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A NEW AND SIMPLE TECHNIQUE TO NORMALIZE THE
HG PHASE FUNCTION FOR CONSERVING SCATTERED
ENERGY AND ASYMMETRY FACTOR

Brian Hunter and Zhixiong Guo
Department of Mechanical and Aerospace Engineering, Rutgers,
The State University of New Jersey, Piscataway, New Jersey, USA

A new, yet simple, technique is formulated for normalizing the Henyey-Greenstein (HG)

phase function by ensuring conservation of both scattered energy and asymmetry factor

simultaneously, and is analyzed for use in determining accurate radiative transfer predictions

in strongly anisotropic scattering media using the discrete ordinates method (DOM). Two

recently published simple normalization techniques are able to conserve either scattered

energy or asymmetry factor after discretization solely by normalization of the forward-

scattering HG phase-function value. However, normalization of only the forward-scattering

term cannot conserve two quantities simultaneously. The present technique normalizes both

the forward-scattering and backward-scattering terms in order to conserve both scattered

energy and asymmetry factor simultaneously and maintain most of the phase-function shape

while retaining simplicity and efficiency. Analysis of radiative transfer predictions shows that

results generated using the present technique conform accurately to finite-volume method

(FVM) and Monte Carlo (MC) predictions, as well as to those generated using the authors’

previously developed matrix normalization technique, validating its accuracy.

INTRODUCTION

The discrete ordinates method (DOM) [1–7] has become one of the more
well known approximate methods for numerically evaluating radiative transfer via
solution of the equation of radiative transfer (ERT) in the last four decades of
radiative transfer research. First proposed by Chandrasekhar [1] in 1960 as a method
of determining atmospheric and astrophysical radiation, the DOM was later adopted
as a method to solve the neutron-transport equation [2, 3]. Some of the first work
applying the DOM as a method of determining steady-state radiative transfer was
accomplished in the 1980s by Fiveland [5, 6] and Truelove [7]. For use in determining
ultrafast radiative transfer in participating media, Guo and Kumar [8, 9] imple-
mented the DOM as a means of solving the transient hyperbolic ERT. Analytical
solution of the ERT is extremely difficult in many practical applications where
radiation scattering exists in complicated geometries, and thus accurate yet efficient
numerical solutions are necessary as an alternative to costly experimentation.

Received 12 August 2013; accepted 13 September 2013.

Address correspondence to Zhixiong Guo, Department of Mechanical and Aerospace Engineering,

Rutgers, The State University of New Jersey, 98 Brett Road, Piscataway, NJ 08854, USA. E-mail: guo@

jove.rutgers.edu

Numerical Heat Transfer, Part B, 65: 195–217, 2014

Copyright # Taylor & Francis Group, LLC

ISSN: 1040-7790 print=1521-0626 online

DOI: 10.1080/10407790.2013.849992

195

D
ow

nl
oa

de
d 

by
 [

R
ut

ge
rs

 U
ni

ve
rs

ity
] 

at
 0

6:
10

 2
4 

Fe
br

ua
ry

 2
01

4 



Accurate radiation modeling is especially important for processes where radiation is
the dominant mode of heat transfer, such as high-temperature combustion [10, 11],
material processing [12] and crystal growth [13], or biomedical therapeutic applica-
tions involving the interaction of living tissue with ultrafast laser light [14–16].

The discretization of the continuous angular variation using a finite set of
discrete radiation directions, with corresponding directional weighting factors,
in approximate methods such as the DOM is known to break the conservation of
scattered energy [17, 18] and phase-function asymmetry factor [19–21] for cases
where scattering is highly anisotropic, such as in biological tissue or many other
practical participating media. In many cases, scattered energy is so badly noncon-
served that iterative solution of the ERT becomes divergent, and numerical solution
becomes impossible [22]. To this end, phase-function normalization techniques
have been introduced. However, traditional techniques [17, 18] via normalization
of only scattered energy can result in errors due to angular false scattering [23, 24],
corresponding to an alteration in phase-function asymmetry factor. A normalization
technique developed recently by the current authors [20] is able to conserve the scattered
energy while simultaneously maintaining the original value of asymmetry factor, leading
to more accurate predictions of radiative transfer in both 2-D axisymmetric cylindrical
[20–22] and 3-D cubic enclosures [23, 24]. While accurate, this technique of Hunter
and Guo (2012) requires a predetermination of a normalization matrix.

Two additional phase-function normalization techniques, developed by
Mishchenko et al. [25] and Kamdem Tagne [26], tackled the issue of conserving
either scattered energy [25] or phase-function asymmetry factor [26] in a simpler
manner. Rather than mathematically altering every value of the discrete scattering
phase function, Mishchenko et al. [25] wisely modified only the forward-scattering
peak value to conserve scattered energy. This concept has the advantage of retaining
the phase-function value for the majority of directional combinations, as well as
being computationally savvy and easy to implement. Kamdem Tagne’s normali-
zation [26] followed the same idea but tried to conserve only asymmetry factor, and
found that conserving asymmetry factor is more critical than conserving scattered

NOMENCLATURE

Al0 forward-scattering normalization

vector parameter

Al0 l normalization matrix coefficients

Bl0� backward-scattering normalization

vector parameter

g asymmetry factor

I radiative intensity, (W=m2 sr)

M total number of discrete directions

r position vector

ŝs unit direction vector

w discrete direction weight

H scattering angle, �

m, g, n direction cosines

ra absorption coefficient, m�1

rs scattering coefficient, m�1

/, h radiation direction azimuthal angle

and polar angle, �

U scattering phase function
~UU normalized scattering phase function

x scattering albedo, ¼ rs

ðraþrsÞ

h i
Subscripts

b blackbody

HG Henyey-Greenstein

N DOM quadrature index

Superscripts

l, l0 radiation directions

l0l from direction l0 into direction l
0 radiation incident direction
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energy. However, these two methods cannot conserve both quantities simultaneously
for highly anisotropically scattering media.

In this study, a new normalization technique that accurately conserves both
scattered energy and asymmetry factor yet is as simple as the previous techniques of
Mishchenko et al. [25] and Kamdem Tagne [26] is mathematically formulated and
analyzed for the Henyey-Greenstein (HG) phase function. First, the mathematics
behind the new simple technique is discussed, with a detailed analysis of normaliza-
tion parameters presented. The shortcomings of previous normalization techniques
due to a lack of either scattered energy or phase-function asymmetry factor is
presented for varying DOM quadrature orders and prescribed phase-function
asymmetry factors. Finally, radiative transfer predictions in a 3-D participating
medium are generated using the DOM with the present technique and compared
with finite-volume method (FVM), Monte Carlo, and DOM results generated
with the authors’ previously published and accurate phase-function normalization
technique for validation purposes.

DISCRETIZATION OF THE ERT

For a gray, absorbing-emitting, and an isotropically scattering medium, the
steady-state ERT of radiation intensity I can be expressed, in general vector
notation, as follows [4]:

ŝs � rI r; ŝsð Þ ¼ � ra þ rsð ÞI r; ŝsð Þ þ raIb rð Þ þ rs

4p

Z
4p
I r; ŝs0ð ÞUðŝs0; ŝsÞ dX0 ð1Þ

In the ERT, the spatial gradients of radiative intensity on the left-hand side are
balanced on the right-hand side by intensity attenuation due to absorption and
out-scattering, and intensity augmentation due to blackbody emission and radiative
in-scattering between two radiation directions ŝs0 and ŝs.

For a general 3-D enclosure defined using Cartesian coordinates, Eq. (1) can be
expanded into a simultaneous set of partial differential equations in discrete
radiation directions ŝsl using the DOM in the following manner:

ml
qI l

qx
þ gl qI

l

qy
þ nl

qI l

qz
¼ � ra þ rsmð ÞI l þ Sl l ¼ 1; 2; . . . ;M ð2aÞ

Sl ¼ raIb þ
rs

4p

XM
l0¼1
l0 6¼l

wl0Ul0l I l
0 ð2bÞ

rsm ¼ rs 1� 1

4p
wlUll

� �
ð2cÞ

The ERT is discretized into M total discrete radiation directions ŝsl , which are defined
both by polar angle h and azimuthal angle /. The direction cosines m¼ sinh cos/,
g¼ sinh sin/, and n¼ cosh correspond to the x, y, and z directions, respectively.
In the source term of Eq. (2b), the integral term in Eq. (1) representing the
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in-scattering of diffuse radiative intensity has been replaced by a discrete quadrature
summation. In this summation, wl0 is the DOM directional weighting factor corre-
sponding to radiation direction ŝsl

0
, and Ul0l is the diffuse scattering phase-function

value between two arbitrary radiation directions ŝsl
0
and ŝsl . As a means of improving

DOM computational efficiency in strongly scattering media, Eq. (2c) defines a modi-
fied scattering coefficient rsm [27], by which the forward-scattering term is extracted
from the in-scattering summation in the source term of Eq. (2b) and treated as
transmission.

Radiation scattering is described by the Mie phase function U. While exact
implementation of the Mie phase function in numerical simulation is achievable,
the highly oscillatory nature makes application difficult and computationally
inefficient. As a means of avoiding this issue, phase-function approximations are
commonly used. One of the more commonly implemented phase-function approxi-
mations, due to its ability to accurately capture the strong forward scattering peaks
inherent in highly anisotropic scattering media, is the Henyey-Greenstein (HG)
phase function, whose analytic form can be expressed as follows:

UHGðHÞ ¼ 1� g2

1þ g2 � 2g cos Hð Þ½ �1:5
ð3Þ

In the above, g is the overall phase-function asymmetry factor, which is a measure of
the average cosine of scattering angle H.

To solve Eqs. (2a)–(2c) using the DOM, the computational domain of interest is
subdivided into control volumes, and the spatial derivatives are approximated using
traditional control-volume differencing methods. Spatial grid sizes are taken as small
as possible to obtain sufficient solution accuracy, while keeping in consideration that
substantial grid refinement can lead to exorbitant increases in both solution time
and required computational memory storage. In addition to the spatial grid, the
DOM quadrature scheme must be explicitly specified at the simulation outset in order
to fully define both the angular distribution of the M discrete radiation directions
and the weighting factors corresponding to each discrete direction. In this study, the
Legendre-Chebyshev DOM quadrature (symbolized as PN-TN) outlined by Longoni
and Haghighat [28] is used to discretized the continuous angular variation, where
the subscript N relates to the total number of discrete directions M by the relation
M¼N(Nþ 2). The PN-TN quadrature holds some advantages over the traditional
level-symmetric SN quadrature, including a better approximation of both even- and
odd-moment conditions, as well as no restriction on discrete direction number [28].

After definition of the computational grid, quadrature scheme, and medium
properties, Eqs. (2a)–(2c) can be solved using a control-volume marching procedure
[9]. For brevity, further details on the DOM solution procedure are not repeated
here, but are readily available in standard texts [4] and in the authors’ previous
publications [8, 9, 23].

PHASE-FUNCTION NORMALIZATION

It is well recognized in numerical simulation of radiative transfer that, after
directional discretization of the continuous angular variation of radiative intensity,

198 B. HUNTER AND Z. GUO

D
ow

nl
oa

de
d 

by
 [

R
ut

ge
rs

 U
ni

ve
rs

ity
] 

at
 0

6:
10

 2
4 

Fe
br

ua
ry

 2
01

4 



the overall conservation of scattered energy in the system should be accurately
preserved. In order to ensure conservation of scattered energy after discretization,
the following constraint must be satisfied:

E ¼ 1

4p

XM
l¼1

Ul0lwl ¼ 1 l0 ¼ 1; 2; . . . ;M ð4Þ

When scattering is isotropic (U¼ 1), this condition is exactly conserved. However,
as scattering becomes increasingly anisotropic, this condition becomes more greatly
violated, leading to extreme discrepancies in radiative transfer predictions. In fact,
in some cases, the scattered energy condition is so badly violated that the iterative
solution of the ERT diverges toward infinity, rendering the numerical simulation
useless.

In addition to the conservation of scattered energy, the overall phase-function
asymmetry factor should remain unaltered after directional discretization in order to
maintain scattering properties in the medium [19, 20]. In order to ensure that this is
the case, the discrete scattering phase function should also satisfy the following
conservation constraint [20]:

1

4p

XM
l¼1

Ul0lwl cosHl0l ¼ g l0 ¼ 1; 2; . . . ;M ð5Þ

where Hl0l is the scattering angle between discrete directions ŝsl
0
and ŝsl .

Kim and Lee’s Scattered Energy Normalization

One of the most well known methods of ensuring the conservation of scattered
energy after directional discretization is to apply phase-function normalization, by
which the discrete phase-function values Ul0l in Eq. (2) are physically adjusted in
order to accurately satisfy Eq. (4). One of the more commonly implemented techni-
ques to explicitly guarantee the accurate satisfaction of Eq. (4) was described by Kim

and Lee [18]. Using their approach, the normalized phase-function values ~UU
l0l

that
will satisfy Eq. (4) after substitution can be calculated in the following manner:

~UU
l0l ¼ Ul0l � 1

4p

XM
l¼1

Ul0lwl

 !�1

ð6Þ

In this method, each discrete phase-function value Ul0l is multiplied by the inverse of
the scattered-energy normalization condition for the specific radiation direction ŝsl

0
,

ensuring that the left-hand side of Eq. (4) is equal to unity after substitution of
the normalized phase-function values. It is important to note that implementation
of this technique will alter every single discrete phase-function value in the system.
While normalization using this technique does accurately satisfy Eq. (4), it has been
recently shown [19–22] that this technique breaks conservation of Eq. (5). The over-
all asymmetry factor after Kim and Lee’s normalization is applied becomes strongly
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skewed away from the prescribed value, leading to substantial errors in radiative
transfer predictions due to angular false scattering [23, 24].

Mishchenko et al.’s Scattered Energy Normalization

Mishchenko et al. [25] introduced another normalization technique, specifically
crafted to accurately conserve scattered energy. For strong forward scattering HG
phase function, they noted that the magnitude of the forward scattering term (i.e.,Ul0l0,
where cosH¼ 1) was significantly larger than the remaining discrete phase-function
values. Rather than normalizing every value of Ul0l in the system, they proposed to
conserve scattered energy solely through normalization of the forward-scattering term
Ul0l0, leaving all other values of Ul0l unaltered. Applying this notion, the normalized
value of the forward scattering phase-function term can be expressed as follows:

~UUl0l0 ¼ 1þ Al0
� �

Ul0l0 ð7Þ

where Al0 is the forward-scattering normalization vector parameter. The values of the
forward-scattering normalization parameters that will accurately conserve scattered
energy can be expressed as follows [25]:

Al0 ¼ 4p�
PM

l¼1U
l0lwl

Ul0l0wl0
l0 ¼ 1; 2; . . . ;M ð8Þ

This normalization technique does not guarantee accurate conservation of Eq. (5), and
thus will suffer from angular false-scattering errors. However, this method appears to
be a simpler alternative to Kim and Lee’s technique, as it conserves scattered energy
accurately while retaining the values of Ul0l for all cases except when l¼ l0. An
additional note about this technique is that, in its present form, it is only valid for
forward-scattering phase functions (g> 0). For backward-scattering problems (g< 0),
where the strong scattering peak occurs for cos(H)¼�1, Eq. (8) must be re-derived
so that the backward-scattering phase function term is instead normalized.

Kamdem Tagne’s Asymmetry Factor Normalization

Recently, Kamdem Tagne [26] extended the formulation of Mishchenko et al.
to develop a normalization technique that guarantees the preservation of asymmetry
factor after discretization. In a similar manner to Mishchenko et al., Kamdem Tagne
focused solely on normalizing the forward-scattering term, as shown in Eq. (7).
However, instead of using Eq. (4) as the basis for determining the normalization
parameters, the asymmetry factor conservation condition of Eq. (5) is used. Imple-
menting the normalization, Eq. (5) can be rewritten in the following form:

1

4p

XM
l ¼ 1
l 6¼ l0

Ul0lwl cosHl0l þ 1

4p
1þ Al0
� �

Ul0l0wl0 cosHl0l0 ¼ g l0 ¼ 1; 2; . . . ;M ð9Þ
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Rearranging Eq. (9) and solving for Al0, the values of the forward-scattering
normalization parameters that will accurately conserve phase-function asymmetry
factor are [26]

Al0 ¼ 4pg�
XM

l¼1
Ul0lwl cosHl0l

� �
= Ul0l0wl0
� �

l0 ¼ 1; 2; . . . ;M ð10Þ

where the denominator is simplified by the fact that cosHl0l0 ¼ 1.
This technique has the advantage of being able to accurately conserve

phase-function asymmetry factor, but it does not guarantee accurate conservation
of scattered energy in the system, a fact that could lead to significant discrepancies
in radiative transfer predictions.

Hunter and Guo’s Normalization (2012)

Ideally, both Eq. (4) and Eq. (5) should be accurately conserved after direc-
tional discretization, in order to produce accurate radiative transfer results. While
the previous three normalization techniques are able to conserve either scattered
energy or phase-function asymmetry factor, they cannot mathematically conserve
both quantities concurrently. To this end, Hunter and Guo [20] recently developed
a new phase-function normalization technique, in which the discrete scattering
phase-function values are normalized in the following manner:

~UU
l0l ¼ 1þ Al0l

� �
Ul0l ð11Þ

where the normalization matrix parameters Al0l are determined such that ~UU
l0l
satisfies

Eq. (4) and Eq. (5) simultaneously, as well as a directional symmetry condition

~UU
l0l ¼ ~UU

ll0
� �

. The linear system comprised of Eq. (11) and Eqs. (4) and (5) is under-

determined, as there are 2M equations and M(Mþ 1)=2 unknown normalization
parameters. The desired normalization parameters Al0l which simultaneously
conserve scattered energy and asymmetry factor accurately can be determined
via the minimum-norm solution of this system, which is easily obtained using
least-squares approximation or pseudo-inversion. DOM radiative transfer results
determined using this technique have been shown to conform accurately to both
FVM [20, 21] and Monte Carlo (MC) predictions [23, 24], indicating the importance
of conserving asymmetry factor as well as scattered energy.

Proposed New Normalization Technique

The normalization techniques of Mishchenko et al. and Kamdem Tagne have
the advantage of being simple to implement. However, each of these techniques is
only able to conserve one of the two quantities of interest. In order to conserve both
scattered energy and asymmetry factor simultaneously, it is proposed in this study
that, in addition to normalizing the forward-scattering term, the backward-
scattering term Ul0l� is also normalized, where the superscript l� represents the
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radiation direction directly opposite from ŝsl
0
, where cosHl0l� ¼ �1. Applying this

idea, the normalized values of the forward and backward scattering phase-function
terms can be expressed as follows:

~UU
l0l0 ¼ 1þ Al0

� �
Ul0l0 l0 ¼1; 2; . . . ;M ð12aÞ

~UU
l0l� ¼ 1þ Bl

0�
� �

Ul0l
0�

l0 ¼1; 2; . . . ;M ð12bÞ

where Bl0� is the backward-scattering normalization-vector parameter. Using this
technique, the conservation of scattered energy and asymmetry factor conditions
of Eqs. (4) and (5) can be rewritten in the following form:

1

4p

XM
l ¼ 1
l 6¼ l0

l 6¼ l�

Ul0lwl þ 1

4p
1þ Al0
� �

Ul0l0wl0 þ 1

4p
1þ Bl

0�
� �

Ul0l�wl� ¼ 1 ð13aÞ

1

4p

XM
l¼1
l 6¼l0
l 6¼i�

Ul0lwl cos Hl0l þ 1

4p
ð1þ Al0 ÞUl0lwl0 cos Hl0l

þ 1

4p
ð1þ Bl0�ÞUl0l�wl� cos Hl0l� ¼ g ð13bÞ

where l0 ¼ 1, 2, . . . , M for both equations. This system has a unique solution, since
there are 2M equations and 2M unknowns (M values of Al0 and M values of Bl0� ).
Simultaneous solution of Eqs. (13a) and (13b) lead to the following expressions:

Al0 ¼ 1

2Ul0l0wl0
4p 1þ gð Þ �

XM
l¼1

Ul0lwl 1þ cosHl0l
� �" #

ð14aÞ

Bl
0� ¼ 1

2Ul0l�wl�
4p 1� gð Þ þ

XM
l¼1

Ul0lwl cosHl0l � 1
� �" #

ð14bÞ

Use of these normalization parameters for each discrete direction ŝsl
0
guarantees

that Eqs. (4) and (5) will be accurately conserved for any quadrature scheme.
Additionally, Eqs. (14a) and (14b) are valid over the entire range of phase-function
asymmetry factor �1� g� 1, and need no alterations for phase functions with
backward-scattering peaks or for dielectric materials with both forward and
backward peaks.

RESULTS AND DISCUSSION

In order to fully investigate the accuracy and efficiency of the present normal-
ization technique, the results and discussion are presented in three parts. First, the
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lack of conservation of scattered energy or phase-function asymmetry factor
witnessed after implementation of the previously published normalization techniques
of Kim and Lee, Mishchenko et al., and Kamdem Tagne is examined, in order to
give a preliminary indication as to the necessity of conserving both quantities simul-
taneously. Second, the values of both the forward- and backward-scattering normal-
ization parameters associated with the present normalization technique are analyzed
for varying DOM quadrature order and phase-function asymmetry factor. Finally,
a comparison between DOM radiative transfer profiles generated using the present
normalization technique, as well as the previously published techniques, with both
FVM (with minimal solid-angle splitting) and MC radiative transfer predictions
is presented as a means of validation of the results generated using the present
technique.

For all results presented in this study, the workstation used for simulation
is a Dell Optiplex 780, with an Intel Core 2 processor and 4.0 GB of RAM.
DOM results were generated using the FORTRAN computing language. For all
normalization techniques except Hunter and Guo’s 2012 normalization, all normal-
ization parameters and calculations were performed directly in the FORTRAN
environment. For Hunter and Guo’s 2012 normalization, where matrix mani-
pulation is required, the normalization matrix Al0l was predetermined using MATLAB
R2012b’s built-in least-squares approximation solver. The relevant data needed to
generate said normalization parameters were compiled in FORTRAN and exported
into MATLAB. From there, the normalization parameters were generated and
imported back into FORTRAN for further analysis.

The lack of either scattered energy or asymmetry-factor conservation for the
various normalization techniques is presented in Table 1. In this table, scattered-
energy conservation and asymmetry-factor values are tabulated for DOM PN-TN

Table 1. Discretized scattered-energy and=or asymmetry-factor values for various normalization

techniques using DOM PN-TN quadrature and HG phase function with g¼ 0.6000, 0.8000, and 0.9300

g N

No normalization Kim and Lee Mishchenko E Kamdem Tagne g

Discretized

E

Discretized

g

Discretized

g

% Diff in

(1� g)

Discretized

g

% Diff in

(1� g)

Discretized

E

% Diff

in E

0.6000 4 1.0741 0.6818 0.6347 8.684 0.6077 1.917 0.9923 0.7669

6 1.0111 0.6123 0.6056 1.399 0.6012 0.308 0.9988 0.1231

8 1.0018 0.6021 0.6009 0.237 0.6002 0.053 0.9998 0.0213

12 1.0001 0.6001 0.6000 0.009 0.6000 0.002 1.0000 0.0008

16 1.0000 0.6000 0.6000 0.000 0.6000 0.000 1.0000 0.0000

0.8000 4 2.2171 2.0349 0.9177 58.87 0.8177 8.868 0.9823 1.7737

6 1.4274 1.2346 0.8648 32.38 0.8072 3.604 0.9928 0.7209

8 1.1695 0.9726 0.8315 15.77 0.8031 1.555 0.9969 0.3110

12 1.0312 0.8318 0.8066 3.322 0.8006 0.314 0.9994 0.0628

16 1.0064 0.8065 0.8014 0.703 0.8001 0.068 0.9999 0.0135

0.9300 4 16.524 16.466 0.9965 94.98 0.9414 16.29 0.9886 1.1400

6 8.3776 8.3149 0.9925 89.26 0.9373 10.43 0.9927 0.7300

8 5.1532 5.0880 0.9873 81.82 0.9348 6.857 0.9952 0.4800

12 2.6833 2.6157 0.9746 63.78 0.9324 3.429 0.9976 0.2400

16 1.8047 1.7360 0.9617 45.36 0.9313 1.857 0.9987 0.1300
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quadrature indices of N¼ 4, 6, 8, 12, and 16, corresponding to M¼ 24, 48, 80, 168,
and 288 discrete directions, respectively. Three typical values of HG asymmetry
factor are presented: g¼ 0.6000, 0.8000, and 0.9300. As a means of validating the
need for phase-function normalization, scattered-energy and asymmetry-factor
conservation values are listed for the DOM without any phase-function normali-
zation implemented. For Kim and Lee’s technique, as well as Mishchenko et al.’s
scattered-energy normalization, only discretized asymmetry-factor values are pre-
sented, since scattered-energy is conserved. Conversely, for Kamdem Tagne’s
normalization, only the scattered-energy conservation ratio is presented, since asym-
metry factor is conserved. Percent differences in both E and in (1� g) are also listed,
in order to gauge the significance of lack of parameter conservation. According to
the isotropic scaling law [30], the change in scattering effect brought about by distor-
tion of g is actually manifested in the difference of (1� g). Thus, it is more prudent
and beneficial to analyze the changes in (1� g) in order to gauge the impact that
asymmetry factor distortions will have on radiative transfer results, rather than
changes in g itself as done in [26]. It is important to note that both Hunter and Guo’s
2012 normalization and the present technique accurately conserve both E and g
quantities, so their data are not tabulated.

For g¼ 0.6000, lack of phase-function normalization leads to nonconservation
in both energy and asymmetry factor after discretization when the number of dis-
crete directions is small (N< 8). For example, using the P4-T4 quadrature (N¼ 4),
scattered energy is altered from 1.000 to 1.0741, while g is altered from 0.6000 to
0.6818. As the quadrature level is increased, the discrepancies in both quantities
become smaller, with no differences in scattered energy and scattering effect wit-
nessed for P16-T16. These data indicate that phase-function normalization is
unnecessary to accurately conserve both quantities at this asymmetry factor value
for high-order quadratures, but may still be important if the total number of direc-
tions is minimal. As scattering becomes more highly anisotropic, however, drastic
differences in both scattered energy and asymmetry factor are realized for all quad-
rature sets. For g¼ 0.8000, scattered energy and asymmetry factor are reasonably
conserved for P16-T16, but not for P12-T12. Further, for extreme forward scattering
(g¼ 0.9300), extreme discrepancies in both scattered energy and scattering effect
are seen. These values indicate the importance and necessity of phase-function
normalization when scattering is strongly anisotropic.

When Kim and Lee’s normalization technique of Eq. (6) is applied, discretized
scattered energy is effectively conserved in the system. However, distortions in the
overall asymmetry factor after normalization application must be analyzed, as angu-
lar false-scattering errors in radiative transfer results have been directly tied to said
asymmetry-factor distortions [23, 24]. As was the case when no normalization was
applied, only minimal discrepancies in asymmetry factor are witnessed for g¼ 0.6000.
Asymmetry factor is effectively conserved within 0.5% for P8-T8 and higher without
requiring any further normalization, and discrepancies of 8.68% and 1.40% are
witnessed for P4-T4 and P6-T6. Increasing the prescribed asymmetry factor value
to g¼ 0.8000 results in larger discrepancies for the five quadrature sets, with differ-
ences in scattering effect of under 10% realized only for the higher-order quadra-
tures. For the extreme case (g¼ 0.9300), differences in scattering effect exceed 45%
for all quadratures, with discretized asymmetry factors of g¼ 0.9965, 0.9925,
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0.9873, 0.9746, and 0.9617 seen for the five quadratures, respectively. Differences of
this magnitude have previously been shown to result in large angular false-scattering
errors in DOM radiative-transfer predictions for this prescribed asymmetry factor in
comparison to Monte Carlo and FVM predictions [24, 29], indicating that Kim and
Lee’s technique is unsuitable for strongly anisotropic scattering.

As previously discussed, Mishchenko et al.’s normalization of Eqs. (7)–(8) is
able to effectively conserve scattered energy, similar to Kim and Lee’s technique.
However, the fact that nearly all of the phase-function values are preserved during
this process leads to much smaller errors in discretized asymmetry factor than are
seen after implementation of Kim and Lee’s technique. For g¼ 0.6000, application
of Mishchenko et al.’s normalization leads to scattering-effect changes of less than
2% for all quadratures, indicating reasonable conservation of asymmetry factor
for radiative-transfer analysis. In comparison with Kim and Lee’s technique, the
differences in scattering-effect change are dramatically reduced when only the
forward-scattering term is normalized. However, when g¼ 0.9300, >5% change is
observed for N< 12, with differences of 16.29% and 10.43% occurring for N¼ 4
and N¼ 6, respectively.

Kamdem Tagne’s normalization technique of Eqs. (9)–(10) is able to conserve
phase-function asymmetry factor exactly after angular discretization, unlike the two
previously discussed techniques. This fact is beneficial to radiative transfer results,
in general, as it means that angular false-scattering errors should be minimized.
However, this technique does not guarantee the conservation of scattered-energy
in the system. As seen in Table 1, the discrepancies in scattered-energy conservation
using Kamdem Tagne’s normalization technique are not as large as the discrepancies
in asymmetry factor and scattering effect when either Kim and Lee’s or Mishchenko
et al.’s normalization techniques is implemented. For g¼ 0.6000, energy is only
slightly nonconserved for low quadratures. As asymmetry factor is increased, the
discrepancies in energy conservation increase, but the values remain minimal (less
than 1% for all quadratures except P4-T4). Although the deviations in scattered
energy are not of high magnitude, accumulation of errors during computation can
be appreciable and=or lead to divergence of iteration.

One common element that exists in all five previously discussed normalization
techniques is that the forward-scattering phase-function term is normalized in some
way, in order to artificially reduce the forward-scattering peak such that either scat-
tered energy, asymmetry factor, or both are conserved. Figure 1 presents the values
of the forward-scattering normalization parameters for the DOM P8-T8 quadrature
(M¼ 80) for the five normalization techniques using a prescribed HG asymmetry
factor of g¼ 0.9300. The parameters are presented for the directions in the principal
octant, as they will repeat in other octants due to DOM directional symmetry. For
Mishchenko et al.’s, Kamdem Tagne’s, and the present normalization technique, the
values of the forward-scattering parameter Al0 are plotted, while for Hunter and
Guo’s 2012 normalization, the normalization parameter Al0l0 is shown. For Kim and
Lee’s technique, the normalization value shown is the value of the inverse sum-
mation in Eq. (6) minus one, in order to make sure the value is in the same numerical
form. By comparing the forward-scattering normalization parameter values in the
present technique to the other previously published techniques, a preliminary justi-
fication of the mathematics behind the present technique can be established.
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As seen in Figure 1, the normalization parameters Al0generated using the
present technique are nearly identical to those generated using Mishchenko et al.’s
and Kamdem Tagne’s normalization techniques for all directions in the principal
octant. The average values of the forward-scattering normalization parameter
for this DOM quadrature and HG asymmetry factor are �0.84266, �0.84356, and
�0.84316 for Mishchenko et al.’s, Kamdem Tagne’s, and the present normalization
technique, respectively, indicating that these techniques are all performing a very
similar operation on the forward-scattering term. However, the overall asymmetry
factor in Mishchenko et al.’s normalization technique is altered from g¼ 0.9300 to
g¼ 0.9373, and scattered-energy conservation is not realized using Kamdem Tagne’s
technique (from E¼ 1.000 to E¼ 0.9927), while both the quantities are conserved by
the present technique and Hunter and Guo’s 2012 technique. The forward-scattering
normalization parameters calculated using Hunter and Guo’s 2012 normalization
technique are slightly lower than the three previously discussed techniques. This
is due to the fact that, unlike the three techniques which solely normalize the
forward-scattering peak, every phase-function term is normalized in Hunter and
Guo’s technique, so the drop in forward-scattering phase-function term is counter-
acted by slight increases in the other phase-function values. For Kim and Lee’s
technique, while at first glance the forward-scattering peak is not reduced as greatly
after normalization, the alteration of the remaining phase-function values is signifi-
cant, causing a massive shift in discretized phase-function asymmetry factor from the
prescribed g¼ 0.9300 to 0.9873.

Figures 2a and 2b examine the minimum value of the forward-scattering
normalization parameter and the discretized value of the forward-scattering phase-
function peak after normalization treatment, respectively, versus prescribed HG
asymmetry factor after application of the present technique. The results are
presented for five DOM PN-TN quadrature orders: P4-T4, P6-T6, P8-T8, P12-T12,

Figure 1. Comparison of forward-scattering normalization parameters in the principal octant among

various normalization techniques with M¼ 80 discrete directions (color figure available online).
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and P16-T16, corresponding to M¼ 24, 48, 80, 168, and 288 discrete directions,
respectively. As the number of discrete directions is increased, the absolute
values of the forward-scattering normalization parameters decrease for a given g,
confirming that refinement of the angular grid reduces the magnitude of phase-
function normalization. Reduction of the forward-scattering peak value by �5%
[i.e., Al0 <�0.05] occurs for g> 0.40, 0.55, 0.65, 0.70, and 0.75 for M¼ 24, 48, 80,
168, and 288 discrete directions, respectively. For the prescribed g¼ 0.9300, the
minimum forward-scattering normalization parameters reach values of �0.94838,
�0.90629, �0.85756, �0.74414, and �0.62944 for the five quadrature orders,
indicating that substantial increase in discrete direction number allows for more
accurate representation of the forward-scattering peak. It is important to note that,
as g approaches unity, the forward-scattering normalization parameters approach,

Figure 2. (a) Minimum values of forward-scattering phase-function normalization parameters and

(b) normalized forward-scattering discrete phase-function values for various discrete direction numbers

versus HG asymmetry factor using the present normalization technique (color figure available online).
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but never exceed, negative one. If the normalization parameters were to become less
than negative one, the value of the modified scattering coefficient of Eq. (2c) would
become negative after substitution of ~UU

ll
, which is physically impossible.

As seen in Figure 2b, the actual values of the forward-scattering peak remain
accurate for weakly anisotropic scattering, but become greatly reduced for strongly
anisotropic scattering, corresponding to the parameter values in Figure 2a. For pre-
scribed g¼ 0.8000, the theoretical value of the forward-scattering peak from Mie
theory is 45. After application of the present normalization technique to conserve
both scattered energy and asymmetry factor, this value is reduced to 15.07, 23.25,
29.80, 38.10, and 41.97 for the five quadrature orders, respectively. For the more
extreme case where g¼ 0.9300, the forward-scattering peak values are reduced from
393.88 to 10.66, 19.74, 30.64, 57.80, and 87.94 for the five quadratures. As previously
discussed with regard to Figure 1, the previously published normalization techniques
also result in similar reductions of the forward-scattering peak values, in order to
satisfy the specific conservation constraints, meaning that application of any phase-
function normalization will result in significant reduction of the forward-scattering
peak for strongly anisotropic scattering. Such a reduction has also been shown in
the study of Kamdem Tagne [26], in which no obvious effect on overall radiative
transfer analysis was found. Substantial increase in discrete direction number over
M¼ 288 has been shown previously to reduce the need for normalization while
maintaining forward-scattering peak value, albeit with a major impact on computa-
tional time and memory [29].

The new concept for the present normalization technique is to additionally
normalize the backward-scattering phase-function term, leading to the ability to con-
serve both Eqs. (4) and (5) simultaneously. Figures 3a and 3b examine the maximum
value of the backward-scattering normalization parameter and the discretized value
of the backward-scattering phase-function value after normalization, respectively,
versus prescribed HG asymmetry factor after application of the present technique.
As was the case for the forward parameters, the backward parameters have a negli-
gible value for weakly anisotropic scattering. However, as anisotropy is increased,
the values of the backward parameters dramatically increase. For example, at
g¼ 0.8000, the backward-scattering parameters reach values of 3.46, 2.91, 2.20,
1.09, and 0.502 for the five quadrature sets, respectively. An interesting phenomenon
occurs for extremely high anisotropic scattering (g> 0.90), where the backward para-
meters for higher-order DOM start to attain larger values than for lower-order
DOM. For example, for g¼ 0.9300, the backward parameters reach values of
7.70, 9.54, 10.5, 10.9, and 10.4, respectively for the five quadratures. This is due to
the fact that the directional weighting factors reduce in magnitude as the quadrature
level is increased, combined with the large value of forward-scattering peak for
highly anisotropic scattering.

The values of the backward-scattering parameters in Figure 3a can be of the
order of 10 for extremely large g. Looking at Figure 3b, which plots the actual values
of the normalized backward-scattering phase function, these large parameter
values correspond to minor increases in terms of absolute-value change in phase
function. At g¼ 0.9300, the backward-scattering parameter theoretically should
have a value of 0.019. After application of the present normalization technique, this
value is increased to 0.179, 0.228, 0.263, 0.301, and 0.309 for the five quadrature sets,
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respectively. These increases are still significantly smaller in magnitude than the
value of the forward-scattering peak for highly anisotropic scattering. Further, the
values are still significantly less than unity, meaning that the impact of such high
backward parameters will not be a major concern. It is worth mentioning that the
present technique is applicable for backward-scattering problems where g< 0, with
the only difference being that the forward and backward parameters in Figures 2a
and 3a trade values (i.e., the forward parameters for g> 0 become the backward
parameters for g< 0).

To validate use of the present technique, it is necessary to examine and com-
pare the impact of the various phase-function normalization techniques on actual
radiative-transfer predictions. The benchmark test problem involves steady-state

Figure 3. (a) Maximum values of backward-scattering phase-function normalization parameters and

(b) normalized backward-scattering discrete phase-function values for various discrete direction numbers

versus HG asymmetry factor using the present normalization technique (color figure available online).
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radiative transfer in a cubic enclosure of edge length L. The cubic enclosure houses
a purely scattering (x¼ 1.0) medium, which scatters radiant energy an isotropically
with g¼ 0.9300. To ensure radiative transfer invariance with spatial grid refinement,
a spatial grid of (Nx�Ny�Nz)¼ 27� 27� 27 is applied, and the positive-
differencing scheme is implemented [4]. The spatial coordinates are nondimensiona-
lized in the following manner: x� ¼ x=L, y� ¼ y=L, and z� ¼ z=L. The medium and
enclosure walls are taken to be cold and black, except for the wall at z� ¼ 0, which
is taken as a diffuse emitter with unity emissive power.

Figures 4a–4d present nondimensional heat flux Q calculated at the centerline
of the wall opposite the emitter, i.e., Qðx�; y� ¼ 0:5; z� ¼ 1:0), using Mishchenko
et al.’s, Kamdem Tagne’s, Hunter and Guo’s 2012, and the present normalization
technique. The optical thickness of the medium is s¼ (raþrs)L¼ 10.0, with
reduced optical thickness (1� g)s¼ 0.70. Results generated using Kim and Lee’s
technique will not be presented here, due to the high magnitude of angular false-
scattering errors resulting from the asymmetry factor distortions seen in Table 1.

Figure 4. Comparison of Q(x�, y� ¼ 0.5, z� ¼ 1) between DOM solutions generated with various

phase-function normalizations and FVM and Monte Carlo [19] predictions using g¼ 0.9300 with

(a) M¼ 48, (b) M¼ 80, (c) M¼ 168, and (d) M¼ 288 discrete directions (color figure available online).
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Its improperty has been addressed in [20, 21]. Results are presented for the PN-TN

quadrature with M¼ 48, 80, 168, and 288 discrete directions. As a means of com-
parison, heat flux profiles determined using the FVM and MC are also shown.
The FVM profile was generated using the FTN-FVM quadrature set of Kim and
Huh [31] with M¼ 2,400 discrete directions. At this directional order, the discretized
asymmetry-factor value is g¼ 0.9294, which is very close to the prescribed value of
g¼ 0.9300. The MC heat-flux profile is taken from Boulet et al. [19], and was
generated using greater than 4 million quanta per control volume using a 21� 21� 21
spatial grid.

In Figure 4a, results for lower-order M¼ 48 discrete directions are presented.
Heat flux generated with Mishchenko et al.’s normalization, which corresponds to
a discretized asymmetry factor of g¼ 0.9373, overpredicts the heat flux generated
using the present technique by about 4% over the range of x�. This overprediction
is consistent with a higher asymmetry factor, as radiant energy is able to propagate
more strongly through the medium toward the wall of interest when g is higher.
Conversely, the profile generated using Kamdem Tagne’s normalization under
predicts the present technique by about 5%, corresponding to the fact that scattered
energy is under conserved, thereby lowering the overall heat flux. When comparing
the present technique to that of Hunter and Guo (2012), which is known to also con-
serve both energy and asymmetry factor simultaneously, a maximum discrepancy of
2.7% is witnessed, with an average difference of 1.4%. For this lower directional
order, the DOM suffers greatly from ray effect [32], leading to physically unrealistic
bumps in the heat flux profile. This can be seen in comparison with both FVM and
MC predictions, as heat flux generated with the present technique overpredicts the
FVM results by a maximum of 7.2% at x� ¼ 0.50, and underpredicts by a maximum
of 6.6% at x� ¼ 0.14. It is notable that, while the FVM and MC profiles exhibit
a similar shape, they differ by between 1.9% and 3.2% over the range of x�. This
difference can be attributed to both approximation errors in the FVM, and to
statistical errors inherent in MC [19].

When the number of discrete directions is increased to M¼ 80 in Figure 4b,
the impact of ray effect on the DOM profiles is relatively lessened, and the DOM heat
flux profiles start to resemble the FVM andMC profiles in general. Use ofMishchenko
et al.’s normalization alters the prescribed asymmetry factor to g¼ 0.9348, resulting in
a heat flux that overpredicts the present technique by about 2.6%. The lack of energy
conservation in Kamdem Tagne’s normalization results in an underprediction of about
3.3% when compared to the present technique, indicating that the increase in direction
number has improved the discrepancies from those seen in Figure 4a. The interesting
comparison comes when comparing the present technique to Hunter and Guo’s 2012
normalization. The differences between these two heat flux profiles are minimal,
with an average percent difference of only 0.5% seen. Heat flux generated using
the DOM with the present technique conforms fairly accurately to FVM and MC
predictions, as well, with average percent differences of 1.5% and 3.7%, respectively.

A further increase the number of directions toM¼ 168 in Figure 4c reduces the
discrepancies in asymmetry factor and energy conservation for Mishchenko et al.’s
and Kamdem Tagne’s normalization. The heat flux generated using Mishchenko’s
technique still overpredicts the present technique by an average of 1.3%, corres-
ponding to the asymmetry-factor distortion to 0.9324, while Kamdem Tagne’s
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normalization results in a heat flux that underpredicts the present technique by
an average of 1.7%, corresponding to a scattered-energy conservation ratio of
0.9976. The profiles generated using both Hunter and Guo’s 2012 normalization
and the present technique are nearly identical. The present technique also conforms
accurately to the FVM with large M¼ 2,400 at all locations, with an average differ-
ence of less than 1%. Additionally, use of the DOM with a normalization technique
presents a distinct advantage in computational efficiency over the extremely high-
order FVM. Table 2 presents computational convergence times, in minutes, for
both the DOM and FVM with varying directional orders versus medium optical
thickness. DOM convergence times are presented for the present normalization
technique only, as times are similar for using other normalization techniques. For
M¼ 168, the DOM with the present technique produces a converged solution
in 5.53min, while the FVM with 2,400 discrete directions requires 2,235min
(37.25 h) to converge. The DOM with present technique is able to reduce the
required computational time by 99.8% without impacting solution accuracy.

A final increase in discrete direction number to M¼ 288 in Figure 4d shows
an even greater minimization of error between all of the techniques. Mishchenko
et al.’s (g¼ 0.9313) and Kamdem Tagne’s (E¼ 0.9987) differ slightly from the
present technique, with an average differences of less than 1%, while Hunter and
Guo’s 2012 normalization differs by an average of less than 0.1%. The present tech-
nique conforms extremely accurately (average difference of 0.6%) to the extremely
high-direction FVM profile, while providing a distinct advantage in computational
efficiency. As seen in Table 2, while the extremely high-order FVM required 37.25h
to converge, the DOM P16-T16 with the present technique required only 18.2m.

An analysis of the impact of the various phase-function normalization techni-
ques on radiative transfer in an optically thin, purely scattering medium (s¼ 1.0,
(1� g)s¼ 0.07) is presented in Figure 5. Heat flux Qðx�; y� ¼ 0:5; z� ¼ 1:0Þ is
presented for M¼ 48, 80, and 288 discrete directions, respectively, with prescribed
asymmetry factor taken as g¼ 0.9300. FVM heat flux, generated with extremely high
M¼ 2,400, is also presented. For lower-order DOM (M¼ 48 and 80), the appearance

Table 2. Computational convergence times for DOM with the present

normalization technique and FVM with minimal solid-angle splitting

versus medium optical thickness and discrete direction

Computational convergence time (min)

Method M

Optical thickness s

1.0 10.0 100.0

DOM 48 0.09 0.35 5.19

80 0.27 1.00 13.7

168 1.48 5.53 74.5

288 4.48 18.2 259

FVM 840 36 140 1932

2,400 552 2,235 30,700a

aConvergence time estimated using number of iterations and time

per iteration.
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of ray effect [32] is substantial, as heat-flux profiles exhibit physically unrealistic bumps
and shapes. Increase in direction number to M¼ 288 mitigates ray-effect errors,
and the DOM profiles conform accurately to extremely high-order FVM, with
an average percent difference of <1%. For all directional orders, profiles generated
using Mishchenko et al.’s technique slightly overpredict the present technique, while
those generated using Kamdem Tagne’s technique slightly underpredict the present
technique, similar to the behaviors seen in Figures 4a–4d. However, the optically
thin nature of the medium greatly reduces result differences between different
normalization techniques. The results for the optically thin medium conform to those
found by Hunter and Guo [20], who indicated that errors in radiative-transfer predic-
tions due to either E or g nonconservation decrease with decreasing optical thickness.

For turbid media, such as light transport in biological tissue, it is not uncom-
mon for the reduced optical thickness to be >>1. Thus, Figure 6 presents an analysis
of the impact of the various normalization techniques on radiative transfer in
an optically-thick, purely scattering medium (s¼ 100.0) with prescribed asymmetry
factor g¼ 0.9300. The reduced optical thickness for this medium is 7.0. Heat flux
Qðx�; y� ¼ 0:5; z� ¼ 1:0Þ is presented for M¼ 48, 80, and 288 discrete directions,
respectively. As a means of validation, FVM heat flux, generated using M¼ 840
discrete directions, is also presented. At this FVM directional order, the discretized
asymmetry factor is g¼ 0.9280. An increase in the number of FVM discrete
directions can improve discretized-asymmetry factor, however increase in optical
thickness from s¼ 10.0 to 100.0 results in an increase in the number of iterations
required for convergence from 43 to 590. As seen in Table 2, using estimation based
on the number of required iterations, use of M¼ 2,400 discrete directions in Figure 6
would have required roughly 3 weeks to converge (30,700min). By reducing the
number of FVM discrete directions to M¼ 840, a converged solution was achieved

Figure 5. Comparison of Q(x�, y� ¼ 0.5, z� ¼ 1) between DOM solutions generated with various

phase-function normalizations and FVM predictions using g¼ 0.9300 with M¼ 48, 80, and 288 discrete

directions in an optically thinner medium (s¼ 1.0) (color figure available online).
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in 32.2 h (1,932min). By contrast, the DOM with M¼ 80 produces a converged
solution in 13.7min, a reduction of over 99%.

For all tested quadratures, heat-flux profiles generated with Mishchenko et al.’s
technique overpredict the present technique, while profiles generated using Kamdem
Tagne’s technique underpredict the present technique, similar to the behaviors wit-
nessed in Figures 4a–4d. However, the large increase in optical thickness has enhanced
the impact of scattered-energy and asymmetry-factor conservation errors. As com-
pared with the FVM, Mishchenko et al.’s normalization technique overpredicts by
an average of 12.6% and 4.3% for M¼ 48 and 288, respectively. Deviations in
scattered-energy conservation in Kamdem Tagne’s normalization technique result in
much larger errors than those resulting from deviations in asymmetry factor, with
underpredictions of 72.0% and 22.3% seen for the same directional orders as compared
with the present technique. Errors of this magnitude illustrate the criticality of
scattered-energy conservation for an optically thick medium, and indicate the imprac-
ticality of Kamdem Tagne’s technique for optically thick, highly anisotropically
scattering media. Heat fluxes generated using the present technique conform
accurately to within 1% ofHunter and Guo’s 2012 normalization technique, and within
2.5% of the higher-direction FVM for all quadratures tested. Additionally, the average
difference between present technique heat fluxes generated usingM¼ 48 and 288 is only
0.70%, indicating that the optically thick nature of the medium has mitigated ray-effect
error and that accurate heat fluxes can be achieved with lower-order quadratures. The
results from Figures 4–6 show that ray effect is the dominant source of error for the
optically thin media, whereas errors due to lack of E and g conservation dominate
for both the optically intermediate and optically thick media.

The present technique is able to conform accurately to both FVM
prediction and DOM prediction generated with the previously published and tested

Figure 6. Comparison of Q(x�, y� ¼ 0.5, z� ¼ 1) between DOM solutions generated with various

phase-function normalizations and FVM predictions using g¼ 0.9300 with M¼ 48, 80, and 288 discrete

directions in an optically thick medium (s¼ 100.0) (color figure available online).
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normalization technique of Hunter and Guo. The DOM predictions with phase-
function normalization conserving both E and g simultaneously always lie between
the predictions of either conservation alone. While they both result in similar heat-
flux predictions, the present technique is much simpler, without needing to determine
a normalization matrix through pseudo-inversion or least-squares approximation.

CONCLUSIONS

In this study, a new and simple phase-function normalization technique that
conserves both E and g for DOM use in predicting radiative transfer in anisotropic
scattering media is developed and analyzed for the HG phase function. The
following conclusions can be drawn.

1. The addition of backward-scattering normalization parameters in the present
study to the forward-scattering parameters in Mishchenko et al.’s and Kamdem
Tagne’s normalization techniques allows for the conservation of both scattered
energy and asymmetry factor simultaneously.

2. The present normalization technique alters the forward-scattering phase-function
term in a similar manner to Mishchenko et al.’s and Kamdem Tagne’s normaliza-
tion techniques. Addition of backward-scattering normalization still allows for
the retention of the majority of U, thereby mostly retaining the overall phase-
function shape.

3. The previously published techniques of Kim and Lee and Mishchenko et al. do
not conserve g after discretization. Kamdem Tagne’s technique conserves only
asymmetry factor. Any nonconservations in either E or g appear as skews in
the radiative-transfer results as compared with DOM results normalized with
both conservations and with the extremely high-order FVM. Errors are minimal
for optically thinner media, where ray effect is the dominant source of error, but
become significant when the medium is optically thick. For optically thick media,
errors resulting from lack of energy conservation are more substantial that those
resulting from asymmetry-factor nonconservation.

4. The present technique produces nearly identical heat-flux profiles to DOM results
predicted using Hunter and Guo’s 2012 normalization technique, yet holds a
mathematical and computational advantage because the present normalization
involves alteration of only two terms, while our previous technique alters all terms
of scattering directions.

5. The present method is only applied and tested for the HG phase function, in
which the phase-function value changes monotonically with scattering angle.
Further study to general Mie-scattering Legendre phase function, in which the
phase function is strongly oscillatory, is needed.
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