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The scattering of radiation from collimated irradiation is accurately treated via normalization of phase
function. This approach is applicable to any numerical method with directional discretization. In this
study it is applied to the transient discrete-ordinates method for ultrafast collimated radiative transfer
analysis in turbid media. A technique recently developed by the authors, which conserves a phase-
function asymmetry factor as well as scattered energy for the Henyey–Greenstein phase function in stea-
dy-state diffuse radiative transfer analysis, is applied to the general Legendre scattering phase function
in ultrafast collimated radiative transfer. Heat flux profiles in a model tissue cylinder are generated for
various phase functions and compared to those generated when normalization of the collimated phase
function is neglected. Energy deposition in the medium is also investigated. Lack of conservation of scat-
tered energy and the asymmetry factor for the collimated scattering phase function causes overpredic-
tions in both heat flux and energy deposition for highly anisotropic scattering media. In addition, a
discussion is presented to clarify the time-dependent formulation of divergence of radiative heat
flux. © 2012 Optical Society of America
OCIS codes: 000.4430, 030.5620, 170.3660, 290.7050.

1. Introduction

Many laser applications involve the transport of ra-
diative energy through turbid media, including the
interaction of light with biological tissue during laser
microsurgery, diffuse optical tomography, or other
biomedical laser therapeutic applications [1–7]. It
is imperative that accurate solutions of the equation
of radiative transfer (ERT) are determined. As an in-
tegro-differential equation, the ERT is almost impos-
sible to solve analytically except when cases are
extremely simplified. As such, numerical methods
are commonly adopted so that radiation intensities,
heat fluxes, and other radiative properties can be de-
termined. There have been many proposed methods
to solve the ERT, including the finite volume method
(FVM) [8], radiation element method [9], and YIX

method [10]. However, one of the more well-known
and commonly used methods, due to its relative sim-
plicity for numerical implementation, is the discrete
ordinates method (DOM), introduced in 1968 by
Carlson and Lathrop [11].
Since the advent of ultrafast lasers, the study

of ultrafast radiative heat transfer in turbid media
has attracted increasing attention [3–7,12–15]. The
ultrafast radiative transfer is defined as that the
ERT is time-dependent and radiation propagates
with the speed of light in an ultrashort time scale [9].
It is different from the conventional transient radia-
tive transfer in that only the boundary condition is
time-dependent, but the ERT is still stationary. The
introduction of a time-dependent term in the ERT
transforms the equation into a hyperbolic format,
complicating the modeling of the already sophisti-
cated integro-differential ERT. Kumar, Mitra, and
Guo were pioneers in this field, examining the trans-
port of short light pulses through one-dimensional
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planar scattering—absorbing media using different
approximate mathematical models [3] or using the
TDOM to solve the time-dependent ERT in two- and
three-dimensional geometries [12,13]. Guo and coau-
thors further extended the study to applications
including laser-tissue welding and soldering and hy-
perthermia therapy [4,7], three-dimensional optical
imaging [5], laser ablation of cancerous cells [14], and
treatment of pulse train irradiation using Duhamel’s
superposition theorem [13,15].
In turbid media, such as biological tissue, the scat-

tering of light can be highly anisotropic. Caution
must be taken to ensure that scattered energy re-
mains conserved after directional discretization. To
ensure the conservation of anisotropically scattered
energy, phase function normalization is generally
adopted. Previously published techniques by Kim
and Lee [16] and Wiscombe [17] have been crafted
to exactly conserve scattered energy after DOM
discretization, no matter the quadrature scheme
adopted. However, a more recent publication by
Boulet et al. [18] determined that even though scat-
tered energy was in fact conserved using these tech-
niques, the overall phase-function asymmetry factor
and phase-function shape were distorted greatly for
strongly forward-scattering functions, resulting in
substantial skewing of heat flux profiles as compared
to those generated with the Monte Carlo method.
To this end, Hunter and Guo [19,20] developed a

new phase-function normalization technique, which
was crafted to specifically conserve both the phase-
function asymmetry factor and scattered energy si-
multaneously. They applied this technique both to
the DOM [19] and the FVM [20]. The previous works
by Hunter and Guo, however, only considered diffuse
irradiation. When collimated irradiation in scatter-
ing media is concerned, the radiation consists of two
components—collimated (ballistic) and diffuse, lead-
ing to the necessity of investigating the impact of
implementing phase-function normalization on the
collimated scattering phase function in addition to
the normalization of the diffuse counterpart. More-
over, the previous studies focused on normalization
of Henyey–Greenstein phase function. There is a
need to examine the technique for general Legendre
scattering phase functions.
In this study, the TDOM with phase-function nor-

malization is implemented to predict ultrafast radia-
tive transfer in a biological tissue sample subject to
collimated laser incidence. Conservation of both scat-
tered energy and the asymmetry factor are examined
for the diffuse and collimated scattering phase func-
tions after directional discretization. Results gener-
ated for a basic cylindrical enclosure are compared to
previously published results for validation. Steady-
state and transient heat flux profiles, generated both
with and without collimated phase-function normal-
ization, are compared for various phase functions to
determine the impact of collimated phase-function
normalization. The impact of location and asymme-
try factor on energy deposition in the medium is also

investigated. In addition, a new formulation of diver-
gence of radiative heat flux for ultrafast radiation
transfer, communicated by Rath and Mahapatra
[21], is discussed and clarified.

2. Radiative Transfer Equation

In general vector notation, the time-dependent ERT
for a diffuse, gray, absorbing-emitting and scattering
enclosure can be written as follows [22]:
1
c
δI�r; ŝ; t�

δt � ŝ ·∇I�r; ŝ; t� � −βI�r; ŝ; t� � σaIb�r; t�

� σs
4π

Z
4π
I�r; ŝ0; t�Φ�̂s0; ŝ�dΩ0;

(1)

where c is the speed of light in the medium, I�r; ŝ; t� is
the radiative intensity propagating in radiation di-
rection ŝ at location r at time t, Ib�r; t� represents
the blackbody intensity of the medium, Φ�̂s0; ŝ� is the
scattering phase function from direction ŝ0 to direc-
tion ŝ, and the extinction coefficient β is the sum of
the medium absorption coefficient σa and scattering
coefficient σs. The two terms on the left-hand side of
the ERT represent the temporal and spatial gradi-
ents of radiative intensity. The first term on the
right-hand side accounts for intensity attenuation
due to absorption and scattering, the second term for
blackbody emission, and the third term for radiant
energy gain due to in-scattering.
Consider an axisymmetric cylindrical sample of

biological tissue, with radius R and depth H, subject
to a normal collimated incidence of magnitude IC (ex-
cluding reflectance) at the top surface (z � 0�). Using
the TDOM, Eq. (1) can be expressed, for a discrete
direction l, as follows [4,23]:

1
c
δIl
δt � μl

r
δ
δr �rIl� − 1

r
δ
δϕ �ηlIl� � ξl δI

l

δz � −βIl � βSl: (2)

The direction cosines μl, ηl, and ξl correspond to the r,
ϕ, and z directions, respectively. When collimated ir-
radiation is considered, the source term Sl can be ex-
panded into three components, as follows:

Sl��1−ω�Ib�
ω
4π

XM
l0�1

wl0Φl0lIl
0 � ω

4πI
CΦlClexp�−τz�; (3)

where the second term is the angular directional dis-
cretization of the integral term in Eq. (1). In said
terms, ω � σs∕β is the single scattering albedo, M
is the total number of discrete directions analyzed
using the DOM, wl0 is the DOM quadrature weight
corresponding to direction l0, and Φl0l is the diffuse
scattering phase function between directions l0 and
l. The third term represents the propagation and
scattering of the collimated incidence, where ΦlCl

is the collimated scattering phase function from
the direction of collimated incidence lC to direction
l, and the optical depth τz � βz ranges from τ0 � 0
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at the top incident surface to τH � βH at the bottom
cylinder surface.
There are three types of boundary conditions to be

considered for the biological tissue cylinder. At the
radial centerline, an axisymmetric condition (perfect
mirror) is imposed. At the collimated incident sur-
face (z � 0), a Fresnel reflection boundary condition
is imposed due to the mismatch between the refrac-
tive indices of the tissue and surrounding air. The
surface at z � 0 is taken to be a specular reflector,
with the intensity emanating from any point w on
the surface in direction l calculated as follows [4,12]:

Ilw � �1 − ρlw;s�Ibw � ρlw;sI−l; (4)

where the incoming direction −l has direction cosines
μ−l � μl and ξ−l � −ξl. The specular reflectivity ρlw;s is
evaluated as

ρlw;s �

8>><
>>:

1
2

�
tan2�θli−θlr�
tan2�θli�θlr� �

sin2�θli−θlr�
sin2�θli�θlr�

�
; θli < θcr;

1; θli ≥ θcr;
�5�

where θli is the angle of incidence of the incoming
radiation, θlr is the angle of refraction of the incoming
radiation (determined via Snell’s law), and θcr �
sin−1�nair∕ntissue� is the critical angle determined
from the refractive indices of air and tissue.
The boundaries at both the bottom axial and radial

side walls (z � H and r � R) are taken as diffuse re-
flectors. The intensity emanating from the bottom
wall (z � H) can be calculated as a sum of blackbody
emission, reflection of the collimated incidence, and
diffuse reflection of all incoming intensities:

Ilw � �1 − ρw;d�Ibw

� ρw;d

π

�
IC exp �−τH� �

X
l0; ξl0<0

wl0Il
0 jξl0 j

�
;

ξl > 0; (6)

where the diffuse reflectivity ρw;d is taken to be 0.5
due to the highly scattering optical thickness of tur-
bid tissue and the theory of randomwalk [12,13]. The
boundary condition for the radial wall can be written
in a similar manner, as long as the direction cosines
are properly manipulated in the final term. For the
radial wall, however, the collimated term above is ne-
glected because the incidence is taken to be normal to
the top surface, meaning no direct portion of the
collimated incidence is absorbed by the radial wall.
After obtaining the intensity field through solution

of the ERT, the incident radiation G at any location
in the medium can be determined as follows, incor-
porating both diffuse and collimated contributions
[12,13]:

G �
XM
l�1

wlIl � IC exp�−τz�: (7)

Similarly, radial heat flux Qr and axial heat flux Qz
can be calculated in the following manner:

Qr �
XM
l�1

μlwlIl; Qz �
XM
l�1

ξlwlIl � IC exp�−τz�; (8)

where the radial component is not directly impacted
by the normally collimated incidence.

3. Phase-Function Normalization

The Mie phase function is generally a highly oscilla-
tory function, which makes exact implementation
difficult in any numerical scheme [22]. In order to fa-
cilitate numerical implementation, it is common to
approximate the Mie phase function using a finite
series of Legendre polynomials [22,24]. After DOM
discretization, the diffuse scattering phase function
Φl0l can be calculated using the Legendre polynomial
approximation as follows for the axisymmetric cy-
lindrical medium [19,20]:

Φl0l � 1
2

"XN
i�0

CiPi�cos Θl0l
1 � �

XN
i�0

CiPi�cos Θl0l
2 �
#
; (9)

where the coefficients Ci are determined from Mie
theory, and the scattering angles Θl0l

1 and Θl0l
2 can

be calculated from the direction cosines,

(
cos �Θl0l

1 � � μl0μl � ηl0ηl � ξl0ξl

cos �Θl0l
2 � � μl0μl − ηl0ηl � ξl0ξl

: �10�

The necessity of averaging the phase function be-
tween the two scattering angles comes from the
axisymmetric nature of the problem. The discrete or-
dinate ηl is calculated via the relation ηl �
��1 − �μl�2 − �ξl�2�1∕2, leading to two possible signs
for the product ηl0ηl.
The collimated scattering phase function ΦlCl can

also be expressed using Legendre polynomials. For
collimated incidence normal to the top surface, the
collimated direction cosines are μC � 0, ηC � 0,
ξC � −1. Using Eqs. (9) and (10), along with these di-
rection cosines, the expression for ΦlCl becomes

ΦlCl � −
XN
i�0

CiPiξl: (11)

In order to ensure that scattered energy is conserved
in the system after directional discretization, the dif-
fuse scattering phase function Φl0l must satisfy the
following conservation relation for each discrete
direction l0 [22]:
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1
4π

XM
l�1

Φl0lwl � 1: (12)

In addition to the conservation of scattered energy,
the overall asymmetry factor of the phase function
should not be altered after directional discretization.
In order to preserve the asymmetry factor g of the
original scattering phase function, the following rela-
tion must be satisfied for all discrete directions l0:

1
4π

XM
l�1

Φl0l cos�Θl0l�wl � g; (13)

where the quantityΦl0l cos�Θl0l� is represented as fol-
lows, using the Legendre approximation and consid-
ering the two possible scattering angles as described
in regards to Eqs. (9) and (10):

Φl0l cos�Θl0l� � 1
2

�XN
i�0

CiPi�cos Θl0l
1 � cos�Θl0l

1 �

�
XN
i�0

CiPi�cos Θl0l
2 � cos�Θl0l

2 �
�
: (14)

As scattering becomes highly anisotropic, the con-
straints given by Eqs. (12) and (13) are not always
satisfied after DOM discretization. In order to ensure
the conservation of scattered energy and asymmetry
factor, phase-function normalization is introduced.
Previously published techniques by Kim and Lee
[16] and Wiscombe [17] were fashioned to explicitly
satisfy the scattered energy—conservation relation
of Eq. (12). However, detailed analyses byBoulet et al.
[18] and Hunter and Guo [19,20] showed that these
techniques distort the overall asymmetry factor and
shape of the phase function, leading to inaccurate
heat flux and intensity values.
Recently, Hunter and Guo [19,20] introduced a new

normalization procedure that guarantees that the
conservation relations of Eqs. (12) and (13) are con-
served after DOM discretization. The diffuse scatter-
ing phase function is normalized as follows:

�Φl0l � �1 � Al0l�Φl0l; (15)

where the normalization parameters Al0l are such
that �Φl0l satisfies the relations given in Eqs. (12)
and (13). �Φl0l also satisfies a symmetry relation,
namely �Φl0l � �Φll0. The normalization parameters
that will accurately conserve both scattered energy
and asymmetry factor can be determined using QR
decomposition or via a pseudo-inverse technique,
as described in the authors’ previous works [19,20].
The previous works by the authors applied the nor-

malization technique to cases involving diffuse irra-
diation in a steady state using both the DOM and
FVM for ERT discretization, and mandated the ne-
cessity for conserving both scattered energy and the

asymmetry factor for highly anisotropic scattering
media. For cases involving collimated incidence, spe-
cial attention must be given to the normalization of
ΦlCl, which must also satisfy the scattered-energy
and asymmetry-factor relations of Eqs. (12) (13) in
which direction l0 is replaced by lC. Similarly, the
collimated scattering phase function can be normal-
ized as

�ΦlCl � �1 � AlCl
C �ΦlCl: (16)

The normalization parameters AlCl
C are independent

of the previously described normalization para-
meters Al0l except in the case where the direction
of collimated incidence coincides with one of the
DOM discrete directions. In that case, it is not
necessary to reevaluate the normalization param-
eters AlCl

C .

4. Results and Discussion

The workstation used to determine all results in this
study is a Dell Optiplex 780, with an Intel Core 2
processor and 4.0 gigabytes of RAM. The time-
dependent ERT is solved using the TDOM with
the S16 quadrature (288 total directions). For brevity,
further details on discretization and solution using
the TDOM are not presented here but can be found
in great detail in [4,12,13,19]. The DOM scheme was
implemented using the FORTRAN computing lan-
guage, and the phase-function normalization para-
meters were determined using MATLAB’s built-in
function for pseudo-inversion. The parameters only
have to be determined once for a given phase func-
tion, as they are solely dependent on the DOM quad-
rature scheme and phase-function asymmetry factor
(medium properties such as scattering albedo and
optical thickness can be freely changed without
altering the normalization parameters). Once deter-
mined, the parameters are imported into FORTRAN
for use in the DOM procedure. For the DOM S16
quadrature, the average computational time to de-
termine and export the normalization parameters is
17.6 s for the diffuse normalization parameters of
Eq. (15) and 0.62 s for the collimated normalization
parameters of Eq. (16).
Figure 1 examines the conservation of both scat-

tered energy and asymmetry factor through compar-
isons among three different normalization cases
applied to the collimated phase function: no normal-
ization, normalization with the old technique [16],
and new normalization with the current technique.
The conservation ratios are determined by averaging
the values of the summations in Eqs. (12) and (13) for
each direction l0 over the theoretical or prescribed va-
lues, with a ratio of unity indicating that the quantity
is exactly conserved. The four phase functions inves-
tigated in this study can be seen in Fig. 2 and have
overall asymmetry factors of g � 0.669723, 0.7693,
0.84534, and 0.927323, respectively. The Mie coeffi-
cients Ci for g � 0.669723 and g � 0.84534 are pre-
sented by Kim and Lee [25], while coefficients for
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g � 0.7693 and g � 0.927323 are presented by Lee
and Buckius [26].
When normalization is neglected, both scattered

energy and asymmetry factor are not accurately con-
served for any of the four examined Legendre phase
functions. For g � 0.927323, the conservation ratio
for scattered energy differs from unity by 14.9%,
while the conservation ratio for the asymmetry factor
differs by 15.3%. These large skews for highly aniso-
tropic scattering media indicate that the use of a nor-
malization technique is imperative. When the old
technique of Kim and Lee is applied, we see that scat-
tered energy is explicitly conserved. This conforms
to expectations, as this normalization technique
was crafted specifically for this purpose. However,
deviations from unity occur for the conservation of
asymmetry factor. Although the conservation of
asymmetry factor is improved over the case where

normalization is neglected, results by Boulet et al.
[18] and Hunter and Guo [19] showed that even min-
or deviations in asymmetry factor after discretiza-
tion can lead to vastly inaccurate results for strong
scatteringmedia according to the isotropic scattering
rule [27]. When the new technique of Hunter and
Guo is applied, both scattered energy and the asym-
metry factor are accurately conserved.
For validation purposes, the algorithmwas applied

to a test case presented in Jendoubi et al. [28]. For
this case, a cylindrical enclosure with aspect ratio
R∕H � 0.5 subject to a normal collimated incidence
on the top surface (z � 0) was analyzed. The optical
depth τ � βR and scattering albedo ω of the enclosed
gray medium were taken to be unity. The radial and
bottom walls of the enclosure are cold, diffuse, and
nonreflecting. The spatial grid used for this analysis
was �Nr ×Nz� � �40 × 80�. The steady-state results
were determined by neglecting the temporal term
in the ERTand using an iterative solution procedure.
No phase-function normalization was implemented
for this case. For all following results, radial location
r and axial location z are nondimensionalized as fol-
lows: r	 � r∕R, z	 � z∕H.
Figure 3 compares nondimensional radial wall

heat flux Qr�r	 � 1� versus axial location z	 for var-
ious phase functions. The heat flux at the radial wall
has been nondimensionalized by the collimated in-
tensity IC. Results were also calculated using the
FVM with 288 directions in order to further validate
our code. For all phase functions and axial locations,
it is observed that our numerical predictions conform
accurately to the predictions presented in the litera-
ture. In addition, the results calculated with the
DOM correspond accurately to those determined
using the FVM, with a maximum percentage differ-
ence of 1.75% occurring for g � 0.669723. The accu-
racy of the DOM solutions when compared to both

Fig. 1. (Color online) Conservation of scattered energy and asym-
metry factor after collimated phase-function normalization.

Fig. 2. (Color online) Legendre polynomial phase-function
distributions.

Fig. 3. (Color online) Comparison of radial wall heat flux
versus axial location determined from numerical predictions
and literature [28].

2196 APPLIED OPTICS / Vol. 51, No. 12 / 20 April 2012



the previously published results in Jendoubi et al.
[28] and the calculated FVM results indicate that
our DOM code is treating the collimated component
properly and give the authors confidence in the forth-
coming results.
Attention is now turned to the biological tissue cy-

linder subject to a collimated incidence at the top sur-
face, with dimensions R � 5 mm and H � 2 mm.
The optical properties were assumed to be those of
human dermis [24]: β � 18.97 mm−1, ω � 0.9858.
The total optical depth τ � βH of the medium is then
calculated as τ � 37.94. The spatial grid used for all
simulations is �Nr ×Nz� � �150 × 60� in order to both
fully capture accurate results and keep the step size
equal in both the radial and axial directions. For all
transient results, a nondimensional time step of
Δt	 � cΔt∕H � 0.00893 was chosen in order to satis-
fy the following criterion to ensure the traveling dis-
tance of light between two successive time steps is
not greater than the control-volume size [12]:

Δt	 ≤ min�Δr	;Δz	�; (17)

where Δr	 � Δr∕R and Δz	 � Δz∕H. The refractive
index of tissue is taken to be 1.4, and thus the speed
of light through the medium can be calculated
as 0.214 m∕ns.
Figure 4 depicts steady-state, nondimensional ra-

dial wall heat flux versus axial location for the four
previously mentioned Legendre phase functions.
Three overall normalization cases are considered for
comparison: no normalization, diffuse scattering
phase-function normalization only, and full normal-
ization of both the diffuse and collimated scattering
phase functions. The effect of the collimated inci-
dence can be seen close to the top wall (z � 0) for all
the four asymmetry factors. As the asymmetry factor
increases, radiant energy is more strongly scattered

away from the top wall and through the tissue med-
ium, leading to decreases in heat flux near the top
wall of the cylinder and increases near the bottom
wall. The axial location of the maximum heat flux in-
creases as the asymmetry factor increases, again due
to the increase in the strength of forward scattering.
For example, the maximum heat flux occurs at
z∕H � 0.075 for g � 0.669723 and at z∕H � 0.15
for g � 0.927323. The large optical thickness of tissue
hinders the propagation of radiant energy through
the medium, leading to smoothly decreasing heat
flux profiles over the depth of the medium.
The effects of both diffuse and collimated phase-

function normalization can also be seen in Figure 4.
For g � 0.669723, heat flux profiles predicted using
no normalization, diffuse normalization only, and full
normalization are nearly identical, with a maximum
percent difference of 0.50% occurring at the bottom
wall for the case where normalization is entirely
neglected. This matches results presented for diffuse
irradiation by Hunter and Guo [19], who found that
normalization for the DOM was not necessary for
asymmetry factors less than 0.7 when a Henyey–
Greenstein phase function was adopted. As the
asymmetry factor increases, however, discrepancies
between the predicted heat flux profiles start to ap-
pear. Using the fully normalized case as a basis, max-
imum differences of 0.28%, 7.30%, 4.28%, and 15.5%
are witnessed when the diffuse phase function is
solely normalized for g � 0.669723, 0.7693, 0.84534,
and 0.927323, respectively. When no normalization is
implemented, the overall differences increase dra-
matically to 0.50%, 316.70%, 29.92%, and 1770.98%,
respectively. In fact, the discrepancy caused by a lack
of conservation of diffuse scattered energy for g �
0.927323 is so great that the curve does not appear
on the plot. These large differences mandate the ne-
cessity of conserving scattered energy and asymme-
try factor for the diffuse phase function. The still
significant differences inherent when the collimated
phase function is not normalized indicate that
sole normalization of the diffuse phase function is in-
sufficient. Normalization of the collimated phase
function should be introduced to exactly conserve
scattered energy and asymmetry factor in the entire
system.
Figure 5 depicts transient radial-wall heat flux pro-

files versus axial location for g � 0.927323 at various
nondimensional times. Profiles are presented for the
case where both the diffuse and collimated phase
function are normalized, and for diffuse normaliza-
tion only. Because the case where normalization
wasneglected produced extremely distorted and inac-
curate results, all further results will be presented
without that case to showcase the importance of con-
serving the asymmetry factor and scattered energy
for the collimated scattering phase function. As the
time increases, an increase in both the heat flux mag-
nitude and the propagation depth of radiant energy
away from the top wall is witnessed. At small time
(Δt	 � 0.3125), the heat flux near the bottom wall

Fig. 4. (Color online) Steady-state radial wall heat flux versus
axial location for various asymmetry factors and various normal-
ization cases.
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is negligible due to the lack of propagation of radiant
energy to this wall. When the steady-state solution
seen in Fig. 5 is reached at Δt	 � 10.58, energy has
propagated through the tissue medium, leading to
appreciable values of heat flux throughout.
Figure 6 depicts nondimensional heat flux at the

bottom wall −Qz�z	 � 1� versus radial location for
various times with g � 0.927323. The negative sign
indicates that the net direction of flux is into the wall.
Heat flux profiles are the largest near the centerline
of the tissue cylinder and smallest near the radial
wall due to the cold, diffusely reflecting boundary
condition. At small times, the heat flux at the bottom
wall is miniscule due to the fact that the medium is
optically thick and propagation of radiant energy has
not yet reached the boundary. The effect of the re-
flecting radial wall becomes more pronounced for lar-
ger times due to an increase of energy scattering
towards the radial wall.
As seen from Figs. 5 and 6, profiles generated

without collimated phase-function normalization
overpredict profiles generated with full normaliza-
tion for all times.
For applications such as the laser ablation of can-

cerous cells, it is important to control the amount of
radiant energy absorbed by surrounding tissue so
that healthy tissue is not damaged. The radiant en-
ergy absorption rate can be determined as follows:

grad � β�1 − ω��G − 4πIb�; (18)

where grad is the volumetric radiation energy absorp-
tion rate and G is the incident radiation. For this
analysis, the medium is
taken as cold (Ib � 0) so that the sole effects of radia-
tive transfer can be examined. Further, grad can be
nondimensionalized by the collimated intensity IC

and medium depth H as follows:

g	
rad � β�1 − ω�G

4πIC∕H
: (19)

Figure 7 plots the radiation energy absorption rate
profiles in steady state versus radial location for
three different axial locations (z	 � 0, 0.5, 1) evalu-
ated for various asymmetry factors. Both the diffuse
and collimated phase functions were normalized for
this analysis using Hunter and Guo’s technique.
At the top wall (z	 � 0), an increase in asymmetry
factor corresponds directly to a decrease in energy
absorption due to the fact that radiation scatters
more strongly away from the wall at high asymmetry
factors. At the axial midplane (z	 � 0.5) and bottom
wall (z	 � 1), the opposite trend is witnessed, as ex-
pected. The effect of the reflecting radial wall is man-
ifested as a decrease in energy absorption at the
tissue radius. The energy absorption rate has higher
magnitude at the top wall due to the presence of
the collimated source, and lowest magnitude at the
bottom wall due to the large propagation distance
through the optically thick medium.
Figure 8 depicts the time-dependent energy ab-

sorption rate profiles at the radial centerline for
three axial locations and various asymmetry factors.
For all axial locations and asymmetry factors, the ab-
sorbed energy rate at the centerline increases with
increasing time. At small times, the energy absorp-
tion rate at both the axial midplane and bottom wall
are miniscule, while the rate at the top wall is larger
due to the proximity to the collimated incidence. At
the top wall, an increase in the asymmetry factor
produces a decrease in the magnitude of energy ab-
sorption, whereas the opposite trend is seen at the
other axial locations. The profiles generated with no
collimated phase-function normalization again over-
predict the profiles generated with the full normali-
zation technique for all asymmetry factors shown
and all axial locations.

Fig. 5. (Color online) Transient radial wall heat flux versus axial
location for g � 0.927323 with and without collimated phase-
function normalization.

Fig. 6. (Color online) Transient bottom wall heat flux versus
radial location for g � 0.927323 with and without collimated
phase-function normalization.

2198 APPLIED OPTICS / Vol. 51, No. 12 / 20 April 2012



An interesting trend is seen when comparing per-
cent differences between profiles generated with and
without collimated phase-function normalization at
the different axial locations. For g � 0.927323, the
profile generated with only diffuse normalization
overpredicts the fully normalized case by 16.65%,
15.56%, and 15.43% for t	 � 0.3125, 3.125, and 12.5,
respectively, at the bottom wall. A similar strict de-
crease in percent difference with time is seen for
the axial midplane, with the percent differences of
16.43%, 15.45%, and 15.41% at the same times hav-
ing slightly smaller magnitudes. At the top wall,
however, the opposite trend is seen. For the same
nondimensional times, the percent differences are
6.28%, 8.11%, and 8.47%, respectively. The percent
difference strictly increases with time at the top wall,

conversely to the previous axial locations. In addi-
tion, the difference between the normalization cases
is less pronounced at the top wall for all times. Simi-
lar trends are seen for g � 0.7693 and g � 0.84534.
Recently, Rath and Mahapatra [21] developed a

new formulation of the divergence of radiative heat
flux for ultrafast radiative transfer. To determine
their expression, Eq. (1) is first integrated over all
solid angles. Performing said integration and rear-
ranging terms, the following expression is obtained:

1
c
δ
δt

Z
4π
I�r; ŝ; t�dΩ �∇ ·

Z
4π
I�r; ŝ; t�̂sdΩ

� −β
Z
4π
I�r; ŝ; t�dΩ � σa

Z
4π
Ib�r; t�dΩ

� σs
4π

Z
4π
I�r; ŝ0; t�

�Z
4π
Φ�̂s0; ŝ

�
dΩ�dΩ0: (20)

Noting that
R
4π I�r; ŝ; t�ŝdΩ � qrad,

R
4π Ib�r; t�dΩ �

4πIb�r; t�, and
R
4π Φ�̂s; ŝ0�dΩ � 4π from the conserva-

tion of scattered energy, Eq. (20) reduces to the
following form [using σs � βω and σa � β�1 − ω�]:

1
c
δ
δt

Z
4π
I�r; ŝ; t�dΩ �∇ · qrad

� −β
Z
4π
I�r; ŝ; t�dΩ � 4πβ�1 − ω�Ib�r; t�

� βω
Z
4π
I�r; ŝ0; t�dΩ0: (21)

Rearranging Eq. (21) and using the definition for in-
cident radiation G�r; t� � R

4π I�r; ŝ; t�dΩ, the final ex-
pression for the divergence of radiative heat flux
becomes

∇ · qrad � β�1 − ω��4πIb −G� − 1
c
δG
δt : (22)

The first term on the right-hand side is the tradi-
tional formulation of divergence of radiative heat
flux for steady-state ERT [the same as what we have
called grad in Eq. (18), only with the opposite sign].
The second transient term on the right-hand side
is a new addition. Rath and Mahapatra thought that
this transient term directly contributes to the energy
deposition in the medium, impacting the calculation
of temperature in the medium from the energy equa-
tion. In the authors’ opinion, however, this term is
not related to local energy deposition; instead, we
believe this term describes the propagation of radi-
ant energy with a wave through the medium. The
authors’ belief is that the transient term above ac-
counts for the amount of propagating energy that
is “trapped” in a given control volume at a specific
time instant, which will travel to adjacent control vo-
lumes at subsequent time instants and not be physi-
cally absorbed by the medium at that location. This
notion is supported by the fact that while there

Fig. 7. (Color online) Energy absorption rate versus radial
location for various asymmetry factors.

Fig. 8. (Color online) Energy absorption rate at the radial center-
line for various times and asymmetry factors with and without
collimated phase-function normalization.
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should be no energy deposition in the medium for a
purely scattering situation (ω � 1), the addition of
the transient term gives a nonzero value to the diver-
gence of radiative heat flux for time instants prior to
the steady-state condition. In addition, it should be
noted (as pointed out by an anonymous reviewer of
this paper) that this term is analogous to Maxwell’s
“capacitive term” that represents stored wave energy
that will not necessarily be ultimately dissipated in
the medium.
Figure 9 plots the divergence of radiative heat flux

at the radial centerline for various nondimensional
times with g � 0.927323. Profiles are generated with
and without the propagation term listed in Eq. (22)
and with both the diffuse and collimated scattering
phase functions normalized. When the propagation
term is neglected (as to produce profiles using the
prior definition of energy absorption), we see a gen-
eral increase in energy deposition with increasing
time. At small time, energy deposition is higher
near the top wall due to the collimated source but
negligible at greater depths into the tissue sample.
As time increases and radiant energy propagates
further through the medium, the divergence of radia-
tive heat flux increases at all axial locations until
a steady state is reached. This conforms to expecta-
tions, as the overall amount of energy absorbed
by the cold medium should strictly increase with in-
creasing time.
When the propagation term is included, a much

different phenomenon is noticed. At small times,
near the collimated source, there is a large spike
in energy deposition due to the high magnitude of
the propagation term (the product 1∕cΔt is extremely
large for small time steps, greatly magnifying small
changes in incident radiation G between subsequent
time instants). As time increases and the problem
approaches a steady- state, the contribution of the
propagation term rapidly decreases, leading to de-
creasing divergence of radiative heat flux near the
collimated source. In fact, when analyzing diver-
gence profiles for small times, a wave-like propaga-
tion of radiant energy can be witnessed, with the
high spike at small time due to the high magnitude
of radiant energy propagating away from the colli-
mated source. As time increases, the radiant energy
is scattered in all directions, leading to a decrease
in overall magnitude of the spike produced by the
propagation term.
The pattern of decreasing energy deposition with

increasing time counters the general idea of energy
deposition for the cold medium. Energy is constantly
absorbed by the medium during the temporal pro-
cess, which should lead to consistently increasing va-
lues of divergence. For this reason, and on account of
the example for pure scatteringmentioned above, the
authors believe that the transient term in Eq. (22) is
merely a description of the propagation of the energy
wave through the medium or of the propagating en-
ergy that is “trapped” in a certain control volume at a
certain time instant but that will leave the control

volume subsequently. The authors believe that the
overall formulation of divergence of radiative heat
flux given in Eq. (22) is correct but that the propaga-
tion term will not contribute to local temperature
change due to the fact that it is not a direct energy
deposition in the medium. For steady-state radiative
transfer, Eq. (22) will go back to the conventional ex-
pression of energy absorption [Eq. (18)]. In ultrafast
radiative transfer, however, the divergence of radia-
tive heat flux is not equivalent to local energy deposi-
tion. This formulation by Rath and Mahapatra
brings forth the notion that the divergence of heat
flux contains two components: local energy deposi-
tion and wave-like energy propagation.

5. Conclusions

In this study, phase-function normalization was ap-
plied to the TDOM for ultrafast collimated radiative
transfer analysis. The phase-function normalization
technique introduced by Hunter and Guo for the dif-
fuse scattering phase function was further applied to
the collimated phase function to gauge the impor-
tance of normalization when a collimated source is
applied to a turbid medium. Sole normalization of
the diffuse scattering phase function does not impact
the collimated phase function, mandating further
normalization to ensure that the collimated phase
function satisfies conservation of scattered energy
and asymmetry factor.
Both heat flux and energy deposition profiles, de-

termined for various asymmetry factors, were com-
pared to investigate the importance of collimated
phase-function normalization. As the asymmetry fac-
tor increased, lack of diffuse and collimated phase-
function normalization produced discrepancies in
steady-state heat flux profiles, with differences over
100% when normalization was altogether neglected
and 16% when only the diffuse normalization was
considered for g � 0.927323. When transient profiles

Fig. 9. (Color online) Effect of propagation term on radial
centerline divergence of radiative heat flux.
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were investigated, the percent difference between
diffuse only and full normalization cases exceeded
10% for all radial and axial locations and times for
g � 0.927323. It was found that the axial location
had a strong impact on the difference between energy
deposition calculated with and without collimated
phase-function normalization. Near the collimated
source, the percentage difference for all asymmetry
factors decreased with increasing time, while at loca-
tions far from the source the opposite trend was
witnessed. All of the results dictate that it is
imperative to use phase-function normalization tech-
niques that will accurately conserve both scattered
energy and asymmetry factor for both the collimated
and diffuse radiation components.
The expression of the divergence of radiative heat

flux is examined. While the addition of a transient
term to the divergence of radiative heat flux is plau-
sible, this term is not related to local energy deposi-
tion. Rather, it simply describes the propagation of
radiant energy by a wave through themedium.When
wave propagation is negligible, the transient term
drops and the divergence of radiative heat flux goes
back to the negative of local energy deposition in a
steady state. It is important to note that the propa-
gation term should not be used as part of the radia-
tive source affecting medium temperature even in
ultrafast radiative heat transfer calculations.
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