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The  use  of  ultrafast  laser  technology  has  become widespread  in  recent  years  for many  emerging
applications,  such  as  optical  tomography,  plasma‐mediated  ablation,  surgical  and medical  proce‐
dures,  and  device  manufacturing  and  material  microprocessing  for  both  biomedical  and  indus‐
trial  purposes.  In  situations  where  ultrafast  laser  experimentation  is  complicated  or  expensive,
numerical modeling  can  be  implemented  as  a  realistic  alternative.  In  optical  imaging  reconstruc‐
tion,  forward modeling  of  radiative  transfer  under  various  conditions  is  indispensable.  To  deter‐
mine  radiant  energy  propagation  with  ultrafast  speed  of  light,  an  accurate  solution  of  the
time‐dependent  hyperbolic  equation  of  radiative  transfer  is  required;  and  this  is  featured  as  ul‐
trafast  radiative  transfer.  In  this  review,  advances  in  the  computational modeling  of ultrafast  ra‐
diative  transfer  are  discussed.  Various  numerical  solution  methodologies,  along  with  the
mentioning  of  their  contributing  works,  advantages  and  challenges,  are  presented.  The  impor‐
tance  of  appropriate  treatment  of  anisotropic  scattering  of  both  ballistic  and  diffuse  radiations  is
addressed.  Additionally,  specific  applications  of  ultrafast  laser  technology  in  the  biomedical  field
are  presented,  along with  contributing works.

KEY WORDS:  radiation  transfer,  anisotropic  scattering,  normalization  of  phase  func‐
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1. INTRODUCTION

In the past two decades, the use of ultrashort-pulsed (USP) lasers for both funda-
mental scientific research and biomedical and industrial applications has increased
greatly, due to the increasing affordability of equipment, a more sophisticated un-
derstanding of the advantages of the aforementioned technology, and exploration
of emerging ultrafast phenomena. When a powerful USP laser beam is converged
to a small spot, the energy flux at the focus can be over a threshold that induces
optical breakdown, opening up a brand new window of nonlinear optics. One ex-
ample of applications is plasma-mediated ablation and micromachining of basically
any material including transparent or low-absorption materials (Niemz et al., 1991;
Liu et al., 1997; Loesel et al., 1998; Choi and Grigoropoulos, 2002; Hong et al.,
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2004; Chowdhury et al., 2005; Huang and Guo, 2009b, 2010; Wang and Guo,
2010). Due to the ultrafast pulse duration being much shorter than the thermal re-
laxation time of materials, thermal diffusion hardly occurs during the process, re-
sulting in elimination/minimization of thermal and mechanical damage (Huang and
Guo, 2009b, 2010; Wang and Guo, 2010) that is usually a concern with the appli-
cation of conventional continuous-wave (CW) or pulsed lasers. When a relatively
weak USP laser is used for diagnostics, the information contained in a broadened
transient signature is more abundant (Yamada, 1995; Kumar and Mitra, 1999; Guo
et al., 2002).

Ultrafast laser technology has exerted an especially significant impact on the
field of biomedicine. The advent of USP laser technology allowed for great ad-
vances in the near-infrared optical imaging (Wang et al., 1991; Liu et al., 1993;
Yoo and Alfano, 1993; Gu and Sheppard, 1995; Hielscher et al., 1995b; Yodh and
Chance, 1995; Alfano et al., 1997; Villringer and Chance, 1997; Quan and Guo,
2004) of growths embedded in biological tissue, such as cancerous tumors. In ad-
dition, ultrafast lasers have become widely used for other biomedical therapeutic
applications, such as precision laser microsurgery (Wang et al., 1991), tissue abla-
tion and microprocessing (Kim et al., 2001; Huang and Guo, 2009a), decontamina-
tion of transplants or medical devices (Guo et al., 2010; Wang and Guo, 2010),
and laser tissue welding (Fried et al., 1999; Kim and Guo, 2004). USP lasers have
a distinct advantage over CW or general pulsed lasers in regard to heating/removal
of cancerous tumors, as the pulse duration is much shorter than the thermal re-
laxation time (Kim and Guo, 2007; Jiao and Guo, 2009). This allows the laser
beam to interact with the tumor before heat diffusion ever occurs, resulting in a
minimization of thermal damage to the surrounding healthy tissue while increasing
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NOMENCLATURE

c speed of light in a medium σa absorption coefficient, m–1

g asymmetry factor σs scattering coefficient, m–1

G incident radiation, W/m2 μ, η, ξ direction cosines

I radiative intensity, W/m2⋅sr Φ scattering phase-function

IB ballistic irradiance, W/m2 ω scattering albedo, = σs/(σa + σs)

r position vector

s^ unit direction vector Superscripts
t time B ballistic component

w directional weight ′ radiation incident direction

Greek symbols l, l ′ radiation directions

β extinction coefficient, m–1  l ′ l from direction l ′ to l



the tumor temperature greatly in a short period of time or completely removing
the target cancerous tissue.

Advances in the ultrafast laser technology and applications have also spurred in-
creases in numerical research. In the cases where experimental research is expen-
sive or potentially dangerous, numerical modeling is an appreciable alternative. In
reconstruction of optical images, intensive modeling is indispensable. Radiation is
the dominant mode of energy transfer in ultrafast laser applications, and thus the
overall impact of ultrafast laser irradiation can be determined through accurate so-
lution of the Equation of Radiative Transfer (ERT). Traditional explorations of nu-
merical radiative heat transfer neglected the effects of speed-of-light propagation,
even in the cases involving time-dependent boundary conditions (the so-called tra-
ditional transient radiative transfer). Such exclusion does not result in any practical
errors for most traditional radiation engineering problems (Modest, 2002; Howell
et al., 2010), because the imposed temporal variations are much slower when com-
pared with the time scale associated with the speed of radiation wave propagation
in the system. However, when the ultrafast time scale due to USP irradiation is
concerned, neglect of wave propagation in the ERT will have a drastic impact on
radiative transfer predictions (Mitra et al., 1997; Kumar and Mitra, 1999; Wu and
Wu, 2000; Guo and Kumar 2001a,b, 2002). It is essential that the ultrafast time
dependence in the governing hyperbolic wave equation be incorporated in the case
where the wave-propagation time in a system is not much shorter than the charac-
teristic time of event variation (such as pulse width) (Guo and Kumar, 2001b).
Other examples in which wave propagation is critical include radiation in the
outer-space astrophysics. In order to differentiate the wave-propagation radiation
transfer from the traditional transient radiation transfer where the ERT itself is still
stationary, Kim and Guo (2004) first introduced the terminology of ultrafast radia-
tive transfer in 2004. This new terminology captures exactly the ultrafast feature
and phenomenon of radiation wave propagation, rather than a simple time depend-
ence as in traditional transient problems; and thus, should be adopted in the field.
The general vector form of the ultrafast wave propagation transient ERT (TERT)
is given, as follows:

In the preceding equation, I(r, s^, t) represents the radiant intensity at a given loca-
tion r and time t propagating in the radiation direction s^, σa and σs are the me-
dium absorption and scattering coefficients, and c is the speed of light in the
medium. The first temporal term on the left-hand side of the equation is an addi-
tion to steady-state ERT, representing the propagation of radiant energy with a
wave at the speed of light. Thus, the TERT is not only an integro-differential
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equation but also a hyperbolic wave equation. Analytical solution is nearly impos-
sible, save for a few simplistic cases.

Various numerical methods have been developed as a means of solving the
TERT for accurately determining radiation propagation. In this review, advances in
the numerical modeling of ultrafast radiative transfer are discussed in detail. The
major numerical TERT solution methods, along with the mentioning of their con-
tributing works, advantages, and disadvantages, are discussed.  In addition, some
computational results are presented in order to fully clarify the capabilities of nu-
merical modeling of ultrafast radiative transfer. Since light scattering in biological
tissues is generally highly anisotropic and the propagation of a laser beam consists
of both ballistic and diffuse components, recent development of the normalization
of ballistic and diffuse scattering phase functions is emphasized. Finally, specific
applications of ultrafast laser technology in the field of biomedicine, along with
notable contributing works, are reviewed.

2. DIFFUSION APPROXIMATION

The Diffusion Approximation (DA), first introduced by Rosseland (1936) as a
means of determining photon transport in stellar bodies, is a widely-used technique
for describing photon migration and particle transport in diffuse media. In general,
the integro-differential ERT is extremely difficult to solve analytically when scat-
tering is dominant. Using the DA, the integral dependence of the governing equa-
tion is eliminated, and the ERT is approximated using partial-differential
equations, which can be solved more easily. The DA is a simplified formula for
the ERT for diffuse media; however, there are many inherent limitations on the
usefulness of this approximation.

To determine the governing equation for the DA in ultrafast radiative transfer,
the TERT is first expanded using spherical harmonics (Menguc and Viskanta,
1983), resulting in a set of coupled partial differential equations, known as the PN
approximation. Retaining the first term of the TERT (known as the P1 expansion),
we obtain the governing equation for the DA, or the diffusion equation, as follows
(Furutsu, 1980; Ishimaru, 1989):

In the governing equation, φ(r, t) = 
1

4π∫ 
4π

I (r, s^, t)dΩ is the photon fluence rate,

Q(r, t) is the source term from the input distribution, and D is the diffusion coef-
ficient. A complete derivation of the diffusion equation from the space–time trans-
port equation is presented by Furutsu (1980). This equation is known as the
"diffusion equation" due to its similarity to the heat diffusion equation, and solu-
tions can be easily obtained using numerical techniques or commercial software
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(Guo et al., 2003). This equation can also be solved analytically in some simple
cases.

There has been considerable debate about the expression of the diffusion coeffi-
cient D. The traditional expression for the diffusion coefficient is given as follows
(Ishimaru, 1989; Patterson et al., 1989; Guo et al., 2003):

where σs
′ is the reduced scattering coefficient. However, a theoretical investigation

into the diffusion coefficient by Furutsu and Yamada (1994) claimed that the dif-
fusion coefficient should be independent of the absorption coefficient, or

D2  =  
1

3σs
′
 . (4)

This claim was further supported by Durduran et al. (1997), who found that using
Eq. (4) to describe the diffusion coefficient produced more accurate results when
compared with the Monte Carlo simulation, and Bassani et al. (1997), who veri-
fied the use of Eq. (4) by both Monte Carlo simulation and performing experi-
ments on a suspension of calibrated polystyrene spheres irradiated with a He–Ne
laser. In addition, a study by Cai et al. (2002) indicated that the diffusion coeffi-
cient has temporal dependence. They noted that, while the diffusion coefficient ap-
proximates Eq. (4) after long periods of time, the diffusion coefficient is noticeably
smaller at short times. However, they also acknowledged that this change in the
diffusion coefficient cannot be accounted for by Eq. (3), due to their finding that
the diffusion coefficient was indeed independent of the absorption coefficient.

Ishimaru (1989) investigated the diffusion of light in turbid media, such as a
biological tissue, using the DA. While he concluded that, at the time of publica-
tion, the DA was the most accurate approximate method for predicting light diffu-
sion, he also noted some major limitations. Via comparison of DA predictions
with experimental data, he noted that the DA was an excellent approximation only
for the case where the optical thickness was much greater than unity, the asymme-
try factor much smaller than unity, and the scattering albedo was close to unity.
In addition, it was noted that the DA is an approximation representing the limiting
case where multiple scattering dominates, and that it may not be applicable near a
boundary surface where first-order scattering dominates. A major finding of Ishi-
maru’s work was that the DA predicts the propagation speed of a diffuse pulse as
c ⁄ (n√⎯⎯3), instead of the theoretical value c/n, where n is the refractive index of the
medium.

Yoo et al. (1990) further investigated the conditions for which the DA would
fail in predicting photon transport in random media. They experimentally measured
the temporal distribution of photons, generated by a 100 fs mode-locked laser, that
were scattered out of a pin hole after being passed through a random medium of
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water and latex beads and compared the results with DA predictions. They found
that the transport of photons through this random media deviated from the DA
when the medium thickness was much smaller than the transport mean free path.
In addition, they found that photons are found to arrive earlier than predicted by
the diffusion theory as the optical thickness becomes smaller than the mean free
path and as the degree of medium anisotropy increases.

Although there are many inherent limitations for the DA, as discussed, it has
been widely used and compared with experimental data for determining photon
migration in biological tissues, due to the simplicity of numerical implementation.
Patterson et al. (1989) used the DA as a means of measuring the optical properties
of tissue by examining the time-resolved reflectance and transmittance. They noted
that the temporal characteristics of both transmitted and reflected light carry infor-
mation about the absorption and scattering coefficients of tissue. Brewster and
Yamada (1995) also investigated the determination of optical properties in turbid
media from temporal light scattering measurements. They investigated light propa-
gation in an optically thick, plane parallel homogeneous slab of turbid media sub-
jected to a collimated pulsed incident radiation. Comparisons between the DA,
Monte Carlo, and experiment were made to assess the validity of using the DA to
determine optical properties. While it was found that the Monte Carlo results were
more accurate when compared to experiment, they claimed that the diffusion the-
ory predictions of log slope and pulse width were accurate enough to determine
optical properties from time-resolved transmittance and reflectance measurements.

Arridge et al. (1992) further implemented the DA in order to determine optical
pathlengths in tissues. They investigated measurements in both the time and fre-
quency domains for a variety of geometries commonly seen in clinical applica-
tions, relating the mean optical pathlength in tissue to the phase delay of an
intensity-modulated optical carrier. They also showed that, for the human brain tis-
sue, mean time and phase correlate very closely, indicating that phase measure-
ments could be used as an alternate means of monitoring optical pathlength in the
brain. A further work by Firbank et al. (1996) investigated the impact of clear
cerebrospinal fluid on light distribution in the brain, comparing the DA and Monte
Carlo light propagation predictions to the solid slab phantom experiments. It was
seen that the DA was not able to accurately model the impact of the clear layer
on light distribution witnessed in both experimental and Monte Carlo results.

Yamada and Hasegawa (1996) solved the DA equation using the finite element
method, comparing temporal transmittance variations through both scattering slabs
and cylinders to Monte Carlo results. They found that the Monte Carlo method re-
sults were more accurate than the DA predictions, in general, but came at the cost
of computational efficiency. There have been many other investigations into pho-
ton migration and time-resolved measurements using the DA. Hielscher et al.
(1995a) investigated the application of the diffusion theory for optical property de-
termination from time-resolved reflectance, specifically comparing the DA with
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Monte Carlo predictions for three different types of boundary conditions. Kienle
et al. (1998) investigated the propagation of light in a two-layered turbid media
with an infinitely thick second layer using time-resolved reflectance, using the DA
to show the ability of deriving the absorption and reduced scattering coefficients
of the entire medium if the first layers’ thickness and time-resolved reflectance are
known. Contini et al. (1997) analyzed the time-dependent diffusion equation with
solutions for both slab and semi-infinite diffusing media subjected to either a time-
dependent or continuous wave source.

Aiming at improving the solutions of the diffusion equation, Kienle and Patter-
son (1997) performed a study to show that solutions of the diffusion equation that
use extrapolated boundary conditions, which had been previously shown to contain
large errors when examining reflectance from a semi-infinite medium, could be
improved using a frequency domain technique by which the time-resolved reflec-
tance was calculated using integration of reflected radiance instead of the gradient
of fluence rate. They found that errors in deriving optical coefficients were consid-
erably smaller for this improvement than commonly used solutions, which was
verified by experiment. Gershenson (1999) further used a higher-order spherical–
harmonic expansion of the TERT, finding that this improvement predicted the in-
tensity for multiple scattering at earlier times and shorter distances than the
traditional diffusion equation. Further, it was discussed that while second-order
corrections to the diffusion equation appear in literature, they may not be valid.

In a later work, Guo et al. (2003) compared the use of the DA with both the
Monte Carlo Method (MCM) and Transient Discrete-Ordinates Method (TDOM)
for describing light transport in tissues. In their work, they investigated the ultra-
fast transport of light through 2D rectangular or 3D cubic enclosures containing a
relatively low-scattering inhomogeneity of different sizes, locations, and nature.
The enclosure was irradiated at one wall by a laser source with Gaussian profile.
While they noted that the DA was more computationally efficient than the DOM,
they found that the differences between the DA and the DOM and MCM predic-
tions were obvious even for optically very thick media. The DA completely failed
in predicting the ballistic transport of photons, and was not able to predict the
photon "snake" effect. An increase in the size of the low-scattering inhomogeneous
layer in the medium produced larger differences between DA and MCM solutions.
This fact can be seen in Fig. 1, as normalized intensity profiles predicted by the
DA differ greatly from those predicted using the DOM radiative transfer (RT)
modeling and the MCM simulation at specific detector locations in the medium.
The difference of the DA results between the two different diffusion coefficients
is slight.

An overview of the use of the diffusion approximation for the study of photon
migration in a biological tissue for such applications as optical tomography was
presented by Yamada (2000). In recent years, the advent of high-speed/power
computing workstations has reduced the necessary computational time for the more
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accurate approximate methods like DOM and Finite Volume Method (FVM), thus
making the inherent computational efficiency of the DA less crucial. Although this
method does have built-in flaws and limitations, it remains the simplest method
for determining photon migration in many cases with varying optical properties.

3. DISCRETE-ORDINATES METHOD

3.1  Governing Equations

One commonly used approximate method for solving the steady-state ERT, due to
the relative simplicity of numerical implementation and computational efficiency,
is the SN Discrete-Ordinates Method (DOM) (Fiveland, 1984), which was first in-
troduced by Chanrdasekhar (1960) for atmospheric and astrophysical radiation and
by Carlson and Lathrop (1968) as a means of solving the neutron-transport equa-
tion. For this method, the continuous directional variation of radiative intensity in
the ERT is represented by a finite number of discrete directions (or ordinates)
spanning the full 4π solid angle range (Modest, 2002). Use of discrete directions
allows all solid-angle integrations to be approximated by numerical quadrature
sums, thus fully converting the integro-differential ERT into a set of partial differ-
ential equations. Removal of the integral dependency of the governing equation
greatly simplifies the ERT solution process.

For the general three-dimensional enclosure that can be described by Cartesian
coordinates, Eq. (1) can be expressed using the transient DOM (TDOM) as fol-
lows (Guo and Kumar, 2002):
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FIG. 1: Comparison of temporal normalized intensity at two detector locations among the
DA with two different diffusion coefficients and the DOM radiative transfer (RT) compu-
tation and the MCM simulation in a multilayer brain tissue model [reproduced from (Guo
et al., 2003)]

 1 ( ) ,  1, 2, , .
l l l l

l l l l l
a sm

I I I I I S l M
c t x y z
∂ ∂ ∂ ∂

+ μ + η + ξ = − σ + σ + = …
∂ ∂ ∂ ∂

(5)



In the preceding equation, I l is the radiant intensity propagating in a discrete di-
rection s^ l; ξl, ηl, and μl are the direction cosines in the x, y, and z directions, re-
spectively; σsm is the modified scattering coefficient (Chai et al., 1998), and M is
the total number of discrete directions.

The radiative source term Sl and modified scattering coefficient σsm can be ex-
pressed in the following manner:

where the in-scattering integral in the original governing equation has been re-
placed by a summation over all discrete directions. Here, Ib is the blackbody emis-
sive intensity of the medium, Φ l ′ l is the scattering phase function representing the
scattering of radiant energy between two discrete directions, and w l ′ is the discrete
direction weighting factor corresponding to s^ l ′. In order to increase DOM compu-
tational efficiency for strongly scattering media, a modified scattering coefficient
can be introduced following the treatment of Chai et al. (1998), in which the for-
ward-scattering term is removed from the summation and treated as transmission.

The third term in Eq. (6a) represents the in-scattering of ballistic radiation,
which becomes important in applications involving irradiation by collimated solar
or laser incidence, or a focused ballistic laser beam cone. In the aforementioned
term, IB is the ballistic irradiance (incident heat flux) at a given medium location,
and Φ l

B
  l is the ballistic scattering phase function between the direction of ballistic

incidence s^ l 
B
 and discrete direction s^ l. As an example, for a medium being irradi-

ated by a normally incident collimated laser acting in the x direction, the ballistic
intensity IB at any location in the medium can be represented as follows (Guo and
Kim, 2003)

where Io is the irradiated laser power flux at the tissue surface (excl. reflection),
β = σa + σs is the overall extinction coefficient, and δ is the Dirac delta function.

For radiative transfer analysis of a medium being irradiated by a USP laser, the
medium can be treated as cold because the blackbody emission intensity is always
much smaller than the incident laser intensity, and thus is negligible. For cases
where a medium is irradiated by a continuous pulse train, Duhamel’s superposition
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theorem can be used to construct the response of a medium to pulse train irradia-
tion from the response of a single pulse. This method was first constructed by
Guo and Kumar (2002), and expanded on by Liu and Hsu (2008), as well as
Akamatsu and Guo (2011).

Although the choice of a quadrature scheme for the DOM is arbitrary, the cho-
sen discrete directions and weighting factors must satisfy certain conditions. Com-
monly, the SN quadrature is implemented, and the highest quadrature available in
the literature is the S16 quadrature (288 total discrete directions). Quadrature sets
for S8 to S12 are available from Fiveland (1991), while S14 and S16 are available
from the TWOTRAN code of Lathrop and Brinkley (1973).

Once the intensity field in the medium is obtained through solution of Eq. (5),
the incident radiation G and the net radiative heat flux in the x direction at any
location in the medium can be calculated using the following summations:

Expressions for the net radiative heat flux in the y and z directions can be deter-
mined by simple manipulation of the direction cosine in Eq. (8b). Finally, the
transient divergence of radiative heat flux can be calculated using the expres-
sion

where the transient term, communicated by Rath and Mahapatra (2012) as dis-
cussed in Hunter and Guo (2012b), is not related directly to medium energy depo-
sition. Rather, this transient term describes the propagation of radiant energy with
a wave through the medium, accounting for the amount of energy that is physi-
cally "trapped" in a given control volume at a specific time instant that will travel
to adjacent control volumes at subsequent times without being physically absorbed
by the medium (Hunter and Guo, 2012b).

3.2  Numerical Scheme

In order to solve the series equations in (5), the general three-dimensional enclo-
sure is subdivided into a number of small control volumes. The temporal and spa-
tial derivatives in the governing equations are approximated using control-volume
techniques. After both spatial and temporal discretization, Eq. (5) can be ex-
pressed, for a discrete direction s^ l, for a given spatial control volume as follows
(Guo and Kumar, 2002):
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In the preceding equation, the subscript p indicates the central node of a given
control volume; Ip

l0 is the radiant intensity at node p and in direction s^ l at the pre-
vious time step; Axu

l , Ayu
l , and Azu

l  are the facial areas of the upstream control-vol-
ume surfaces; Axd

l , Ayd
l , and Azd

l  are the facial areas of the downstream control-
volume surfaces; Ixu

l , Iyu
l , and Izu

l  are the radiant intensities located at the upstream
faces of the control-volume in direction l, and Ixd

l , Iyd
l , and Izd

l  are the radiant in-
tensities located at the downstream faces of the control volume. The details for
solving Eq. (10) have been described in (Guo and Kumar, 2002), and thus are not
repeated here.

The use of both temporal and spatial differencing to approximate derivatives
makes the TDOM susceptible to false scattering (numerical diffusion) (Chai et al.,
1993), which is one of the main drawbacks of using the DOM. As described by
Modest (2002), if a single collimated ray of radiant energy is traced through an
enclosure using this method, the beam will unrealistically widen and smear as it
moves farther from the origin point, even when real scattering does not exist.
False scattering can be mitigated by ensuring that the spatial and temporal grid
sizes are as small as possible. Further, the time step Δt must satisfy the following
condition (Guo and Kumar, 2001a):

cΔt  ≤  min (Δx, Δy, Δz) , (11)

so that the traveling distance of a ray of light between two consecutive time steps
does not exceed the size of the control volume. While the grid sizes can be fur-
ther refined in order to limit the error stemming from false scattering, an increase
in the number of control volumes leads to dramatic increases in computational
convergence time for the intensity field.

A second major drawback of the DOM, and any other schemes that approximate
the continuous angular variation with a finite number of directions, is the appear-
ance of ray effect (Chai et al., 1993). As radiant energy travels away from a
source in discrete directions, it is possible that far from the emission point the
rays will become so spread out that certain surfaces or control volumes will not
receive any energy contribution. This lack of energy propagation to certain loca-
tions due to the finite number of radiation directions at the source can cause
physically unrealistic bumps in the heat flux profiles. The ray effect is much more
pronounced for optically thin media than optically thick ones, and can be de-
creased via an increase in the number of discrete directions (Chai et al., 1993).
The ray effect was also found not to occur consistently between the DOM and
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FVM in transient and steady-state radiative transfer (Hunter and Guo, 2011), due
to the inherent difference in the chosen discrete directions. Recently, Huang et al.
(2011) claimed a method to mitigate the appearance of ray effect. It is important
to note, however, that although both false scattering and ray effect can be lessened
by increases in spatial grid size and angular directions or other means, they cannot
be entirely eliminated according to numerical discretization nature.

A consequence of any method in which the continuous angular variation is dis-
cretized is that conservation of scattered energy may be violated after directional
discretization. In order to ensure that the scattered energy is accurately conserved
in the medium after DOM or TDOM discretization, the following relation must be
satisfied for discrete direction s^ l ′:

This identity has shown to be exactly true only when the scattering is isotropic.
When the scattering becomes highly anisotropic, however, this condition has been
shown to be violated (Kim and Lee, 1988). In order to correct for the lack of con-
servation of scattered energy, phase function normalization is employed. Several
publications (Wiscombe, 1976; Kim and Lee, 1988; Liu et al., 2002) have pro-
vided normalization schemes which will accurately satisfy Eq. (12). However,
Boulet et al. (2007) showed that the previously published normalization techniques
alter the overall asymmetry factor of the scattering phase function, leading to un-
realistic and inaccurate intensity fields.

In order to correct for this problem, Hunter and Guo (2012a) proposed a new
normalization technique which conserved both the scattered energy condition of
Eq. (12) and the phase function asymmetry factor condition as follows:

where the asymmetry factor g of the scattering phase function is a measure of the
average cosine of scattering. The phase function is normalized in the following
manner (Hunter and Guo, 2012a):

where the normalization parameters Al ′ l are determined such that Φ
~  l ′ l satisfies

Eqs. (12) and (13) simultaneously, while also satisfying the directional symmetry
(i.e., Φ

~  l ′ l = Φ
~  l l ′). The normalization parameters that will accurately satisfy the

scattered energy and asymmetry factor constraints can be determined through
pseudo-inversion.
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It is important to note that normalization of the ballistic scattering phase func-
tion is independent of the previous normalization unless the direction of ballistic
incidence directly matches one of the prescribed DOM discrete ordinate directions.
Therefore, care must be taken to ensure that the ballistic phase function also sat-
isfies the constraints on scattered energy and asymmetry factor. The ballistic scat-
tering phase function can be normalized in a similar way to Eq. (14), in which the
l ′ direction is replaced by lb. In the case where the direction of ballistic incidence
exactly matches a DOM ordinate, the parameters determined in Eq. (14) can be
used to normalize the collimated scattering phase function.

3.3  Development and Applications of TDOM

Kumar and Mitra (1999) and Mitra and Kumar (1999) investigated and reviewed
ultrafast radiation transport in a 1D planar medium subjected to a normal square-
pulsed radiation beam. In their investigations, they compared transmitted and
backscattered fluxes calculated using the DOM, two-flux method, and  spherical
harmonics methods. They determined that the different solution methods produced
different effective propagation speeds, which significantly differed from the speed
of light. As the number of discrete ordinates was increased, the effective propaga-
tion speed of the DOM approached the theoretical expectation, leading to more ac-
curate transient flux measurements as compared to the other examined solution
methods. Mitra and Churnside (1999) used the 1D TDOM as a method of detect-
ing backscattering signals obtained from oceanographic lidar. They showed that the
number density of fish and the depth of the "fish-layer" have a noticeable impact
on backscattered signal peaks. Additional work by Sakami et al. (2002b) compared
transmitted and reflected signals in a 1D planar tissue medium containing inhomo-
geneities irradiated with a short-pulsed laser using the DOM, as well as the para-
bolic diffusion approximation and the hyperbolic P1 model. They found that while
the solutions produced by the TDOM accurately match Monte Carlo results, the
results from the hyperbolic P1 and parabolic diffusion approximation produce un-
realistic negative reflected signal values for short times due to the discrepancies in
speed of propagation. A recent work considered the impact of variable medium re-
fractive indices on transient radiant heat transfer (Wang and Wu, 2010).

The first 2D extension of the TDOM was performed by Guo and Kumar
(2001a), in which ultrafast radiative transfer was determined for a rectangular en-
closure subjected to diffuse and collimated laser irradiation. They indicated that,
for long times, transient results show an excellent match with steady-state exact
solutions for simple cases, and additionally verified the TDOM using Monte Carlo
results. Along with developing the TDOM algorithm in 2D, they investigated USP
laser transport in both homogeneous and inhomogeneous turbid media. They found
that the TDOM correctly predicts that the ballistic component of laser propagates
at the medium speed of light, with peak incident radiation value decreasing dra-
matically as it propagates deeper into the medium. Additionally, the diffuse com-
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ponent of laser intensity propagates at a much slower speed, due to multiple-scat-
tering events. They also discussed that distinct differences appear in transmittance
and reflectance curves when comparing homogeneous and inhomogeneous media.
Later, Sakami et al. (2002a) also developed the 2D TDOM with high-order up-
wind piecewise parabolic interpolation.

In 2002, Guo and Kumar (2002) published the first 3D TDOM, applying the
method to determine ultrafast radiative transfer in a rectangular enclosure contain-
ing a nonhomogeneous medium. They established the model in full detail, validat-
ing the model by both comparing steady-state results to previously published
benchmark cases and by comparing temporal distributions of transmittance and re-
flectance to those found using the Monte Carlo method. They performed an in-
depth parametric study, investigating the impact of grid size, time step, boundary
reflectivity, and optical properties. After fully developing the model, Guo and Kim
(2003) investigated the light propagation and radiation transfer of ultrafast laser
pulses in a 3D heterogeneous biological tissue sample. They noted that it was es-
sential that the Fresnel boundary condition be imposed at the tissue/air interface in
order to accurately predict photon transport in the tissue medium. In addition, they
found that the peak positions of reflectance and transmittance are greatly influ-
enced by the presence of inhomogeneity in the cubic enclosure, further validating
the notion that changes in the absolute value of logarithmic slope of these quanti-
ties could be used to design a technique for imaging/detecting small tumors under
the skin.

Kim and Guo (2004) extended the TDOM in 2004 for use in cylindrical geome-
tries accommodating Gaussian laser beam distributions, analyzing ultrafast radiative
heat transfer during laser welding and soldering processes and finding that the use
of USP lasers decreases laser energy deposition in the proximity of the laser inci-
dent spot immediately after incidence, avoiding overcoagulation in the fusion area
and allowing for better quality of closure. Further work by Kim and Guo (2007)
combined the TDOM with a hyperbolic conduction heat transfer model to simulate
many-time-scale heat transfer in turbid tissue exposed to USP irradiations. Ultra-
fast laser radiative transfer occurs on the pico/nano time scale, while bio-heat
transfer due to conduction occurs on the micro/meso-time scale. Jiao and Guo
(2009) applied the TDOM for determining heat transfer in a skin tissue cylinder
containing a small tumor using a focused laser beam, finding that use of a focused
beam can penetrate deeper into tissue and produce a higher temperature rise at the
tumor location while reducing thermal damage to surrounding tissues, making fo-
cused ultrashort laser pulses an interesting alternative to killing cancerous tumors.
They also demonstrated that the Beer–Lambert law could not be used for predict-
ing laser transport in biological tissues including skins. Accurate radiative transfer
modeling is mandatory. Jiao and Guo (2011) further combined ultrafast radiative
transfer modeling and the ablation rate equation to investigate plasma formation
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during plasma-mediated ablation of tissue, comparing their model with existing ex-
perimental and numerical data with good agreement.

Many researchers have performed experiments in conjunction with numerical
modeling in order to characterize the validity of radiative transfer solutions. The
works by Das et al. (2003) and Trivedi et al. (2005) investigated USP laser propa-
gation through tissue phantoms with and without embedded inhomogeneities using
an argon-ion mode-locked laser with a pulse width of 200 ps. They compared
temporal transmittance and reflectance determined using the TDOM with experi-
mentally measured optical signals taken from a streak camera, finding that the nu-
merical and experimental predictions were in reasonable agreement with one
another. Further works by Pal et al. (2006) and Jaunich et al. (2008) performed
experiments on in vitro rat tissue samples to characterize light interaction with
skin layers and associated thermal response, as well as in vivo imaging of anesthe-
sized rats containing either tumor-promoting agents injected into skin tissue or
mammary tumors. They compared the experimental changes in optical and thermal
signal with numerical results and found excellent agreement.

While the TDOM suffers from ray effect and false scattering, as mentioned pre-
viously, a distinct advantage of the TDOM lies in the computational efficiency.
The works by Mishra et al. (2006) and Hunter and Guo (2011) compared the ra-
diative transfer solutions determined using the DOM with those determined using
either the FVM or the Discrete Transfer Method (DTM). In all cases, they found
that the transient heat flux profiles determined using various methods were accu-
rate when compared with each other. However, both studies found that the solu-
tion times using the DOM were much less than when other methods were
employed. Reductions in the computational time stem from the fact that the extra
computational cost from integrating over a solid angle range inherent in the FVM
does not appear in the DOM formulation (Hunter and Guo, 2011).

As previously mentioned, Hunter and Guo (2012a) investigated the impact of a
lack of conservation of scattered energy and asymmetry factor after DOM discreti-
zation, finding that previous normalization techniques to satisfy only the scattered
energy condition skewed the overall phase function asymmetry factor for highly
anisotropic scattering media. An example of the lack of conservation of asymmetry
factor after phase function normalization can be seen in Fig. 2, where using the
common Henyey–Greenstein phase function approximation, discretized values of
phase function are plotted for g = 0.80 and 0.95, and compared with theoretical
values. Discretized phase function values are presented using the old normalization
technique of Kim and Lee (1988) which only considers Eq. (12), and Hunter and
Guo’s new technique (2012a) which incorporates both conservation conditions,
Eqs. (12) and (13). It is easily seen that, for strongly forward scattering, the lack
of incorporation of the conservation of asymmetry factor condition leads to
skewed values of the discretized phase function. However, the values predicted
using Hunter and Guo’s new technique accurately conform to the theoretical phase
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function values before discretization, indicating the necessity of ensuring that Eq.
(13) is sufficiently satisfied.

The follow-up works by Hunter and Guo (2012b,c,d) investigated the impact of
a lack of ballistic phase function normalization on radiative transfer solutions. As
a means of validating the necessity for ballistic phase function normalization, ra-
diative heat fluxes in a cold-walled, cubic enclosure containing a turbid media ir-
radiated by a normal, collimated incidence at one wall generated using the DOM
with S12 quadrature and ballistic phase function normalization are compared with
benchmark Monte Carlo solutions (Collin et al., 2011) in Fig. 3. For strong-for-
ward scattering, it is seen from Fig. 3 that the MCM and DOM solutions differ
greatly (up to 34%) when no ballistic normalization is applied. When the old nor-
malization technique is implemented, discrepancies are improved, but are not ex-
tremely accurate (differences of up to 13% witnessed). Application of the new
Hunter and Guo technique dramatically improves the results when compared with
MCM, leading to discrepancies of less than 1% at locations away from the cube
wall. The discrepancies when either no normalization or the old normalization

Heat Transfer Research

FIG. 2: Discretized phase function values vs. scattering cosine determined using varying
normalization techniques for highly anisotropic HG scattering phase function [reproduced
from (Hunter and Guo, 2012a)]
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technique is applied are caused by lack of conservation of scattered energy and
asymmetry factor for the ballistic phase function.

4. FINITE VOLUME METHOD

4.1  Governing Equations

The Finite Volume Method (FVM) was introduced as a method of solving the
steady-state ERT by Raithby and Chui (1990), and expanded later on by Chui et
al. (1992) and Chai et al. (1994) for various geometries. Similar to the DOM, the
FVM employs a control-volume approach, discretizing the computational domain
into arbitrary control volumes. The FVM employs the directional discretization of
the 4π solid angle into a finite number of discrete solid angles, which completely
fill the angular domain without overlap (Modest, 2002). The use of the control-
volume approach for ERT discretization again allows the integro-differential
source term to be approximated using a summation over a finite number of radia-
tion directions (defined by the solid angles), thus greatly reducing the difficulty of
solution.

Volume 44, Number 3–4, 2013

FIG. 3: Impact of ballistic phase function normalization on Q(x∗, y∗ = 0.5, z∗ = 1) for
normal, ballistic heating at z∗ = 0 wall generated with DOM S12 for HG g = 0.20, 0.80,
and 0.93 and a comparison with Monte Carlo results (Collin et al., 2011) for optically thin
medium [redrawn from (Hunter and Guo, 2012d)]
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Using the control-volume approach, the TERT is integrated over both an arbi-
trary control volume ΔV and discrete solid angle ΔΩl (Chai, 2003). The discrete
solid angle ΔΩl is defined via azimuthal angle φ and polar angle θ, with discrete
radiation direction s^ l denoting the centroid of the discrete solid angle (Murthy and
Mathur, 1998; Chai 2004, Chai et al., 2004). Performing the aforementioned inte-
gration and applying Gauss’ theorem to the integration of the spatial derivative,
the TERT for a discrete radiation direction s^ l can be represented as follows:

Evaluating the integrations over the control volume and solid angle, the TERT
can be expressed in the form

where the area integration of the second term yields a summation over the faces i
of the arbitrary control volume. In the aforementioned term, Ii

l represents the ra-
diation propagating in the direction s^ l at the ith control-volume face; Ai is the sur-
face area of the ith control-volume face, and Di

l represents the directional weight
of radiation direction s^ l at the ith control-volume face, represented by the follow-
ing integral expression:

where n^ i is the unit vector normal to the ith control-volume face.
The source term Sl for a medium irradiated via an ultrashort pulsed laser can be

expressed for a given radiation direction s^ l as follows:

where Φ
__

 l ′ l is the average scattering phase function between two discrete solid an-
gles ΔΩl ′ and ΔΩl, the necessity of which will be discussed in what follows.

4.2  Numerical Scheme

In order to determine the spatial and temporal intensity field in a general enclo-
sure, Eq. (16) can be expanded over a generic control volume with the nodal cen-
ter p. Using a forward-differencing technique for the temporal derivative and
expanding over the aforementioned control volume, Eq. (16) can be expressed as
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The nodal intensities Ip
l  are determined from the above equation in a control-vol-

ume marching scheme, similar to that outlined above for the TDOM. Equation
(19) is more readily solved if the intensities Ii

l at the control-volume faces i can
be related to the intensities II

l at neighboring control-volume nodal points I, due to
the fact that the intensities at the upstream control-volumes nodes have already
been determined using the marching scheme. There are many possible schemes to
relate facial and nodal intensities (Modest, 2002). Commonly, a simple step
scheme is implemented, due to the fact that Ip

l  is guaranteed to remain positive.
Using the step scheme, the intensities entering the control volume at the up-

stream faces are set equal to the nodal intensities at the upstream control volumes
(Ii

l = II
l), while the intensities leaving the control volume at the downstream faces

are set equal to the current control-volume nodal intensity (Ii
l = Ip

l). Using the step
scheme, Eq. (19) can be solved for Ip

l  as follows:

The equations presented here are given for general control volumes and geome-
tries, with more complete details available in Chai et al. (2004) for three-dimen-
sional Cartesian geometries and in Hunter and Guo (2011) for an axisymmetric
cylindrical medium. As noted for the TDOM, it is essential that the traveling dis-
tance of light does not exceed the minimum size of a given control-volume in any
direction.

A distinct advantage of the FVM over the DOM lies in its inherent flexibility of
directional choice. While the discrete directions in the DOM must satisfy the
given moment constraints, the radiation directions (i.e., solid angles) in the FVM
can be chosen arbitrarily (Chai et al., 1994; Murthy and Mathur, 1998; Chai,
2004; Chai et al., 2004). Although unstructured discretization of the angular vari-
ation is possible (Murthy and Mathur 1998), it is common to adopt structured dis-
cretization, with the total solid angle of 4π divided into (Nφ × Nθ) equally spaced
solid angles, with Nφ divisions in the azimuthal direction and Nθ divisions in the
polar direction. It has been found, however, that the FVM does still suffer from
ray diffusion (false scattering) and ray concentration (analogous to ray effect in
the DOM) errors, as reported by Raithby (1999), due to the spatial and angular
discretization inherent in the FVM.

In the source term of Eq. (18), an average scattering phase function Φ
__

 l ′ l is used
to calculate the change in intensity due to in-scattering. The necessity of using this
average scattering phase function stems from the need to accurately conserve the
scattered energy after directional discretization. The scattered energy conservation
constraint for the FVM is initially equivalent to Eq. (12) given above for the
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DOM, only with quadrature weight wl replaced by the discrete solid angle ΔΩl.
As in the DOM, this condition is only exactly satisfied after directional discretiza-
tion if scattering is isotropic. In order to correct for a lack of scattered energy
conservation, when scattering is anisotropic, Raithby and Chui (1990) introduced a
technique by which the discrete solid angles ΔΩl and ΔΩl ′ are further split into
numerous subangles ΔΩls and ΔΩl ′s . The scattered radiant energy calculated be-
tween the subangles is averaged to determine the total scattered energy between
discrete solid angles ΔΩl and ΔΩl ′.

While the scattered energy condition is conserved accurately when the solid an-
gles are split into a large enough number of subangles, Hunter and Guo (2012e)
found that the subangle procedure does not accurately conserve the asymmetry
factor condition in the system, i.e., Eq. (13) is not accurately satisfied, even for an
extremely fine solid-angle splitting grid. In order to ensure that both the scattered
energy and asymmetry factor conditions are satisfied simultaneously, the phase
function normalization procedure of Eq. (14) given above can be implemented.
Not only does the normalization procedure accurately conserve both the scattered
energy and asymmetry factor, it also reduces the need to split each solid angle
into numerous subangles in order to obtain accurate intensity fields. The use of
normalization combined with minimal solid-angle splitting provides accurate inten-
sity fields and drastically increases computational efficiency (Hunter and Guo,
2012e).

4.3  Development and Applications of the FVM for Ultrafast
      Radiative Transfer

The first use of the FVM to solve the TERT is found in Chai (2003), in which
radiative transfer in a one-dimensional slab was investigated. In addition to build-
ing the framework for the FVM in ultrafast radiative transfer, Chai validated the
FVM results by comparing them with previously published results determined
using the integral method. He also examined the impact of both the step and
Curved Line Advection Method (CLAM) high-resolution spatial differencing
schemes on test problems including irradiation of a slab with either a single-pulse
or repeated-pulse collimated beam. He concluded that in order to accurately pre-
dict the sharp discontinuities inherent in a collimated laser incidence, a higher-
order bounded spatial differencing scheme such as the CLAM scheme is
necessary. In a follow-up work, Chai (2004) extended the use of the FVM for ul-
trafast radiative transfer in 2D rectangular geometries, finding excellent agreement
with Guo and Kumar’s TDOM results (2001a) for an anisotropically scattering
medium in a square enclosure.

An extension to three-dimensions was presented by Lu et al. (2003) and Chai
et al. (2004). In these works, the results from the FVM were compared to the pre-
viously published results using the integral method of Tan and Hsu (2002) for a
black cubic enclosure with one hot wall containing an absorbing and isotropically
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scattering medium. The step and CLAM schemes were again compared with simi-
lar results for the 1D and 2D cases described above. Although the CLAM scheme
was shown to predict the penetration depth and steep gradients of intensity better
than the step scheme, discrepancies were seen when compared with the integral
method. Lu et al. (2003) found that the false-scattering inherent in the FVM
method introduced discrepancies in both the peak intensity value and penetra-
tion/decay time, noting that neither spatial differencing scheme was able to recover
the correct propagation speed, which becomes significant for optically thick media.

Later, Muthukumaran and Mishra (2008b) investigated the interaction of a sin-
gle-pulse and 4-pulse train with the Gaussian temporal profile in a 1D plane-par-
allel inhomogeneous medium made up of layers with varying optical properties.
Muthukumaran and Mishra (2008a) extended their study to two dimensions, inves-
tigating the transient transport of a train of USP collimated incident radiation
through a 2D rectangular participating medium with and without inhomogeneities.
Muthukumaran et al. (2011) analyzed the transport of a short-pulsed laser with
both a step and Gaussian profile through a human tissue phantom. The laser pulse
width was varied between ns, ps, and fs, and the medium was taken to be either
homogeneous or inhomogeneous. They determined that the peak magnitudes of
transmittance were comparable for the ps and fs temporal span, but differed by
multiple orders of magnitude for the ns case. They also determined that the peak
reflectance signal between the ps and fs cases differed by seven orders of magni-
tude, illustrating the importance of laser pulse width.

Recently, Rahmani et al. (2009) investigated the prediction of ultrafast radiant
energy transfer with the FVM using a generalized computational grid, introducing
a new method to treat the control angle overhang. Asllanaj et al. (2007) solved for
ultrafast radiative transfer in a 2D complex shaped domain using unstructured tri-
angular meshes with the FVM using a cell vertex scheme, validating their results
with benchmark cases. Kim et al. (2010) solved for ultrafast radiative transfer in a
1D planar medium subjected to radiative equilibrium. Many previous studies on
ultrafast radiative transfer assumed the medium to be either cold or at a constant
temperature. Kim et al. (2010) argued that, for applications such as the short-pulse
heating of metals, irradiated radiant energy increases the medium temperature
throughout the entire process, causing differing temporal and spatial thermal be-
havior inside the medium. They reiterated the necessity of using a high-order con-
vection scheme to accurately capture the wave front discontinuity for collimated
irradiation. For the medium subjected to radiative equilibrium, the temporal evolu-
tion of incident radiation is more pronounced than for the cold medium, and the
radiative heat transfer in the medium converges to a constant value throughout,
unlike the case where the medium is cold or at a constant temperature. Ruan et
al. (2010) performed an analysis of transient radiative transfer in a 1D inhomo-
geneous layered media irradiated by a short-pulsed laser, witnessing a "dual-peak"
in the reflectance signals due to the inhomogeneity of the participating media.
Padhi et al. (2011) investigated the short-pulsed laser irradiation of a 2D partici-
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pating medium with diffusely reflective boundaries, finding that the "dual-peak"
reflectance phenomenon vanishes with increase in both the optical thickness and
wall emissivity.

While the FVM offers the flexibility of both angular and spatial discretization,
the integration over the 4π solid angle causes a decrease in computational effi-
ciency over the DOM. Mishra et al. (2006) verified that the FVM was not as
computationally efficient as the DOM, but showed that the FVM is still more
computationally efficient than the procedures that perform ray tracing, such as the
DTM. Hunter and Guo (2011) compared the FVM with DOM for both steady-
state and ultrafast radiative transfer analyses in absorbing and isotropic scattering
media. They showed that, for an axisymmetric cylindrical medium, the FVM with-
out angle splitting took up to 1.15 times longer to converge for optically thick,
purely scattering media than the DOM. In addition, the computational memory
usage by the FVM was also larger than that by the DOM. For highly anisotropic
scattering, however, solid-angle splitting is needed in order to satisfy the conserva-
tion of scattering energy. This will increase substantially the overall computational
time for the FVM. Use of appropriate phase function normalization technique
would reduce the level of required angle splitting (Hunter and Guo, 2012e), and
thus lessen the increased FVM computational time with angle splitting. Figure 4
displays both CPU convergence time and convergence time ratios of nonnormal-
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FIG. 4: CPU convergence times with varying angle splitting and convergence time ratios
of non-normalized FVM with varying solid-angle splitting to normalized FVM with (Nsφ
× Nsθ) = 2 × 2 splitting [reproduced from (Hunter and Guo, 2012e)]



ized FVM with varying levels of solid-angle splitting to the normalized FVM with
(Nsφ × Nsθ) = 2 × 2 angle splitting for varying optical thickness with g = 0.95
(Hunter and Guo, 2011e). It is seen that the CPU time ratio between the Nsφ ×
Nsθ = 24 × 24 and 2 × 2 cases is extremely large. For the optically thick medium
(τ = 25), the 24 × 24 case takes 45 times longer to converge than the 2 × 2 case.
The ratio increases dramatically with decreasing optical thickness. This illustrates
the advantage of using phase function normalization for the FVM. Not only the
scattered energy and asymmetry factor are explicitly conserved, but the conver-
gence time is decreased by a few orders of magnitude when compared to the non-
normalized convergence time with a large number of split subangles.

5. MONTE CARLO METHOD

Accurate treatment of the integro-differential term in the ERT can be a formidable
task. Deterministic methods, such as the DOM and FVM, are able to treat this
term fairly accurately with a sufficient number of discrete radiation directions. As
previously discussed, however, use of a finite number of radiation directions to ap-
proximate the full 4π solid angle introduces numerical error due to ray effect, and
spatial discretization induces numerical diffusion. In addition, it can be extremely
difficult to solve the ERT for realistic situations involving complex physical ge-
ometries. These issues can be avoided through the use of the Monte Carlo Method
(MCM). A major advantage of the MCM is that it can handle almost all physical
and geometrical conditions, including such as anisotropic scattering, Fresnel reflec-
tion, and refraction; and thus, is sometimes considered as an alternative to realistic
experiments. While the MCM provides a relatively simplistic manner of solution
for radiative transfer, it suffers from two well-known shortcomings: statistical er-
rors and computational inefficiency.

MCM algorithms for steady-state radiative transfer predictions can be found, in
great detail, in the textbook of Howell et al. (2010), and thus are not repeated
herein. When ultrafast radiative transfer is concerned, the solution algorithm does
not change except for the incorporation of photon flight time (Guo et al., 2000,
2002). As described in Guo et al. (2000), the initial photon emission time can be
determined through the use of random numbers, and the total time of flight of an
individual photon before experiencing absorption or scattering events is directly re-
lated to the optical path length through the medium speed of light. By calculating
the photon flight time, MCM simulations can be performed until the total flight
time reaches a certain predetermined limit, or until photons either escape the me-
dium boundaries or lose a certain amount of energy due to medium interaction.
Duhamel’s superposition theorem can also be used to construct the response of a
single pulse or pulse train from the MCM response to an impulse irradiation in
which the initial photon emission time is null (Guo et al., 2002).

Jacques (1989) was one of the first to consider the MCM as a method of inves-
tigating time-resolved ultrashort laser propagation in a turbid tissue. In his work,
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Jacques investigated internal fluence distribution and propagation depth due to
both impulse and pulsed laser incidence at the tissue surface for varying tissue op-
tical properties. He found that, for fs pulses, two photon reactions were dominated
by the initial unaltered incident pulse, while single photon reactions were domi-
nated by the diffuse scattered irradiance. When ps pulses were investigated, it was
found that both reactions were dominated by diffuse scattered incidence due to the
fact that the scattered light accumulated near the surface and exceeded the irradi-
ance of the primary pulse. When investigating the impact of medium anisotropy, it
was found that the primary laser pulse penetrated further into the tissue medium
than expected based on the knowledge of the medium extinction coefficient for
strong-forward scattering.

Hasegawa et al. (1991) used the MCM to simulate the variation of temporal
transmittance in a slab of particles in order to verify and explain the microscopic
Beer–Lambert law. In their model, the slab contained both isotropically scattered
particles and either a pigment or strongly-forward scattering particles irradiated by
a collimated light source that was taken to either be an impulse or Gaussian pro-
file at 10 ps FWHM. They determined, through investigation of temporal transmit-
tance, that differences in the optical density among slabs with different absorption
coefficients but equal scattering coefficients vary linearly with time, thus verifying
the applicability of the microscopic Beer–Lambert law. They also compared the
MCM to the DA, confirming that the DA is only valid for the time long after the
initial incidence and for locations far from the incidence point. Hielscher et al.
(1996) investigated time-resolved photon emission profiles from layered turbid
media with the MCM, comparing the numerical solutions with experimental meas-
urements on gelatin tissue phantoms. They found that MCM results accurately
conformed to the experimental results tested, finding that it was possible to use
time-resolved reflectance measurements to determine the absorption coefficients of
tissue layers that were not adjacent to the incident surface.

Guo et al. (2000) applied the MCM for determining 2D ultrafast radiative trans-
fer, investigating an absorbing and scattering medium irradiated by a spatial and
temporal Gaussian pulsed laser. They investigated the influences of anisotropic
scattering, incident pulse width, and the impact of the including of a Fresnel re-
flection boundary condition for refractive index change. The results showed that
including Fresnel reflection at boundaries where the refractive index changes occur
was crucial for accurate prediction of transmittance and reflectance profiles, while
the medium dimensions were shown to significantly impact the log-slope of reflec-
tivity, mandating the necessity for performing multidimensional simulation. An ad-
ditional work by Guo et al. (2002) expanded the use of the MCM for determining
ultrafast radiative transfer in a 3D enclosure and compared the MCM simulation
with experimental measurements. Figure 5 shows the comparison of the temporal
transmittance profiles via MCM simulation of anisotropic scattering and experi-
mental measurements for a 60-ps pulse at wavelength 532 nm passing through a
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3D block of 14.4-mm thickness containing 0.81% silica microparticles. The refrac-
tive index (R.I.) of material determines the optical properties. The R.I. of silica is
1.417 at wavelength 550 nm and 1.458 at 589 nm. At R.I. = 1.417, the scattering
coefficient is determined to be 17.052 mm–1 with an asymmetry factor of g =
0.96276. From the figure, it was found that the angle of transmittance had no no-
ticeable impact on the shape of hemispherical transmittance profiles and the pre-
dicted profile by MCM with R.I. = 1.417 matched well with the experimental
measurements.

Guo and Kumar (2000) determined that the use of the isotropic scaling law (Lee
and Buckius, 1982; Guo and Maruyama, 1999) was not able to produce accurate
transient results for ultrafast radiative transfer analysis. Figure 6 compares the tem-
poral profiles of transmittance and reflectance for various scattering media sub-
jected to a collimated irradiation. All the media have an equivalent isotropic
scattering coefficient (sometimes called as reduced scattering coefficient). It is
seen that the scaled isotropic scattering results do not match well with the anisot-
ropic scattering results at the early time stage. For backward scattering media, the
scaled isotropic result cannot capture the peak; while for forward scattering, the
scaled isotropic result will overpredict the peak. Unfortunately, most of the work
on light scattering in highly anisotropically scattering biological tissues adopted the
concept of reduced scattering coefficient.

A work by Wong and Menguc (2002) investigated the propagation of a colli-
mated beam in a plane-parallel participating media using three different MCM ap-
proaches, which differed in their treatment of the photon interaction distance. The
first method (MCM1) calculated a single interaction distance based on the medium

Ultrafast Radiative Transfer Modeling and Applications 329

Volume 44, Number 3–4, 2013

FIG. 5: Comparison of MCM simulation with experimental measurement [reproduced from
(Guo et al., 2002)]



extinction coefficient. The second method (MCM2) used the scattering coefficient
to calculate the interaction distance, and the third (MCM3) took into consideration
two separate interaction distances for absorption events and scattering events. They
determined that each individual method had ranges of optical properties in which
they were preferred for predicting transmittance and reflectance, based on the
changes in statistical variance. While they did not report absorption profiles, they
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FIG. 6: Comparison of temporal distributions of (a) transmittance and (b) reflectance for
various scattering media of equivalent isotropic scattering effect [reproduced from (Guo
and Kumar, 2000)]



mentioned that MCM1 and MCM3 yield identical absorption profiles, while pre-
dictions from MCM2 are more time consuming.

There have been many additional applications of the MCM in recent years. Wu
(2009) investigated ultrafast radiative transport in a refractive planar medium ex-
posed to collimated irradiation. The time of flight of the photons was derived for
a medium with a linearly varying refractive index. They found that the MCM re-
sults conformed accurately to those determined using the DOM, and that continu-
ous variation of refractive index in a medium has a significant impact on ultrafast
radiative transfer, including the decrease in reflectance and appearance instant of
transmittance peak with refractive index increase. Sawetprawichkul et al. (2002)
investigated 3D transient radiative transport using the MCM via parallel computa-
tion to improve computational efficiency. Wan et al. (2004) investigated the non-
invasive detection of inhomogeneities, such as tumors, in turbid media using
log-slope analysis of back-scattered intensity, validating their technique with both
experimental results and MCM simulations. Additionally, Guo et al. (2006) used
the MCM as a method to simulate light transport and signal measurement in order
to examine a novel optical temporal log-slope difference mapping approach for
imaging of cancerous breast tumor.

As stated earlier, the main drawback of the MCM lies in the computational
time, as extremely large numbers of photons must be traced from emission to ab-
sorption points in order to determine suitable statistical averages for intensity and
heat flux. In order to alleviate the computational drawbacks, Lu and Hsu (2004)
introduced a reverse MCM for determining transient radiative transfer in participat-
ing media. In this method, photon bundles are tracked in a time-reversal manner
from the point of absorption back to emission from the detector site. This method
is claimed to be more computationally efficient than the conventional MCM, due
to the fact that it is not necessary to track photons that never reach a collector
site. However, this procedure will generate less information about transport proc-
esses, due to the fact that information is only obtained at specific detector loca-
tions, meaning that it may not be appropriate for situations where detailed
information is required about the transient transport process. Follow-up works by
the same authors investigated light pulse propagation in nonhomogeneous media
(Lu and Hsu, 2005) and a medium containing highly scattering embedded cores
(Hsu and Lu, 2007), finding good agreement between conventional MCM and re-
verse MCM results.

6. OTHER METHODS

While the four methods previously mentioned are among the most popular thus
far, there are several other numerical methods to determine ultrafast radiative
transfer via solution of the TERT. The Radiation Element Method (REM) (Guo
and Kumar, 2001b; Guo et al., 2001) was developed for ultrafast radiative transfer
modeling in 2001. REM is a generalized zonal method, in which the governing
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equation is integrally solved and ray-tracing is employed to determine radiant-en-
ergy fraction-based view factors (Maruyama and Aihara, 1997). Since the time de-
pendence is an integral solution, this method can capture exactly the propagation
speed of light, eliminating numerical diffusion associated with discretization-based
methods like DOM and FVM. However, this method is relatively difficult to im-
plement. The DTM (Mishra et al., 2006), introduced by Rath et al. (2003) for ul-
trafast radiative transfer in 2003, is an approximate method that combines the use
of discrete directions with a ray-tracing procedure. The PN spherical-harmonics
method (Mitra et al., 1997; Wu and Bhuvaneswari, 2009) eases the TERT solution
by transforming the integro-differential equation into a set of partial differential
equations, with the P1 approximation leading to the diffusion equation, as dis-
cussed earlier. The Modified Method of Characteristics (Katika and Pilon, 2004)
transforms the TERT into an ordinary differential equation along photon pathlines.
To reduce the errors inherent in the approximate solution methods, the Integral
Method (IM) (Wu and Wu, 2000; Tan and Hsu, 2002) was implemented. In this
method, the TERT is directly integrated based on geometric constraints, eliminat-
ing ray effect and numerical diffusion errors for cases where the medium geome-
try is not too complex.

Table 1 lists comparisons of CPU convergence times for different numerical
schemes (DOM, FVM, DTM, DA, and MCM) available in the literature. It is im-
portant to note that CPU convergence times for each scheme are highly dependent
on the exact problem studied (boundary conditions, medium optical properties),
computational parameters (spatial and temporal grid size, number of rays/direc-
tions) and the computational workstation itself (amount of RAM, processor speed,
etc.). While the values listed for each specific problem cannot be directly com-
pared to other problems, generalizations in computational time can be made be-
tween specific numerical methods. The DOM and FVM approximate methods tend
to converge much more quickly than the DTM, which implements computationally
intensive ray tracing. The MCM has extremely large computational time in com-
parison, due to complex ray tracing and statistical averaging requiring multiple
simulations. Use of the DA greatly reduces computational time as compared to the
DOM, due to the reduction of the integro-differential ERT into a simplified set of
partial differential equations. In general, the DA will have the lowest computa-
tional time, and the MCM will have the highest, due to the specific nature of the
methods.

7. SOME BIOMEDICAL APPLICATIONS

The advent and subsequent development of ultrafast laser technology has allowed
for significant advances in the field of biomedicine. This section reviews some ap-
plications in which accurate modeling and understanding of ultrafast laser transport
and/or interaction with biological tissues is critical.
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A particular application where ultrafast lasers have played an indispensable role
is near-infrared optical imaging (Liu et al., 1993; Yoo and Alfano, 1993; Gu and
Sheppard, 1995; Hielscher et al., 1995b; Yamada, 1995; Yodh and Chance, 1995;
Alfano et al., 1997; Villringer and Chance, 1997; Quan and Guo, 2004) of foreign
growths embedded inside biological tissue, such as cancerous tumors. Before the
development of the aforementioned technology, imaging of inhomogeneities had
been attempted using conventional approaches with CW light sources. However,
the highly scattering nature of biological tissue made this difficult, as the shadows
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TABLE 1: Comparison of computational times for various numerical methods

Source
Computational time (min)

DOM FVM DTM DA MCM

Mishra et al. (2006)a 5.48 6.35 8.95 – –

Mishra et al. (2006)b 10.3 15.4 16.0 – –

Mishra et al. (2006)c 1.43 2.60 2.76 – –

Hunter and Guo (2011)d 6.61 7.47 – – –

Hunter and Guo (2011)e 0.38 0.42 – – –

Guo et al. (2003)f 480 – – 60.0 –

Henson and Malalasekera (1997)g – – 0.83 – 410

Henson and Malalasekera (1997)h – – 4.08 – 49.1

a 1D planar, cold medium subject to short-pulsed collimated irradiation, unity optical thickness, black
boundaries. 500 control volumes, 10 directions. IBM Thinkpad Model R40, Pentium 4 2.0 GHz
with 256 MB RAM

b Case a, except with 40 directions
c Case b, except with 100 control volumes
d 2D axisymmetric. cylindrical enclosure containing cold, absorbing/emitting/isotropic scattering me-

dium w/diffusely emitting hot side wall, optically thick (τ = 5.0), purely scattering. (150 × 150)
mesh, 288 directions — Dell Optiplex 780 w/Intel 2 Dual Core 3.16 GHz, 4.0 GB RAM

e
Case d, except optically thin (τ = 0.1)

f 3D cubic enclosure — participating media of base tissue (highly scattering), with tumor inhomo-
geneity of differing absorption coefficient. Medium irradiated by 60 ps short-pulsed laser at bound-
ary with Gaussian profile, staggered (27 × 27 × 27) computation grid. DOM S10 (120 directions),
Δt = 4 ps. DA approximation using FEMLAB w/104 finite elements

g 3D unit cube enclosing isothermal, absorbing, emitting, isotropically scattering medium with
cold/black walls. (9 × 9 × 9) orthogonal mesh, purely absorbing (τ = 0.0), variable optical thick-
ness. HP-9000/750 machine. MCM time for 30 simulations, 9.95 × 107 energy bundles. DTM
using 400 solid angles per subsurface.

h
Case g, except ω = 0.90, MCM bundles: 1.062 × 107.



caused by the inhomogeneities were washed out by the multiple random scattering
of light (Liu et al., 1993). When ultrafast laser light penetrates into a biological
tissue, it may be effectively split into a ballistic component, a diffuse component,
and a snake component (Yoo and Alfano, 1993). The ballistic and snake compo-
nents reach the inhomogeneity much earlier than the diffuse component, which un-
dergoes multiple scattering events. As such, sophisticated time-resolved imaging
techniques or coherent optical tomography can be used to detect the ballistic and
snake components, which both illuminate and carry optical information about the
growth, without detecting the multiple-scattered light that would wash out the
overall image. A theoretical investigation performed by Gu and Sheppard (1995)
reported nontrivial increases in the 3D image resolution using ultrafast laser light
as compared with CW laser illumination at a given wavelength. When the medium
is very turbid, such that diffuse radiation predominates, diffuse optical tomography
was proposed (Ntziachristos et al. 2000) in which an inverse image reconstruction
is conducted based on experimental measurements and continuous forward model-
ing of photon migration with testing optical properties (Yamada, 1995; Yodh and
Chance, 1995). Inverse optimization techniques can be extremely time consuming,
and to this end Guo et al. (2006) introduced a simple image-projecting method for
initial screening that avoids such time-consuming techniques.

A study by Wang et al. (1991) achieved submillimeter image resolution during
imaging of objects embedded behind various scattering walls, including human and
chicken breast tissue, by implementing an ultrafast optical shutter and an imaging
procedure that separated and rejected scattered diffusive light from the ballistic
component. Zaccanti et al. (1992) carried out experimental measurements of light
pulse transmission through thick turbid media using picosecond laser pulses, indi-
cating that the properties such as the absorption coefficient could be obtained from
pulse shape. In addition, they indicated the potential for detecting highly absorbing
structures using time-gated scanning imaging techniques. Alfano and co-authors
(Liu et al., 1993; Yoo and Alfano, 1993) further implemented ultrafast time-gated
optical detection techniques to locate both translucent and opaque inhomogeneities
embedded in thick tissue by isolating the early-arriving ballistic portion of ultrafast
laser light. In a subsequent work, Alfano et al. (1998) reviewed several methods
for extracting image-bearing light and investigated nonlinear optical tomography of
human organs, indicating the potential for the development of safe and inexpensive
diagnostic imaging techniques using near-infrared optical imaging with ultrafast
laser technology.

Villringer and Chance (1997) investigated the noninvasive assessment of human
brain activity in vivo using near-infrared light, detailing various additional applica-
tions for near-infrared spectroscopy and imaging, such as bedside monitoring cere-
bral oxygenation in patients at a risk of stroke. Benaron et al. (2000) additionally
investigated optical imaging applications for monitoring human brain activity, ana-
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lyzing photon transit time through the skull and brain tissue in order to achieve
tomographic imaging of cerebral hemoglobin oxygenation and similarly stressing
the ability of this technique for real-time clinical monitoring of oxygenation at
bedside. Wu et al. (1997) presented a multichannel tomographic technique in order
to detect fluorescent objects embedded in a thick turbid media, making use of
early-arriving photons from picosecond laser pulses. They achieved submillimeter
accuracy and millimeter resolution, indicating the feasibility of tomography for
tumor detection in human breast tissue. Schmidt et al. (2000) additionally explored
multichannel time-resolved imaging for the medical optical tomography, using the
aforementioned technique to detect small inhomogeneities embedded in tissue
phantoms.

Diffuse optical tomography of human breast tissue in vivo was performed by
Ntziachristos et al. (2000), who obtained images after administering indocyanine
green (ICG) and finding accurate results when compared to concurrently adminis-
tered magnetic resonance imaging. Studies by Tromberg et al. (2000) and Hebden
et al. (2001) additionally implemented diffuse optical tomography for imaging in
breast tissue using picosecond laser pulses. More recently, Quan and Guo (2004)
developed a fast 3D optical imaging method using an exogeneous fluorescence
agent. Using this technique, laser pulses excite fluorescence, allowing for the 3D
image reconstruction of relative fluorescence distribution. They demonstrated the
ability of this method for the accurate image reconstruction of a small tumor bur-
ied in turbid tissue.

Another application in which ultrafast laser technology has become indispensable
is precise material removal and microprocessing via plasma-mediated ablation
(Niemz et al., 1991; Loesel et al., 1998; Kim et al., 2001; Huang and Guo, 2009a;
Guo et al., 2010; Wang and, Guo 2010). The prediction of laser fluence for deter-
mining the optical breakdown threshold or temperature rise for material evapora-
tion requires the knowledge of laser radiative transport in tissue (Jiao[Q5] and
Guo, 2011). During plasma-mediated ablation, thermal diffusion to surrounding
material is limited/eliminated, due to the fact that the material thermal relaxation
time is much longer than the timescale of plasma formation due to laser–material
interaction (Huang and Guo, 2009b; Huang and Guo, 2010). This phenomenon al-
lows for material removal with an effective minimization of thermal damage to the
surroundings, which is extremely important for applications involving biological
tissue in vivo, as excessive thermal damage can lead to tissue necrosis. Previous
use of CW laser light for effective cell removal led to somewhat extensive thermal
and mechanical damage to the surrounding tissue (Niemz et al., 1991; Kautek
et al., 1994), indicating the necessity for ultrafast laser technology.

Niemz et al. (1991) performed an early study of plasma-mediated ablation, in-
vestigating the impact of picosecond pulses on human donor corneas. They meas-
ured energy densities and mean tissue removal rate, and found the laser excisions
to be smooth with minimal distortion. In addition, they introduced a quantitative
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model for plasma-mediated ablation, finding it to be accurate with the results ob-
served, indicating that mode-locked Nd:YLF lasers could be a feasible alternative
to excimer lasers for corneal surgery. High-quality corneal tissue ablations were
also achieved by Kautek et al. (1994) using femtosecond laser pulses. When com-
pared with ablations performed using nanosecond pulses, they found thermal dam-
age and tissue disruption to be greatly reduced. Both Fischer et al. (1993) and
Loesel et al. (1998) investigated picosecond-pulsed ablation of human brain tissue,
indicating that no thermal damage to the surrounding tissue was induced. Oraevsky
et al. (1996) demonstrate the ability of ultrafast lasers to act as precise microsur-
gical tools, investigating femtosecond-pulsed plasma-mediated ablation of biologi-
cal tissue and finding that high-quality ablation craters were obtained with no
damage to the surrounding material. Feit et al. (1997) presented a detailed numeri-
cal modeling of the relevant physics behind ultrashort-pulsed laser ablation of bio-
logical tissue. Additionally, Kim et al. (2001) investigated ablation characteristics
for pulse widths in the femtosecond and picosecond regime, observing differences
in the ablation crater morphology for various pulse widths. Lapotko et al. (2007)
studied cellular response to laser heating, building a model of laser radiation-cell
interaction and comparing this model with experiment in order to more accurately
gain information on cellular heat processes.

Works by Huang and Guo (2009a, 2010) were able to achieve thin-layer separa-
tion of both in vitro wet (Huang and Guo, 2009a) and freeze-dried human dermis
(Huang and Guo, 2010) using USP lasers. They found that single line ablation re-
sulted in no thermal damage to the surrounding material, and that multiline ablation
caused minimal and insignificant thermal damage. Further works by Guo and co-
authors (Guo et al., 2010; Wang and Guo, 2010) demonstrated the ability to sepa-
rate and remove thin layers of biofilm contamination, removing contaminating
layers of blood from various substrates using picosecond laser ablation. They found
that this technique was able to effectively and neatly remove the biofilm contami-
nation from the substrate without experiencing thermal diffusion damage.

The use of the thermal mechanism of ultrafast lasers to destroy cancerous tu-
mors has also been investigated recently. Biological tissue responds very strongly
to a temperature rise, and it additionally has been noted that cancerous tumor cells
are much more sensitive to temperature increase than healthy tissue (Anghileri and
Robert, 1986). Thus, by raising the temperature in cancerous tissue above a certain
threshold, while maintaining safe temperature levels in surrounding healthy tissue,
cancerous tumors can be effectively treated in cases where surgery is complicated
or dangerous (Jaunich et al., 2008; Jiao and Guo, 2011). This process is known as
the laser-induced hyperthermia (Anghileri and Robert, 1986). Use of ultrafast la-
sers with the beam focused at the tumor location allows for large temperature in-
crease at the tumor location while minimizing temperature rise at surrounding
healthy tissues (Jiao and Guo, 2011). This results in a minimization of the thermal
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damage of healthy tissue and necrosis over previous attempts with CW lasers,
making focused beam technology an ideal method for combating cancerous cells
(Jiao and Guo, 2011).

Additional applications for ultrafast laser technology with regard to biomedicine
include precise and minimally invasive laser microsurgery (Anderson and Parrish,
1983; Abergel et al., 1986; Arkin et al., 1994; Lubatschowski et al., 2003; Ri-
douane and Campo, 2006) and laser-tissue welding (Murray et al., 1989; Bass and
Treat, 1995; Fried et al., 1999; Kim and Guo, 2004). Laser microsurgery is per-
formed in many different areas of human body. Corneal surgery such as LASIK,
which uses laser technology to permanently change corneal shape as a means of
vision correction, uses femtosecond pulses in order to increase both speed of op-
eration and surgical precision (Lubatschowski et al., 2003). A work by Ridouane
and Campo (2006) investigated numerical computation of temperature evolution in
the human eye during corneal refractive surgery, investigating sensitivity in corneal
temperature distribution in order to accurately predict heat transmission during sur-
gery. Laser tissue welding, a procedure by which tissues are bonded together using
laser-activation of photothermal/photochemical bonds, has become a realistic alter-
native to other wound-closure methods, including sutures or staples, which can
lead to scarring.

The biomedical applications of ultrafast lasers listed in this work are not exhaus-
tive. However, the extensive use of ultrafast lasers in biomedicine in recent years
indicates the overall power and importance of advances in this technology. The
authors wish to acknowledge that there are many excellent works in this field that
may not be properly discussed here due to the limited space.

8. CONCLUSIONS

Numerical modeling of ultrafast radiative transfer in participating media is indis-
pensable for optical imaging reconstruction and has become a useful alternative to
complicated and expensive experiments of many applications in various fields, in-
cluding biomedicine. Specific biomedical applications of ultrafast laser technology,
including cell removal via laser ablation, precision microsurgery, and laser-tissue
welding, have been presented along with contributing works in this study. Various
numerical methods to accurately determine ultrafast radiative transfer have been
presented, and the contributing works for each have been noted. The DOM is one
of the more widely used approximate methods for solving the TERT, and has
been shown to be accurate when compared with both experimental results and
other numerical results. Although it suffers from inherent drawbacks such as nu-
merical diffusion, ray effect, and fixed angular directions, it has the advantage of
being computationally efficient and easily implemented; and thus, is one of the
more useful tools for numerically determining ultrafast transfer. The FVM offers
flexibility in both angular and spatial discretization, making it an important tool
for solving the TERT when complex geometries are involved. The FVM still car-
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ries the numerical diffusion errors and ray effects. The DA is perhaps the simplest
and most efficient tool for determining photon migration in turbid media, but the
wide recognition of its limitations and the rapid advances in computing power
have greatly impacted its importance. The MCM has been a continually-used
method to simulate ultrafast radiative transfer. While drawbacks to the MCM in-
clude a lack of computational efficiency and unavoidable statistical errors, its abil-
ity to handle almost any physical and geometrical problems and overall flexibility
makes it a popular method in the study of ultrafast radiative transfer. However,
such a method is hardly useful in the forward modeling for image reconstruction
due to its time-consuming nature. Other methods, including the REM, DTM, and
IM, have been investigated in more recent years to accompany these four major
methods, but have not yet gained popularity. All in all, numerical modeling of ul-
trafast radiative transfer has had an undeniable impact in many disciplines and will
continue to be a driving force in years to come.

Light scattering in biological tissues is highly anisotropic by nature. For ultrafast
radiative transfer analysis, the use of isotropic scaling law and reduced scattering
coefficient, which is generally acceptable for steady-state radiative transfer, is not
appropriate. The prediction with scaled isotropic scattering deviates substantially
with the directly anisotropic modeling for signals at early time stages. The ballistic
and snake radiation components cannot be predicted accurately with the use of
such an approximate technique. To conduct anisotropic scattering modeling, the
conservation of both the scattered energy and the asymmetry factor must be ob-
served. For DOM and highly anisotropic scattering media, normalization of the
scattering phase function to conserve both conditions must be performed. For
FVM, further solid-angle splitting may remedy the situation as well as reduce ray
effect, in the sacrifice of substantially increased computer memory usage and CPU
time. Normalization of phase function in FVM will reduce the required level of
angle splitting and consequently reduce the memory usage and CPU time. When
ballistic radiation exists, full normalization of both the ballistic and diffuse radia-
tion components is required.
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