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An empirical approach is proposed to estimate the bulk temperature in practical laminar tube flow. To
examine the correlation, heat transfer in different types of tubes with wall conduction and uniform constant
heat flux at tube outer wall surface is numerically investigated. The predictions from the proposed correlation
match well with the numerical results in all the cases studied for air flow in the Pe range from 105 to 1032
and for water flow in the Pe range from 70 to 700. The method is further testified via comparison with
experimental data and numerical results of mini (micro)-channel water flow available in literature.
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1. Introduction

Extensive studies on conjugate heat transfer in a tube with
internal laminar flow have been performed using analytical and
numerical methods in the past three decades. Mori et al. [1]
investigated the wall conduction effects in a circular tube with either
uniform constant heat flux or constant temperature at the outer
surface of the tube. Faghri and Sparrow [2] numerically studied the
coupled effect between solid wall and fluid axial conductions. It was
found that the effect of the wall axial conduction can readily
overwhelm the effect of the fluid axial conduction. The generalized
conjugate Graetz problem with axial conduction was studied in Refs.
[3–6]. All of the above-mentioned literature obtained temperature
profiles assuming a known and temperature-independent velocity
profile. As a matter of fact, the real velocity profile is not known and
both the velocity and temperature fields are simultaneously devel-
oping at the entrance regime in most cases.
Experimentally the tube outer wall temperature can be easily

measured whereas it is impossible to measure the local fluid bulk
temperature. It would be very useful if the bulk temperatures can be
acquired via the measured wall temperatures in order to calculate
heat transfer coefficients. To this end, a simple method oriented from
the experimental point of view is presented in this paper which
avoids the complexity of the afore-mentioned analytical and
numerical approaches. Air is considered as the working fluid, with
Peclet number varying from 105 to 1032. In addition, the proposed
method for predicting water bulk temperature is verified through
comparison with published experimental data and numerical results.

Meanwhile, two common tube materials (copper and stainless steel)
are also considered to extend the flexibility of the method.

2. Physical model and proposed method

The physical model is a circular tube with finite wall thickness
shown in Fig. 1, whose inner diameter is Di and the ratio of length to
inner diameter (L/Di) is set to 100 in order to reach fully-developed
state. The conjugate heat transfer problem is analyzed in laminar flow
condition. When air is considered as the working fluid, natural
convection is negligible. The laminar flow is characterized by steady-
state, constant physical property and three-dimensional situations
with no viscous dissipation. The general governing equations are
omitted here due to space limitation.
A mass-flow-inlet is set as the inlet boundary condition and a

pressure-outlet is set as the outlet boundary condition. The ambient
fluid temperature (Te) is 283.15 K for air (Pr=0.7). A uniform
constant heat flux boundary condition is imposed on the outer
surface of the tube wall (qwo=const) and the adiabatic boundary
condition is imposed on both ends of the tube wall. The numerical
models are solved by commercially available computer CFD software
(FLUENT 6.3).
It is well known that, under the boundary condition of uniform

constant heat flux at the circular tube without consideration of wall
thickness, the fluid temperature distribution is linearly increased
along the streamwise direction [7]. At the fully-developed region the
temperature difference between the wall temperature and the fluid
bulk temperature (Tw−Tf) is a constant.
In fact, any circular tube comes with a finite wall thickness. In

experiments, the outer-wall temperature (Two) of a tube can be
measured by thermocouples; and the inner-wall temperature (Twi) is
obtained via one-dimensional Fourier heat conduction analysis. The
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inner-wall temperature (Twi) may be assumed of the outer-wall
temperature (Two) for tubes of high thermal conductivity or thin-wall
tubes. The ambient fluid temperature (Te) could be measured by
Mercury thermometer or other measuring instruments. Usually, the
fluid outlet temperature (Tout) of a test tube is measured. The inlet
temperature of the fluid is approximately equal to the ambient fluid
temperature (Tin=Tf(0)=Te). Such consideration is correct in

laminar tube flow without wall heat conduction or in turbulent flow
[8,9]; but not appropriate for lower Reynolds number laminar
flow because of the existence of axial wall heat conduction. If the
inlet fluid temperature is to be measured, there exist five known
parameters, namely, Te, Tf(0) (=Tin), Tf(L) (=Tout), Twi(0) and Twi(L);
then a linear correlation for the dimensionless temperature, θ , is
obtainable in laminar tube flow. The dimensionless temperature,θ(x),
is defined as

θ xð Þ ¼ Twi xð Þ−T f xð Þ= Twi xð Þ−Teð Þð ð1Þ

where Twi is the inner-wall temperature of the tube wall, Te is the
ambient fluid temperature, and Tf is the bulk temperature.
For an ideal circular tube with negligible wall thickness, the

reciprocal of θ can be expressed as a linear function of the axial
coordinate in the absence of axial wall heat conduction and θ(0)=1
because of Tf(0)=Tin=Te. Fig. 2a shows the numerical results of the
variation of (1/θ) versus x*=4x/Dh/Pe. As shown clearly in Fig. 2a, the
distributions of (1/θ) vs. x* are nearly linear for air (Pe=105 and
1032).
For an actual circular tube with finite wall thickness, however, the

fluid will be preheated (Tin>Te) before entering into the heated tube
because of the axial wall conduction. So the dimensionless temper-
ature θ(0) at x=0 is less than 1 (θ(0)b1), and the difference of (1
−θ(0)) could be congenially regarded to represent the axial
heat transfer rate. The numerical results of the variation of 1/(θ(x)+1
−θ(0)) are illustrated in Fig. 2b and c, fromwhich a quasi-linear equation
can be obtained. It is seen that the linearity of 1/(θ(x)+1−θ(0)) for a
circular tube with finite wall thickness is quite good at low thermal
conductivity and high Peclet number but poor at high thermal
conductivity and low Peclet number. However, the error for predicting
fluid bulk temperature is satisfactory in terms of engineering applica-
tion as described in the next section because θ(x) is a decimal between
0 and 1.
Now the quasi-linear equation for a circular tube with axial wall

heat conduction is given as

β xð Þ ¼ 1
θ xð Þ þ 1−θ 0ð Þð Þ¼cþ dx� ð2aÞ

at

x ¼ 0; x� ¼ 0 : θ 0ð Þ ¼ Twi 0ð Þ−T inð Þ= Twi 0ð Þ−Teð Þ;β 0ð Þ¼ 1 ð2bÞ

at

x ¼ L; x� ¼ 4L=Dh
Pe

:

θ Lð Þ ¼ Twi Lð Þ−Toutð Þ= Twi Lð Þ−Teð Þ;β Lð Þ¼ 1
θ Lð Þ þ 1−θ 0ð Þð Þ

ð2cÞ

For a circular tube, the hydraulic diameter is Dh=Di.

Nomenclature

c coefficient in Eq. (2a)
d coefficient in Eq. (2a)
Dh hydraulic diameter (m)
Di inner diameter of outer-tube (m)
L tube length (m)
q wall heat flux (W/m2)
Pe Peclet number (=RePr)
Pr Prandtl number
Re Reynolds number
T temperature (K)
x* dimensionless axial position (4x/DhPe)
x axial position (m)
x, y, z Cartesian coordinates

Greek symbols
λ thermal conductivity (W/m K)
δ thickness (m)
ε error indicator
θ dimensionless temperature
β auxiliary function, Eq. (2a)

Subscripts
in inlet
e ambient fluid temperature
f fluid
L tube end
m mean
max maximum
out outlet
w wall
wi inside wall
wo outside wall
x along x direction, local
0 tube entrance
1 results based on Eq.(5)
2 results based on Eq.(6)
3 results based on numerical results
* dimensionless

Fig. 1. Sketch of a circular tube with specified thermal boundary conditions.
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The two coefficients in Eq. (2a) are solved as follows

c ¼ 1 ð3aÞ

d ¼ β Lð Þ−1ð Þ= 4L=Dh
Pe

� �
: ð3bÞ

So the quasi-linear equation for circular tubes with wall conduc-
tion is

β xð Þ ¼ 1þ β Lð Þ−1ð Þ
4L=Dh
Pe

x� ð4aÞ

and the dimensionless temperature, θ(x), is

θ xð Þ ¼ θ 0ð Þ− 1−1=β xð Þð Þ: ð4bÞ

Then, the fluid bulk temperature in the circular tube with wall
conduction is obtained as follows

T f1 xð Þ ¼ Twi xð Þ− θ 0ð Þ− 1−1=β xð Þð Þ½ � Twi xð Þ−Teð Þ ð5Þ

Eq. (5) is the proposed correlation in this study. Traditionally, the
bulk temperature of fluid in a circular tube without wall heat
conduction is assumed to be linearly increased along the fluid flow
direction under constant heat flux boundary condition [7]:

T f2 xð Þ ¼ Te þ Tout−Teð Þ⋅x=L: ð6Þ

In order to compare the results based on Eqs. (5) and (6),
respectively, the corresponding error indicators (ε) are defined as

εi ¼ T fi−T f3ð Þm= Tout−Teð Þ; i¼ 1;2 ð7Þ

where εi represents the dimensionless mean deviation of the bulk
temperature and Tf3 is directly obtained from the numerical
simulation and treated as the correct value.

3. Results and discussion

3.1. Circular tube with wall conduction

To check the grid-independence the present computations were
primarily performed with three grid densities: 180,044, 787,336, and
1,365,048 mesh points. It is found that the relative deviation of Nu
was only 2.5% between the coarse and fine meshes and 0.8% between
the intermediate and fine meshes for air in the case of Re=100 and
x/L=0.6. Therefore, the intermediate mesh system was adopted in
the numerical modeling calculations thereafter.
The air temperature distributions of circular tubes with thick

wall (δw/Dh=1.5) are presented in Fig. 3a–b. Both low and high
thermal conductivity materials for the tube are considered: copper
(λ=398W.m−1.K−1) and stainless steel (λ=16.6 W.m−1.K−1).
There are three defined local bulk temperatures: the black solid
squares in the figures represent Tf1 estimated from Eq. (5), the hollow
circles indicate Tf2 predicted by Eq. (6), and the black solid triangles
represent Tf3 calculated from numerical modeling. The hollow
squares in the figures indicate the wall temperature (Twi) resulted
from the numerical modeling. From Fig. 3, it is found that the linear
Tf2 profiles obtained assuming negligible axial wall heat conduction
deviate obviously from the Tf3 profiles obtained from the numerical
modeling; whereas the Tf1 profiles from the currently proposed
Eq. (5) match closer to the numerical results (Tf3). For the tube made
of copper, the maximum temperature difference between Tf1 and Tf3
is −4.4 K and −5.1 K, respectively for Pe=105 and 1032. However,
the maximum temperature difference between Tf2 and Tf3 is−42.1 K
and −20.6 K, correspondingly. For the tube made of stainless steel,
the maximum temperature difference between Tf1 and Tf3 is −3.4 K
and−4.8 K for Pe=105 and 1032, respectively; while the maximum
temperature difference between Tf2 and Tf3 is−27.6 K and−7.2 K for
Pe=105 and 1032, respectively. The errors of mean temperature
deviation are listed and compared in Table 1. It is seen that for the
tubes made of high thermal conductivity copper, ε1 is−4.7% whereas
ε2 is−51.3% at Pe=105. When Pe increases to 1032, ε1 is only−0.5%
whereas ε2 is −19.8%. The same tendency appears in Table 1 for
the tubes made of low thermal conductivity stainless steel. At
Pe=105, ε1 is −3.3% whereas ε2 is −33.9%. It can be concluded
that the proposed Eq. (5) has a more accurate estimation of the air
bulk temperature than that of Eq. (6) for thick-wall tubes.
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Fig. 2. Variation of dimensionless temperature in different circular tubes.
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The case of circular tube with thin-wall (δw/Dh=0.5) is also
studied. The errors of mean temperature deviation are shown in
Table 1. It is seen that, even for thin-wall tubes, the estimation from
Eq. (5) is more accurate than that from the linear Eq. (6), in particular
at low Peclet number.
The applicability of Eq. (5) is extended to water flow in circular

tubes (δw/Dh=0.5) made of either copper or stainless steel. Two
different Peclet numbers (Pe=70 and 700) are selected. It was found
that the water bulk temperature profiles predicted by the numerical
modeling for the water tube made of high thermal conductivity
copper was not linear and the profiles predicted by Eq. (5) matched
closely to the numerical results. The errors of mean temperature
deviation were that ε1 was −4.1% and −0.7% at Pe=70 and 700,
respectively; while ε2 was −18.5% and −2.9%, correspondingly. For
the tube made of stainless steel, both the ε1 and ε2 were every small
and within acceptable accuracy.

3.2. Micro-channel with wall conduction

The proposed correlative Eq. (5) is further testified with the
experimental data in Ref. [10] and the numerical results in Ref. [11],
in which water-flow heat transfer in a 10 mm long micro-channel,
57 μm wide and 180 μm deep, was considered. The inside wall
temperature can be thought to equal to the measured outside wall
temperature because of the high thermal conductivity of silicon and
thinwall (δ=0.45 mm). Thewall temperatureswere Twi(0)=313.15 K
and Twi(L)=382.15 K. The fluid temperatures were Tin=293.15 K and
Tout=378.15 K. The ambient fluid temperaturewas not given, and thus,
is assumed as Te=291.75 K or 292.05 K. Fig. 4 shows the predicted bulk
temperature profiles based on Eq. (5) with the wall temperatures
extracted from Fig. 14 in Ref. [11] for the case Re=42 (ΔP=6kPa). The
bulk temperatures (Tf3) in the figure were also extracted from Fig. 14 in
Ref. [11] and are regarded as the correct values. It is observed that the
two Tf1 profiles with different Te values (292.05 K or 291.75 K) are
nearly identical and the mean temperature difference between these
two bulk temperatures is only 0.4 K. Moreover, the Tf1 profiles are very
close to the Tf3 profile. The relative error of the mean temperature
deviation (ε1) is 1.3% and 0.8% at Te=292.05 K and 291.75 K,
respectively. The results calculated from Eq. (5) are quite accurate.

4. Conclusions

In this study, a simple correlation with acceptable engineering
accuracy is proposed to estimate the bulk temperature from the
measured wall temperature in laminar tube flow. In this correlation,
five measurable parameters should be prior known, namely Te, Tin,
Tout, Twi(0), and Twi(L). The correlation is testified in circular air tubes
with Pe between 105 and 1032 as well as in micro-channels of water
flow (Pe=70−700). A good agreement between the correlative
results and the corresponding numerical and experimental results
is found. The proposed method has a wide scope of engineering
applications and can be applied to either macro-channels or mini
(micro)-channels.
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