube of three different participating layers with uniform extinction 
coeffi cient was considered. The geometry of the model is shown in Fig. 1a. The collimated laser sheet direct-
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ed to the wall is normally incident at the center spot in the plane at x = 0 with a width of dc, and dc = L/49. 
The temporal variation of the pulse is a step function. As seen in Fig. 1b, the refl ected signals were detected 
at locations 2–7 at the wall of x = 0, and the transmitted signals were detected at locations 1–7 at the opposite 
wall of x = L. The participating medium is assumed to be cold (neglecting emission).

The transient equations of diffuse radiative transfer in discrete ordinates can be formulated as

 
e e

1 , 1, 2,
l l l l

l l l l lI I I I I S l
c t x y z
∂ ∂ ∂ ∂

+ ξ + η + μ + σ = σ =
∂ ∂ ∂ ∂

... , n .  (1)

The extinction coeffi cient σe is the summation of the absorption coeffi cient σa and scattering coeffi cient σs. 
The scattering albedo is ω = σs/σe. The radiative source term Sl, neglecting blackbody emission, can be ex-
pressed as

 1
, 1, 2,
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n
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ω
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π
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FIG. 1: (a) 3D geometry and (b) the locations of detectors 1–7 in the y–z plane at x = 0 and L
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The fi rst term on the right-hand side in Eq. (2) is the contribution of in-scattering radiation intensities from 
all discrete ordinate directions. The quantity ˆ ˆ( )i ls sΦ →  is the scattering phase function. In the present 
study, the scattering is assumed to be isotropic or scaled isotropic (Guo and Maruyama, 1999). The second 
term is the source contribution of the collimated laser irradiation, which is the driving force of the scattered 
radiation propagation and transport in the medium:

 
( ) ,

4c
l c l c l c l

cS Iω
= Φ ξ ξ + η η + μ μ

π
  (3)

where (ξc, ηc, μc) represents the collimated laser incident direction. In the present model, ξc = 1, ηc = 0, and 
μc = 0, since the collimated laser is normally incident at the wall at x = 0, as shown in Fig. 1a.

The collimated laser intensity (heat fl ux) is distributed inside the medium as

 ( ) ( )
e

0 0 ,
2

c
x
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c c

L xI x, y, z, , t I x , y z , t e 1
c

σ
−
ξ⎛ ⎞

ξ = = = = − δ ξ −⎜ ⎟⎜ ⎟ξ⎝ ⎠
   (4)

in which δ is the Dirac delta function and I0 is the laser beam heat fl ux irradiated onto the surface of the me-
dium (the surface refl ection is deducted). In the region where no collimated laser irradiation passes through, 
Ic = Sc = 0.

A quadrature set of the DOM SN-approximation includes n discrete ordinates with appropriate angular 
weight, in which n = N(N+2). In the present computations, the S12-approximation is applied for obtaining the 
solution for the basic problem in which a cubic participating medium is exposed to collimated irradiation of 
a single unit step square pulse.

The walls are assumed to be gray and diffusely refl ecting. For example, the diffuse intensity at the wall of 
x = 0 is

 

/ 2

0
(1 )

l

n
l l l

w bwI I w I
ξ <

ρ
= − ρ + ξ

π
∑ ,  (5)

where Iw is the diffuse intensity at the wall, Ibw is the blackbody intensity at the wall, ρ is the diffuse refl ec-
tivity of the wall surface, and n/2 denotes that one-half of the n different intensities emanates from the wall. 
Similarly, the relationships for the remaining fi ve walls can be set up. In the present numerical computations, 
the diffuse refl ectivity of the wall surface is ρ = 0; that is, the sidewalls are black and absorb all incident 
radiation.

Once the intensities have been determined, the net radiative heat fl uxes Qx, Qy, and Qz are evaluated from

 1

n
l l l
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l

Q w I I
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1

n
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Q w I
=
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The transient refl ectance at x = 0 and the transient transmittance at the opposite output wall of x = L for the 
basic problem are defi ned as

 0

( 0, , , ) ( 0, , , )( 0, , , ) x cQ x y z t I x y z tR x y z t
I

= − =
= = ,  (7)

 0

( , , , )( , , , ) xQ x L y z tT x L y z t
I

=
= = .  (8)
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3. NUMERICAL SCHEME

In our previous numerical investigation (Akamatsu and Guo, 2011), we examined the infl uences of the spatial 
grid and time step on the temporal profi les of refl ectance and transmittance to minimize the effects of false 
radiation propagation and numerical diffusion for solving ultrafast radiative transfer in a highly scattering 
medium, and the optimum spatial grid and time step were decided. In the present numerical computations, 
the spatial grid and time step determined in the previous study were also adopted. Namely, the spatial grid 
number and the time step were 49 × 49 × 49 and * 0.006,tΔ =  respectively.

The control volume approach is used for the spatial discretization to solve the transient radiation transfer 
equation, i.e., Eq. (1). In each control volume, Eq. (1) is discretized temporally and spatially. The fi nal dis-
cretization equation for the cell intensity in a generalized form (Guo and Kumar, 2002) becomes

 

01
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P
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l l l

e l l l
x y z
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where Ip is the intensity at the node of a control volume, 0l
pI  is the intensity at the previous time step, 

and l
xuI , l

yuI , and l
zuI  are the radiation intensities on the upstream surface in the ˆls  direction. In the present 

method, the positive scheme proposed by Lathrop (1969) is applied to determine the values of weighting 
factors l

xγ , l
yγ , and l

zγ . With the nodal intensity obtained from Eq. (9), the unknown radiation intensities on 
the downstream surface in the same direction are computed as follows:

 
(1 ) (1 ) (1 )l l l l l l l l l l l l l

p x x xu y y yu z z zuxd yd zdI I I I I I I= γ + − γ = γ + − γ = γ + − γ ,  (10)

where l
xdI , l

ydI , and l
zdI  are the radiation intensities on the downstream surface in the ˆls  direction. The 

derivation of Eq. (10) is well described by Modest (2003) for the steady-state situation.
In Eq. (9), the traveling distance cΔt should not exceed the control volume spatial step, i.e., 

{ }min , ,c t x y zΔ < Δ Δ Δ . This is because a light beam always travels at the speed of light c in the medium. 
Hence, the following condition is imposed to eliminate the numerical diffusion (Guo and Kumar, 2001):

 Δt* < min {Δx*, Δy*, Δz*} . (11)

We verifi ed the present method by comparison with the existing published results and/or with the Monte 
Carlo simulation for a variety of example problems in 2D and 3D systems (Guo and Kumar, 2001, 2002). We 
found that the present method was accurate and effi cient.

4. SUPERPOSITION FOR A PULSE TRAIN

In the present computations, Duhamel's theorem is used to construct the responses when a cold medium is 
subjected to a pulse train instead of direct pulse simulation. Duhamel’s theorem relates the solution ( , )r tΘ  
of a problem subjected to the time-dependent boundary condition of the function f (t) to the solution ( , )r tθ  
of a corresponding basic problem as (Ozisik, 1993):

 
0( , ) ( , ) ( ) ( , ) ( )t

j j j
j

r t r t f U t r t f dτ=
′Θ = θ − τ Δ − τ + θ − τ τ τ∑ ∫ .  (12)
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In this equation Δfj is the step change occurring at time τj, and U(t – τj) is the unit step function. For exam-
ple, if the boundary is subjected to a pulse train consisting of fi ve square pulses with the pulse width tp and 
the time interval td between the two successive pulses, Eq. (12) can be simplifi ed as

 

( , ) ( , ) ( , )

( , ) ( , 2 )

( , 2 2 ) ( , 3 2 )

( , 3 3 ) ( , 4 3 )

( , 4 4 ) ( , 5 4 ) .
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r t t t r t t t
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 (13)

Figure 2a shows the temporal profi les of the transmittance at detector 1 in the homogeneous and inhomo-
geneous media, respectively, subjected to a single diffuse unit step square pulse. Here, the unit cube has one 

FIG. 2: Temporal profi les of the transmittance detected by detector 1 in the homogeneous and inhomogeneous 
media with one hot wall: a) single diffuse unit step square pulse, b–d) diffuse square pulse train consisting of fi ve 
pulses with constant pulse width



Heat Transfer Research 

640 Akamatsu & Guo

hot wall at x* = 0. For the homogeneous medium, its optical thickness is σeL = 10 and ω = 0.1. The three lay-
ers in the inhomogeneous medium have same optical thickness 10/3 for each layer with the values ω1 = 0.9,
ω2 = 0.5, ω3 = 0.1, respectively. For both media, the transmitted pulse computed by the DOM reached a 
constant value at the long time stage. In Fig. 2b–d, the solid lines show the transmittance signals in the ho-
mogeneous and inhomogeneous media subjected to a diffuse square pulse train consisting of fi ve pulses with 
pulse width tp* = 0.03 computed by Duhamel’s theorem based on the solutions of the basic problem shown in 
Fig. 2a. The dashed lines show those computed in the direct pulse simulation using the DOM. It is seen that 
although the transmittances in homogeneous and inhomogeneous media computed by Duhamel’s theorem 
were almost in agreement with those computed by the direct pulse simulation qualitatively, the magnitudes 
predicted by the two methods did not match quantitatively for the three different pulse intervals, i.e., (b) 
td* = tp*, (c) td* = 10tp*, and (d) td* = 100tp*. In previous studies for homogeneous media (Akamatsu and Guo, 
2011, 2013a,b), it was found that the overlap effect of the pulse train strongly depends on the pulse interval 
and the magnitude of the pulse broadening. The present study with inhomogeneous media also confi rms this 
dependence. 

The computer used for the present calculations was a workstation with an Intel Dual CPU 16 Core Xeon 
3.1GHz processor and 32 GB of RAM. The Intel Visual Fortran Composer XE 2011 was used as a compiler. 
For the transmittances shown in Fig. 2a, the CPU time was 55,188 s to compute the response to one single 
pulse in the time range from t* = 0 to t* = 5 via the DOM, whereas the transmittances of multiple pulses 
in Fig. 2b–d computed by Duhamel's superposition based on the solution shown in Fig. 2a were obtained in 
several seconds. For comparison, for the transmittance of three pulses shown in Fig. 2d using DOM without 
superposition, the CPU time was 175,271 s to compute from t* = 0 to t* = 15, three times longer than that 
using the combined method of a base solution and superposition. 

The results in Fig. 2 demonstrated again that superposition provides better computational effi ciency than 
the direct pulse simulation for predicting ultrafast radiative transfer of pulse train irradiation, because the 
superposition needs only one solution exposed to a single unit step square pulse for different problems sub-
jected to a pulse train with various pulse widths and pulse intervals, whereas the direct pulse simulation is 
time-consuming and subject to increased numerical errors because of error accumulation. Superposition will 
also provide better accuracy because numerical errors will not be accumulated with addition of extra pulses. 

5. RESULTS AND DISCUSSION

In the following, six different media named as Types A, A', A'' and B, B', B'' are considered and their optical 
properties are listed in Table 1. Types A and B are two homogeneous media with different scattering albedos. 
The other four types are inhomogeneous media consisted of three layers. The mismatch of refractive indices 
between different layers was neglected.

Figure 3 shows the temporal profi les of the refl ectance and transmittance of six media subjected to a single 
collimated unit step square pulse computed by DOM with S12 scheme. In Figs. 3a and 3d, the steady-state 
refl ectances detected by detector 6 for the inhomogeneous media Types A' (ω1 = 0.9, ω2 = 0.5, ω3 = 0.1) and 
B' (ω1 = 0.1, ω2 = 0.5, ω3 = 0.9) shown by the solid lines were almost the same as those for the respective 
homogeneous medium Types A (ω = 0.9) and B (ω = 0.1) shown by the dashed lines.

However, those for Types A'' and B'' with a thin fi rst layer clearly differed from those for Types A' and B'. 
As the position of detector recedes from detector 6, the detected refl ectance for Types A' and B' decreased 
remarkably. The refl ectance detected by detector 7 for Types A' and B’ was 0.038 times and 0.0026 times of 
those detected by detector 6 for Types A' and B', respectively. We found that the refl ectance signal depends 
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strongly on the detecting position and the optical property of the fi rst layer and the effects of the second layer 
become signifi cant when the fi rst layer is optically thin.

In Fig. 3b, the transmittance detected by detector 1 for Type A' almost agreed with those for Types B and 
A''. However, that for Type A was 1.12 times larger than that for Type A'. In Fig. 3e, the transmittances de-
tected by detector 1 for Types A, B, B', and B'' were slightly different; that for Type A was 1.05 times of that 
for Type B'; and that for Type B was 0.94 times of that for Type B'. In Fig. 3c, the transmittances detected 
by detectors 2–7 in the inhomogeneous media for Types A' and A'' were larger than that detected by detector 
6 in the homogeneous medium with a highly absorbing characteristic for Type B, whose scattering albedo is 
the same as that of the third layer for Types A' and A''. For Type A', the transmittances detected by detectors 
2 and 7 were 0.59 times and 0.36 times of that detected by detector 6, respectively. On the other hand, the 
transmittances detected by detector 6 for Types A'' and B was 0.27 times and 0.11 times of that detected by 
detector 6 for Type A'. In Fig. 3f, the transmittance detected by detectors 2–7 in the inhomogeneous medi-
um for Types B' and B'' were smaller than that detected by detector 6 in the homogeneous medium with the 
highly scattering characteristic for Type A, whose scattering albedo is the same as the third layer for Types B’ 
and B''. For Type B', the transmittances detected by detectors 2 and 7 were 0.36 times and 0.14 times of that 
detected by detector 6, respectively. The transmittances detected by detector 6 for Types B'' and A were 2.1 
times and 6.3 times of that detected by detector 6 for Type B'.

Figures 4–9 show the temporal profi les of the refl ectance and transmittance in the homogeneous and inho-
mogeneous participating media subjected to a single collimated square pulse and a collimated square pulse 
train consisting of fi ve pulses reconstructed by Duhamel's theorem based on the basic solutions computed by 
the DOM for a simple step pulse with results shown in Fig. 3.

The transient responses of refl ectance for the pulse width of tp* = 0.03 and the pulse train intervals of 
td* = tp*, 10 tp* are plotted in Fig. 4, and those for the pulse width of tp* = 0.3 are shown in Fig. 5. The fi g-
ures in the left column are the refl ectance detected by detector 6 for Types A, A', and A'', respectively; and 
those in the right column are those detected by detector 6 for Types B, B', and B''. The Type A model is a 
homogeneous medium with a high scattering property which is identical to the fi rst layer of Types A' and A''. 
The Type B model is also a homogeneous medium with a high absorbing property identical to the fi rst layer 
of Types B' and B''. The refl ectance signals subjected to a single square pulse shown in Figs. 4a,d and 5a,d 

TABLE 1: The optical thicknesses and scattering albedos for different media

Medium type

A A' A'' B B' B''

First layer

σeL = 10
ω = 0.9

τ =1
10
3

ω1 = 0.9

τ =1
10
7

ω1 = 0.9

σeL = 10
ω = 0.1

τ =1
10
3

ω1 = 0.1

τ =1
10
7

ω1 = 0.1

Second layer
τ =2

10
3

ω2 = 0.5

τ =2
20
7

ω2 = 0.5

τ =2
10
3

ω2 = 0.5

τ =2
20
7

ω2 = 0.5

Third layer
τ =3

10
3

ω3 = 0.1

τ =3
40
7

ω3 = 0.1

τ =3
10
3

ω3 = 0.9

τ =3
40
7

ω3 = 0.9
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FIG. 3: Temporal profi les of the refl ectance and transmittance in homogeneous and inhomogeneous participating 
media subjected to a single collimated unit step square pulse for Types A, A', A'' and B, B', B'' computed by the 
DOM
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FIG. 4: Temporal profi les of the refl ectance in homogeneous and inhomogeneous participating media subjected 
to a single collimated square pulse and a collimated square pulse train consisting of fi ve pulses reconstructed by 
Duhamel’s theorem for pulse width tp* = 0.03
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FIG. 5: Temporal profi les of the refl ectance in homogeneous and inhomogeneous participating media subjected 
to a single collimated square pulse and a collimated square pulse train consisting of fi ve pulses reconstructed by 
Duhamel’s theorem for pulse width tp* = 0.3
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FIG. 6: Temporal profi les of the transmittance in homogeneous and inhomogeneous participating media subjected 
to a single collimated square pulse and a collimated square pulse train consisting of fi ve pulses reconstructed by 
Duhamel’s theorem for pulse width tp* = 0.03
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FIG. 7: Temporal profi les of the transmittance in homogeneous and inhomogeneous participating media subjected 
to a single collimated square pulse and a collimated square pulse train consisting of fi ve pulses reconstructed by 
Duhamel’s theorem for pulse width tp* = 0.3
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FIG. 8: Refl ectance and transmittance signals in the participating medium subjected to a single collimated square 
pulse and a collimated square pulse train consisting of fi ve pulses with pulse width of tp* = 3 reconstructed by Du-
hamel’s theorem for Types A, B, A', and A'' media
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FIG. 9: Refl ectance and transmittance signals in the participating medium subjected to a single collimated square 
pulse and a collimated square pulse train consisting of fi ve pulses with pulse width of tp* = 3 reconstructed by 
Duhamel's theorem for Types A, B, B', and B'' media
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greatly differed from those subjected to a pulse train shown in the rest fi gures. Thus, an investigation of the 
transport of pulse trains is needed. 

When the pulse train interval between two successive pulses was short, the overlap of response from 
pulse train was obvious. Especially as seen in Figs. 4b and 4e, the responses of the fi ve pulses were strong-
ly overlapped; but the fi ve peaks corresponding to the fi ve pulses were still distinguishable. The overlap or 
superposition effect of the pulse train depends on the magnitude of the pulse broadening in the response 
subject to a single collimated square pulse, as well as the pulse interval. Therefore, the overlap effect of the 
refl ectance signals for Types A, A', and A'' is larger than that for Types B, B', and B'' since the fi rst layer 
irradiated by a pulse for Types A, A', and A’’ has a higher scattering property than that for Types B, B', and 
B''. The refl ectance in the homogeneous medium for Type A almost agreed with that in Type A' composed of 
three inhomogeneous layers with same optical thickness, whereas those in Type A" composed of three layers 
with different optical thicknesses differed from those for Types A and A'. A similar trend was also observed 
in the refl ectance signals detected for Types B, B', and B''. The effect of the optical property of the second 
layer was also clearly observed in the detected refl ectance signal when the optical thickness of the fi rst layer 
becomes less signifi cant.

The corresponding fi gures for the transmittance signal are shown in Figs. 6 and 7. The fi gures in the left 
column are the transmittance detected by detector 6 for Types B, A', and A'', and those in the right column 
are the transmittance detected by detector 6 for Types A, B', and B''. Type B is a homogeneous medium with 
a high absorbing property that is identical to the third layer of Types A' and A''. Type A is also a homoge-
neous medium with a high scattering property that is identical to the third layer of Types B' and B''. From 
Figs. 6 and 7, it is seen that the transmittance signal detected in the medium subjected to a single square 
pulse greatly differed from those detected in the medium subjected to a square pulse train. With increase in 
the pulse train interval, the overlap effects of the transmitted pulse train gradually vanished, and the signals 
with fi ve peaks were detected. The magnitude of transmitted pulse decreased with increase in the volume 
with optical property of ω = 0.1 for Types B, A', and A'' and with decrease in the volume with optical proper-
ty of ω = 0.9 for Types A, B', and B''. The transmittance signals detected by detector 1 showed square waves 
similar to the irradiated pulse for any values of the pulse width and pulse train interval, indicating negligible 
pulse broadening at that location.

Figure 8 shows the temporal profi les of refl ectance and transmittance detected by detectors 1 and 6 in 
the homogeneous and inhomogeneous media subjected to a single collimated square pulse and a collimated 
square pulse train consisting of fi ve pulses with the pulse width of tp* = 3 for Types A, B, A', and A''. The cor-
responding fi gures for Types A, B, B', and B’’ are shown in Fig. 9. The fi gures in the left column are the results 
of the single collimated square pulse, and those in the right column are the results of the collimated square pulse 
train with the pulse train interval of td* = tp*. From Figs. 8 and 9, it is seen that, when the pulse train interval is 
long enough as compared to the pulse broadening, there is little overlap between the responses of successive 
pulses and the characteristics of a pulse train are similar to those of a single pulse. Here, the nondimensional 
pulse width and pulse train interval with tp* = td* = 3 correspond to the dimensional time of 150 ps when the 
characteristic length L of a unit cube is 10 mm and the speed of light in the medium is 0.2 mm/ps.

6. CONCLUSIONS

We conducted transient 3D numerical computations to investigate the ultrafast radiative transfer character-
istics in inhomogeneous participating media subjected to a collimated square pulse train by combining the 
DOM and Duhamel’s superposition theorem. The effi ciency of superposition was demonstrated by comparing 
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CPU times with and without use of superposition. Intensive studies in the homogeneous and inhomogeneous 
participating media subjected to a single collimated unit step square pulse, a single collimated square pulse, 
and a collimated square pulse train showed that (1) the magnitude of refl ectance and transmittance signals 
depend strongly on the detecting position; (2) the refl ectance signal depends strongly on the optical property 
of the fi rst layer, but will be affected by the second layer if the optical thickness of the fi rst layer becomes 
less signifi cant; (3) the transmittance signals detected depends on the overall optical properties of the medi-
um, (4) the signals detected for a single pulse greatly differed from those detected for a pulse train when the 
pulse interval is shorter than the pulse broadening, and (5) the signal characteristics for a pulse train can be 
expected from those of a single pulse when the pulse train interval is much longer than the pulse broadening.
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