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a b s t r a c t

The commonly implemented splitting of solid angles to ensure scattered energy conservation in the finite
volume method does not exactly conserve phase function asymmetry factor after directional discretiza-
tion, leading to significant changes in scattering effect for radiative transfer analysis in highly anisotropic
scattering media. In addition, use of a large number of split sub-angles results in drastic increases in com-
putational CPU time and computer memory. The phase function normalization approach considered in
this study is found to guarantee accurate conservation of both scattered energy and asymmetry factor
simultaneously after directional discretization as well as depress solid angle splitting, vastly reducing
the computational convergence time with improved accuracy. As a test, radial and axial radiative heat
flux profiles in a scattering cylinder generated both with and without the phase function normalization
are compared among different levels of angle discretization and splitting as well as with the discrete-
ordinates method. The effects of changes in optical thickness, angular resolution, scattering albedo,
and phase function approximation are examined.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

In many heat transfer problems, including combustion cham-
bers, semiconductor crystal growth, and laser-tissue interactions,
radiative heat transfer is the driving force, the contribution of
which can vastly outweigh that of both conduction and convection
[1–4]. Many of these processes can be modeled using a cylindrical
enclosure. In order to fully characterize radiative transfer, an accu-
rate solution of the Equation of Radiative Transfer (ERT) is re-
quired. The ERT is an integro-differential equation, and is
therefore more difficult to solve than the corresponding differen-
tial governing equations of other heat transfer modes. To aid in
the solution of the ERT in many cases, radiative transfer in cylindri-
cal enclosures can be considered as axisymmetric, allowing for a
reduction to two dimensions [3–5]. There are many proposed
methods to solve the ERT, with one of the more accurate and effec-
tive methods being the Finite Volume Method (FVM).

Raithby and Chui [6] introduced the FVM for predicting radia-
tive heat transfer in 1990, where they presented the formulation
for solving the ERT and applied it to some benchmark problems
for verification. Chui et al. [7] laid the framework for using the
FVM for radiative transfer in both axisymmetric and non-axisym-
metric cylindrical enclosures. In that work, a novel mapping
scheme was introduced to allow for ease in solving axisymmetric

problems. Other works by Chui and Raithby include extending
the FVM with a non-orthogonal mesh [8], and analyzing radiative
heat transfer in a pulverized fuel flame [9]. Chai et al. also exten-
sively analyzed the FVM [10], implementing the technique to solve
for radiative transfer in enclosures with irregular geometries [11].
Kim and Baek [12] used the FVM to predict radiative transfer in
cylindrical enclosures containing absorbing-emitting and isotropi-
cally scattering media, including analyzing a furnace with an axi-
ally varying medium temperature.

Over the years, there have been many attempts to improve the
FVM for predicting radiative heat transfer. Murthy and Mathur [13]
extended the FVM for use with an unstructured mesh, implement-
ing triangular and tetrahedral meshes similar to those used in
computational fluid dynamics. Chai and Moder [14] presented an
angular-multiblock procedure for use with the FVM that imple-
mented fine angular grids to minimize ray effect while maintaining
conservation of radiant energy. Kim et al. [15] and Guedri et al. [16]
further extended the unstructured FVM to enclosures containing
obstacles. Kim and Huh [17] introduced a new angular discretiza-
tion scheme for the FVM, meant to improve solution accuracy in
anisotropic scattering media. Chai et al. [18] analyzed transient
radiative heat transfer in a three-dimensional rectangular medium
using the FVM, expanding on previous work by Guo and Kumar
[19] involving the discrete-ordinates method (DOM). More re-
cently, Mishra and Roy [20] simultaneously implemented the
lattice-Boltzmann method and FVM to predict combined conduc-
tion and radiation processes.
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Many media, in particular biological tissues, scatter radiant en-
ergy anisotropically. When scattering is anisotropic, special care
has to be taken to ensure that scattered energy and phase function
asymmetry factor are conserved after directional discretization.
Kim and Lee [21], Wiscombe [22], and El Wakil and Sacadura
[23] introduced phase function normalization techniques to ensure
the conservation of scattered energy when using the DOM. Later
work by Boulet et al. [24] showed that discretization using the
DOM did not accurately conserve phase function shape. Recently
Hunter and Guo [25] introduced a novel phase function normaliza-
tion approach that effectively conserved both scattered energy and
asymmetry factor, and applied it to the DOM.

Previous works have reported that such normalization may not
be necessary for the FVM. Chui and Raithby [6] introduced a tech-
nique wherein an average phase function between two solid angles
is calculated by further dividing each solid angle into many sub-
angles. This process has been shown to exactly conserve scattered
energy, and Boulet et al. [24] reported that said process does not
drastically alter phase function shape. However, a detailed analysis
presented in this treatise shows that phase function asymmetry
factor is not exactly conserved using only this angle splitting tech-
nique, leading to a great alternation in scattering effect for highly
anisotropic scattering media and mandating the need for normali-
zation. In addition, the splitting of each solid angle into numerous
sub-angles increases computational time substantially, especially
when considering a fine angular resolution. A study by Ben Salah
et al. [26] normalized the phase function in the FVM using the
technique introduced by Kim and Lee [21] to ensure scattered
energy conservation, but normalization to conserve asymmetry
factor was not considered. No other attempts to normalize the
phase function to conserve asymmetry factor after FVM discretiza-
tion have been reported, to the authors’ knowledge.

In this treatise, the new phase function normalization technique
proposed by Hunter and Guo [25] for DOM is applied to the FVM
for use in predicting radiative transfer in an axisymmetric cylindri-
cal enclosure. The necessity and advantages for normalization and

the consequences of ignoring normalization are presented in detail.
Wall flux profiles generated using the FVM both with and without
normalization are compared among various discretization and
splitting levels and with the DOM. The effects of scattering albedo
and optical thickness are analyzed. The impact of the phase func-
tion normalization for varying angular resolution and various
phase functions is also investigated. The impact of the solid-angle
splitting technique on the normalized and non-normalized FVM
scheme is discussed. CPU convergence times for each technique
are compared to gauge simulation efficiency.

2. Mathematical formulation

2.1. Equation of radiative transfer

For a gray, absorbing-emitting and anisotropically scattering
medium, the steady-state ERT can be written as [1]:

dIðr; ŝÞ
ds

¼ b½�Iðr; ŝÞ þ Sðr; ŝÞ� ð1Þ

where Sðr; ŝÞ is the radiative source term

Sðr; ŝÞ ¼ ð1�xÞIbðr; ŝÞ þ x
4p

Z
4p

Iðr; ŝÞUðŝ0; ŝÞdX0 ð2Þ

The source term accounts for both blackbody emission and radia-
tive energy scattering. For radiative transfer in an axisymmetric
cylindrical enclosure, Eq. (1) can be expressed in the following man-
ner [27]:

l
r

@

@r
rIðr; ŝÞ½ � � 1

r
@

@/
gIðr; ŝÞ½ � þ n

@Iðr; ŝÞ
@z

¼ b �Iðr; ŝÞ þ Sðr; ŝÞ½ � ð3Þ

where the direction cosines l, g, and n correspond to the r, /, and z
directions, respectively.

The walls of the enclosure are taken as gray and diffuse. The
intensity emanating in direction ŝ from a point rw on the enclosure
wall can be expressed as

Nomenclature

Al0 l normalization coefficients
Dl
i directional weight at face i in direction l

Eb blackbody emissive power, =rT4 (W/m2)
g asymmetry factor
H half height of cylindrical enclosure
I radiative intensity (W/m2 sr)
M total number of directions
N/, Nh number of directions in azimuthal and polar direction
Ns/, Nsh solid angle sub-divisions in azimuthal and polar direc-

tion
Nr, Nz number of control volumes in radial and axial direction
n̂ surface outward unit normal vector
q radiative heat flux (W/m2)
r position vector
r radial location
R radius of cylindrical enclosure
ŝ unit direction vector
T temperature (K)
z axial location

Greek symbols
b extinction coefficient, =ra + rs (m�1)
DA, DV surface area and volume of control volume (m2, m3)
DX discrete solid angle (sr)
e emissivity

l, g, n direction cosines
U scattering phase function
~U normalized scattering phase function
/ azimuthal angle (rad)
q reflectivity
r Stefan–Boltzmann constant, =5.67 ⁄ 10�8 (w/m2 K4)
ra absorption coefficient (m�1)
rs scattering coefficient (m�1)
s optical thickness, =bR
H scattering angle (rad)
h polar angle (rad)
x scattering albedo, =rs/b

Subscripts
b blackbody
HG Henyey–Greenstein
i control volume face
norm normalized
0 original
w boundary wall

Superscripts
0 radiation incident direction
l; l0 radiation directions
l0l from direction l0 into direction l
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Iðrw; ŝÞ ¼ e rwð ÞIb rwð Þ þ q rwð Þ
p

Z
n̂�ŝ0<0

Iðrw; ŝ0Þjn̂ � ŝ0jdX0 ð4Þ

where the first term represents blackbody emission of the wall and
the second term represents the reflected components of all incom-
ing intensities. Eq. (4) is implemented as a boundary condition at
the three cylindrical enclosure walls, while an axisymmetric bound-
ary condition is imposed at the radial centerline. The net radiative
heat flux at any point on an enclosure wall can be calculated as

qw ¼
Z
4p

Iðrw; ŝÞðŝ � n̂wÞÞdX ð5Þ

To ensure the complete conservation of scattered energy in the
system, the phase function U must satisfy the following conserva-
tion relation [1]:

1
4p

Z
4p
Uðŝ0; ŝÞdX0 ¼ 1 ð6Þ

In addition, one can relate the asymmetry factor g to the phase
function using the following expression [1]:

g ¼ 1
4p

Z
4p
UðHÞ cosðHÞdX ð7Þ

Hunter andGuo [25] pointedout that the integral conditions givenby
Eqs. (6) and (7) should always be satisfied, regardless of the numeri-
cal method and directional discretization used to solve the ERT.

2.2. Normalization of phase function

In this study, the ERT was solved using the FVM. The FVM
implements a control volume approach, wherein the ERT is inte-
grated over an arbitrary control volume DV and solid angle DX
[6,7]. Using the critical assumption that the intensity at any loca-
tion in a given control volume and solid angle is equal to the mean
intensity over said control volume and solid angle [28], the inte-
grals can be replaced by summations. After integration and conver-
sion to discrete summations, Eq. (3) becomes [27]

X6
i¼1

IliDAiD
l
i ¼ bð�Il þ SlÞDVDXl ð8Þ

where the summation on the left side is evaluated for all six con-
trol-volume faces; Dl

i is the directional weight for control volume
face i in direction l, DAi is the surface area of control volume face
i, and DXl is the discrete solid angle for direction l. The source term
Sl can be approximated as

Sl ffi ð1�xÞIb þ x
4p

XM
l0¼1

Ul0 lIl
0
DXl0 ; l ¼ 1;2; . . . ;M ð9Þ

where Ul0 l is the average scattering phase function between solid
angles DXl0 and DXl, expressed as

Ul0 l ¼ 1

DXl0DXl

Z
DX

Z
DXl0

Uðŝ0; ŝÞdX0 dX ð10Þ

For brevity, further details on the discretization and solution meth-
od using the FVM are not presented here, but can be found in text-
book [1] and our recent journal publication [27].

The necessity for using the average scattering phase function in
Eq. (9) comes from the conservation of scattered energy. The scat-
tered energy conservation constraint of Eq. (6) can generally be
approximated using the following discrete sum

1
4p

XM
l¼1

Ul0 lDXl ¼ 1; l0 ¼ 1;2; . . . ;M ð11Þ

This condition is only exactly satisfied if scattering is isotropic, i.e.
Ul0 l ¼ 1. For anisotropic scattering, the above condition is not

exactly satisfied. In order to correct this, Chui and Raithby [6] intro-
duced a solid angle splitting technique, in which each solid angle is
further split into many sub-angles. The scattered radiant energy be-
tween sub-angles is then used to determine the total energy scat-
tered between two solid angles. Using this splitting technique, the
average scattering phase function of Eq. (10) can be approximated
as [28]

Ul0 l ffi 1

DXl0DXl

XMs

ls¼1

XM0
s

l0s¼1

Ul0slsDXl0sDXls ð12Þ

where Ul0sls . is the discrete scattering phase function between sub-
angles DXl0s and DXls , and Ms and M0

s are the number of total sub-an-
gles in solid angles DXl and DXl0 , respectively. Using the average
scattering phase function above, the scattered energy conservation
relation of Eq. (6) can be rewritten as [24]

1
4p

XM
l¼1

Ul0 lDXl ¼ 1; l0 ¼ 1;2; . . . ;M ð13Þ

This discrete sum is satisfied for all anisotropic scattering, and guar-
antees the conservation of scattered energy assuming each solid an-
gle is divided into a proper number of sub-angles.

The Mie phase function U is generally an extremely oscillatory
function. The highly-oscillatory nature of the Mie phase function
makes it difficult to adopt for numerical study. Researchers have
classically implemented various approximations to the Mie phase
function, in order to ease computational time and resources. In
general, for highly-anisotropic scattering, the Henyey–Greenstein
(HG) phase function is a suitable approximation, due to its accurate
accommodation of the strong forward-scattering peak [1,22]. The
analytic form of the HG phase function approximation is

UHGðHÞ ¼ 1� g2

½1þ g2 � 2g cosH�1:5
ð14Þ

where the asymmetry factor g is the average cosine of the scattering
angle H. Furthermore, it is also common to approximate the Mie
phase function using a truncated series of Legendre polynomials,
as follows:

ULðHÞ ¼ 1þ
XN
i¼1

CiPiðcos hÞ ð15Þ

where N is the number of terms in the truncated series and Ci are
fitting coefficients determined from Mie theory. It is important to
note that the asymmetry factor g of the Legendre phase function
approximation is calculated as g = C1/3.

The dependence of the overall conservation of scattered
energy on the number of sub-angles is examined in Fig. 1 using
the FVM288 scheme. In said scheme, the total solid angle of 4p is di-
vided into 288 equally spaced solid angles, with 16 divisions in the
azimuthal direction and 18 divisions in the polar direction, i.e.
(N/ � Nh) = 16 � 18. The conservation of scattered energy after
directional discretization is examined by calculating the value of
the summation on the left hand side of Eq. (13) for all directions l0,
with exact conservationoccurring if said summation is exactly equal
to unity. Fig. 1a and b analyzes the conservation of scattered energy
after directional discretization at different polar angles h and fixed
azimuthal angle / using the HG phase function approximation with
asymmetry factor g = 0.95 and a 26-term Legendre polynomial
phase function approximation with asymmetry factor g = 0.9273,
respectively. TheMie coefficients for the Legendrepolynomial phase
function are provided by Lee and Buckius [30]. Each solid angle was
split into Ms ¼ M0

s ¼ ðNs/ � NshÞ equally spaced sub-angles. The
number of sub-angles was varied from (Ns/ � Nsh) = 4 � 4 to
24 � 24. For the Henyey–Greenstein approximation in Fig. 1a, a
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significant deviation from conservation is witnessed for coarse so-
lid-angle splitting. For (Ns/ � Nsh) = 4 � 4, themaximumpercent dif-
ference from scattered energy conservation reaches over 8% at the
center of the polar angle range. As the solid angle is further split, this
discrepancy decreases, with the maximum percentage difference
decreasing to0.01% for (Ns/ � Nsh) = 24 � 24,meaning that all values
of the summation in Eq. (11) are between 0.9999 and 1.0001. The
deviation from conservation is not near as prevalent for coarse so-
lid-angle splitting when considering the Legendre phase function
in Fig. 1b. For (Ns/ � Nsh) = 4 � 4, the maximum percent difference
fromaccurate conservation is 0.25%. As the solid angle splitting is in-
creased to (Ns/ � Nsh) = 24 � 24, themaximumdifference from con-
servation decreases to 0.007%. Using a proper number of sub-angles
does seem to conserve scattered energy accurately for both phase
function approximation techniques, conforming to previously pub-
lished results [6,24,28].

The asymmetry factor integral relation, given by Eq. (7), can be
discretized as

1
4p

XM
l¼1

Ul0 lDXl cosðHl0 lÞ ¼ g; l0 ¼ 1;2; . . . ;M ð16Þ

The asymmetry factor should remain unaltered after the discretiza-
tion process in order to effectively preserve the shape of the original
phase function as well as the scattering effect. Fig. 2a and b examine
the conservation of asymmetry factor versus polar angle for a given
azimuthal angle using the HG phase function approximation with
asymmetry factor g = 0.95 and the Legendre polynomial phase func-
tion approximation with asymmetry factor g = 0.9273, respectively.
While Fig. 1a and b shows that scattered energy is accurately
conserved with sufficient solid-angle splitting, Fig. 2a and b show
deviations in the value of asymmetry factor after directional dis-
cretization, even when an extremely fine splitting grid is imple-
mented. The summation given by the left-hand side of Eq. (16) is
not exactly equal to unity for all polar angles. For the HG phase
function in Fig. 2a, the percent difference from exact conservation
of asymmetry factor ranges from �0.229% to �1.068% for
(Ns/ � Nsh) = 24 � 24 (the splitting level for which scattered energy
is effectively conserved). For the Legendre approximation in Fig. 2b,
the percent difference ranges from �0.246% to �1.431% with
24 � 24 splitting, showing that for both phase function approxima-
tions, asymmetry factor is not accurately conserved after directional

Fig. 1. Examination of conservation of scattered energy versus polar angle for a
given solid angle using various numbers of sub-angles for (a) HG phase function
with g = 0.95 and (b) Legendre polynomial phase function with g = 0.9273.

Fig. 2. Examination of conservation of asymmetry factor versus polar angle for a
given azimuthal angle using various numbers of sub-angles for (a) HG phase
function with g = 0.95 and (b) Legendre polynomial phase function with g = 0.9273.
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discretization. While the maximum percentage differences of
�1.431% and �1.068% seem small, they actually have a large impact
on the overall scattering effect, which will be discussed below.

The previous figures indicate that while the solid-angle splitting
technique does effectively conserve scattered energy, it does not
ensure an accurate conservation of overall asymmetry factor. Due
to the major discrepancy in conservation of scattered energy and
asymmetry factor for small amounts of sub-angles caused by the
sharp forward-scattering peak in the HG phase function, only the
HG phase function will be considered in further examples. It is
important to note, however, that the examples following can be
calculated using any phase function approximation. However, in
order to clearly illustrate the effect of the asymmetry factor dis-
crepancy and the impact of a lack of phase function normalization
on physical results, only one phase function approximation with
different asymmetry factors is considered hereafter.

Table 1 compares the prescribed asymmetry factors to the ac-
tual phase function asymmetry factor after FVM discretization
with (Ns/ � Nsh) = 24 � 24. As described in the previous para-
graphs, the maximum discrepancy in asymmetry factor conserva-
tion appears to be very small (less than 1.1% for the HG phase
function). The overall difference between the prescribed and actual
phase function asymmetry factors also appears to be minor. For
example, for a prescribed asymmetry factor of g = 0.95, the actual
phase function asymmetry factor after directional discretization
becomes g = 0.9436 (an actual difference of merely 0.674%). How-
ever, the actual change in scattering effect is embodied in the dif-
ference of (1 � g), because it is the reduced scattering coefficient
(1 � g)rs that determines the overall scattering effect, according
to the isotropic scaling law [29–31]. For asymmetry factors greater
than 0.7, it is seen from Table 1 that there is a significant discrep-
ancy in scattering effect after discretization, with a maximum dif-
ference of 12.8% seen for the case of g = 0.95. Hence, the minor
difference in asymmetry factor actually produces significant devi-
ations in the counting of scattering effect for highly anisotropic
cases. In addition, the effect of a change in (1 � g) will be much
more noticeable for media with large scattering coefficients rs.
Thus, small discrepancies in asymmetry factor conservation seen
in Fig. 2 actually produce significant changes in overall scattering
effect, mandating the necessity to accurately conserve phase func-
tion asymmetry factor.

Table 2 lists the maximum percentage difference from scattered
energy and asymmetry factor conservation at various degrees of
solid-angle splitting when the HG phase function with asymmetry
factors g = 0.8, 0.9, 0.95 and 0.98 are investigated. For all the asym-
metry factors, it is witnessed that a finer splitting grid produces
more accurate conservation of scattered energy, conforming to
the results shown in Fig. 1a. In addition, a significant increase in
the deviation from accurate conservation of scattered energy is
seen as asymmetry factor increases. For example, for g = 0.8, a
splitting of (Ns/ � Nsh) = 2 � 2 produces a maximum difference of
only 0.492%, whereas the difference increases drastically to
7.542%, 65.63% and 600.08% for g = 0.9, 0.95 and 0.98, respectively,
at the same angle splitting level. In order to guarantee that the
maximum percent difference from exact conservation of scattered
energy is 0.01% or less (i.e., the summation in Eq. (13) ranges from
0.9999 to 1.0001), splitting levels of (Ns/ � Nsh) = 16 � 16, 20 � 20,
and 24 � 24 are required for g = 0.8, 0.9, and 0.95, respectively. For
g = 0.98, an extreme case, splitting further than 24 � 24 is required
to accurately conserve scattered energy. For all the asymmetry fac-
tors, there is a noticeable deviation from unity for the asymmetry
factor conservation condition. For the largest splitting considered,
(Ns/ � Nsh) = 24 � 24, a deviation of �1.486%, �1.335% and
�1.068% are determined for g = 0.8, 0.9 and 0.95, respectively,
showing that the solid angle splitting does not completely con-
serve asymmetry factor, which leads to significant changes in scat-
tering effect, as described previously.

In order to accurately conserve asymmetry factor, a new phase
function normalization technique is adopted in this study. The
average phase function can be normalized as follows:

~Ul0 l ¼ ð1þ Al0 lÞUl0 l ð17Þ
where the normalized phase function ~Ul0 l is subject to the scattered
energy and asymmetry factor conservation conditions

1
4p

XM
l¼1

~Ul0 lDXl ¼ 1; l0 ¼ 1;2; . . . ;M ð18aÞ

1
4p

XM
l¼1

~Ul0 lDXl cosðHl0 lÞ ¼ g; l0 ¼ 1;2; . . . ;M ð18bÞ

Table 1
Comparison of prescribed and actual phase function asymmetry factor after FVM discretization with (Ns/ � Nsh)= 24 � 24 solid-angle splitting and the percent difference in
scattering effect associated with asymmetry factor discrepancy.

Prescribed g 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
Actual g 0.0991 0.1983 0.2975 0.3967 0.4956 0.5946 0.6938 0.7930 0.8926 0.9436
Prescribed (1 � g) 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.05
Actual (1 � g) 0.9009 0.8017 0.7025 0.6033 0.5044 0.4054 0.3062 0.2070 0.1074 0.0564
%Diff (1 � g) 0.10 0.21 0.36 0.55 0.88 1.35 2.07 3.52 7.40 12.80

Table 2
Comparison of conservation of scattered energy and asymmetry factor after FVM discretization at various solid angle splitting levels for g = 0.8, 0.9, 0.95 and 0.98.

g Scattered energy – maximum % difference from conservation
Solid angle splitting – (Ns/ � Nsh)

2 � 2 4 � 4 8 � 8 12 � 12 16 � 16 20 � 20 24 � 24

0.8 0.492 0.118 0.029 0.013 0.007 0.005 0.003
0.9 7.542 0.264 0.065 0.029 0.016 0.010 0.007
0.95 65.627 8.126 0.278 0.042 0.024 0.015 0.010
0.98 600.079 119.408 17.712 4.244 1.125 0.305 0.083

Asymmetry factor – maximum % difference from conservation

0.8 �0.886 �1.394 �1.465 �1.478 �1.482 �1.484 �1.486
0.9 7.618 �0.936 �1.306 �1.324 �1.331 �1.334 �1.335
0.95 68.647 7.726 �0.755 �1.037 �1.059 �1.065 �1.068
0.98 612.159 121.449 17.512 3.707 0.496 �0.472 �0.590
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where Eqs. (18a) and (18b) are simply the scattered energy and
asymmetry factor conservation constraints of Eqs. (13) and (16).
The normalized phase function is also subject to the symmetry
condition

~Ul0 l ¼ ~Ull0 ð18cÞ
because the phase function depends solely on the scattering angle.
Simultaneous solution of Eqs. (18a)–(18c) guarantees that the scat-
tered energy conservation integral of Eq. (6) and the asymmetry
factor relation of Eq. (7) will be satisfied for the normalized phase
function.

Eqs. (18a)–(18c) have infinitely many solutions, since there are
(M2 +M)/2 variables and only 2M equations. The desired solution
for the normalization coefficients Al0 l is the minimum-norm solu-
tion. The minimum-norm solution can be obtained using QR
decomposition [32]. This method will determine the values of Al0 l

that will accurately conserve both scattered energy and the overall
asymmetry factor of the phase function [25].

Fig. 3a and b shows a comparison of phase function distributions
between the theoretical HG phase function and discretized phase

function values produced both without phase function normaliza-
tion andwith the current normalization technique for g = 0.95. Solid
angle splitting of (Ns/ � Nsh) = 24 � 24wasused for both cases to en-
sure conservation of scattered energywithout normalization.When
normalization is neglected (shown in Fig. 3a), the overall asymmetry
factor of the discretized phase function is actually g = 0.9436. Slight
discrepancies from the theoretical HG phase function are witnessed
for cos(H) = 0.75 and greater. On average, the discretized phase
functionoverpredicts the theoretical phase functionby5.43%.When
thenewnormalization technique is implemented (Fig. 3b), the over-
all asymmetry factor is accurately conserved. The slight deviations
witnessed when normalization was ignored for high values of scat-
tering cosine are no longer visible. On average, the normalizedphase
function underpredicts the theoretical phase function by just
0.043%, showing that the overall shape is well conserved.

3. Results and discussion

The test problem considered in this study is radiative heat
transfer in an axisymmetric cylindrical enclosure, with radius R
and height 2H. The cylinder has unity aspect ratio, i.e. R/H = 1.
The enclosure houses an absorbing–emitting and anisotropically
scattering medium. The walls of the enclosure are considered
black. The enclosure axial end walls are cold, while the radial side
wall is hot with unity blackbody emissive power. The medium
temperature is fixed cold throughout. The heat fluxes at the enclo-
sure walls can be non-dimensionalized by the radial side wall
blackbody emissive power.

The workstation used for simulation is a Dell Optiplex 780, with
an Intel 2 Dual Core 3.16 GHz processor, and 4.0 GB of RAM. The
FVM 288 scheme is used for all following results to ensure calcula-
tion accuracy, unless otherwise stated. Solid angle splitting of
(Ns/ � Nsh) = 24 � 24 is used for FVM results, both normalized
and non-normalized, unless otherwise specified. The spatial grid
considered was (Nr � Nz) = 40 � 40 for all simulations in order to
eliminate grid dependence. QR factorization and minimum-norm
solutions were calculated using MATLAB R2010b, and imported
into FORTRAN for the FVM analyses.

In order to validate the results produced by our FVM code, side
wall heat flux profiles versus axial location generated with the FVM

Fig. 3. Comparison of discretized phase function values versus cosine of scattering
angle for FVM using HG phase function with g = 0.95 (a) without normalization and
(b) with the new normalization technique.

Fig. 4. Comparison of side wall heat flux profiles generated with various asymme-
try factors using FVM with new normalization with published DOM S14 results for
an optically thin, purely scattering medium.
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using the current normalization approach are compared to pub-
lished DOM S14 results, presented by Jendoubi et al. [33], in
Fig. 4. The profiles are generated for asymmetry factors
g = 0.6697, 0.4, 0.0, �0.1884, and �0.4. The medium is taken to
be optically thin (s = bR = 1.0)) and purely scattering (x = 1.0) For
all the tested asymmetry factors, the results generated using the
FVM with the new normalization technique accurately conform
to those determined by Jendoubi et al. using the DOM S14 scheme.

In order to determine the effect of phase function normalization
on the FVM, normalized enclosure wall flux profiles are compared
to non-normalized profiles with large numbers of sub-angles, and
with those determined using the DOM. The DOM profiles were also
generated using Hunter and Guo’s normalization technique, due to
the necessity of maintaining conservation of scattered energy and
asymmetry factor [25]. It is imperative that an equal number of to-
tal directions are used for accurate comparisons of the DOM and
FVM results. Hence, the DOM S16 (288 total directions) quadrature
was used in comparison with the FVM 288 scheme.

Fig. 5a shows a comparison of side wall heat flux profiles gener-
ated with both normalized and non-normalized FVM and the nor-
malized DOM versus axial location for g = 0.8, 0.9, and 0.95. The
medium is taken to be optically thick (s = bR = 25). For all asymme-
try factors, profiles generated by the FVM without normalization
slightly underpredict those generated with normalization. The
maximum difference between the two FVM solutions is 2.61%,
3.67% and 3.65% for g = 0.8, 0.9, and 0.95, respectively. This shows
that the conservation of asymmetry factor does have an impact on
the values of side wall heat flux, although the discrepancy is not
extreme. In addition, profiles generated with normalization predict
closer to the normalized DOM profiles than those generated with-
out normalization for all axial locations. The average percent dif-
ferences between the normalized DOM and normalized FVM are
0.313%, 0.324%, and 0.318% for g = 0.8, 0.9, and 0.95, respectively.
Conversely, if normalization is not considered, the average percent
differences increase to 1.93%, 2.60% and 2.72%. The maximum per-
cent differences increase from 0.538%, 0.628%, and 0.687% when
normalization is considered to 2.23%, 3.16%, and 3.82% when nor-
malization is neglected for g = 0.8, 0.9 and 0.95, respectively.

Fig. 5b presents a comparison of end-wall flux profiles versus
radial location for similar conditions. The largest discrepancy
between the normalized and non-normalized FVM flux profiles
occurs at the radial centerline, with maximum differences of 2.79%,
4.39%, and 4.30% for g = 0.8, 0.9, and 0.95, respectively. When nor-
malization is considered, the average and maximum differences
between the FVM and DOM profiles are 0.349% and 0.672% for
g = 0.8, 0.475% and 0.977% for g = 0.9, and 0.667% and 1.32% for
g = 0.95. The percent differences significantly increase when nor-
malization is not considered. The average and maximum percent-
age differences when normalization is ignored are 2.67% and
4.07% for g = 0.8, 3.42% and 5.30% for g = 0.9, and 3.20% and 4.82%
for g = 0.95. For all asymmetry factors tested, it is seen that the pro-
files generated without normalization underpredict those gener-
ated with normalization due to the reduction of the overall phase
function asymmetry factor after directional discretization.

Fig. 6a depicts the percentage difference of side wall heat flux
profiles generated with the normalized FVM and DOM versus axial
location for g = 0.95 at various optical thicknesses. The erratic dif-
ference between the schemes for the optically thin (s = 1) medium
occurs due to ray effect. An investigation by Chai et al. [34] dis-
played that ray effect manifests as physically unrealistic bumps
in the heat flux profiles. Further studies found that ray effect de-
pends heavily on the angular discretization scheme [18,27], lead-
ing to the difference seen between FVM and DOM flux profiles.
As optical thickness increases, the error due to ray effect dimin-
ishes. For the optically thick medium (s = 25.0) and the intermedi-
ate thick medium (s = 15.0), the difference between the

normalized FVM and DOM is less than 1% for all axial locations.
Fig. 6b depicts the relative difference between the non-normalized
FVM and normalized DOM profiles for similar conditions. Ray ef-
fect can once again be seen for the case of thin medium. In fact,
for the optically thin medium, the solution produced by the FVM
without normalization is almost identical to that produced with
normalization (maximum percentage difference of 0.314%). This
leads to the same percent difference curve being witnessed in both
Fig. 6a and b for s = 1.0. As optical thickness increases, larger devi-
ations start to appear when normalization is neglected, due to the
dependence of scattering effect on the scattering coefficient, as dis-
cussed previously. A maximum difference of 3.83% is found for the
optically thick medium (s = 25.0). The percent difference at all ax-
ial locations is larger when phase function normalization is ignored
than when it is implemented for the optically thick medium.

Fig. 7a and b plots the percentage difference of end wall flux
profiles versus radial location generated with and without normal-
ization, respectively. Ray effect is again seen for the optically thin
medium regardless of whether normalization is considered. For
both the normalized and non-normalized FVM, the percentage

Fig. 5. Comparison of (a) side wall flux profiles versus axial location and (b) end
wall flux profiles versus radial location using normalized and non-normalized FVM
with (Ns/ � Nsh) = 24 � 24 splitting and normalized DOM for an optically thick
medium.
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difference when compared to the normalized DOM decreases dra-
matically as the side wall is approached. Neglecting the portion
due to ray effect, the percentage difference tends to be larger near
the radial centerline than near the side wall, due to the fact that
radiant energy is being scattered away from the source at the side
wall, meaning that there is a greater chance for numerical errors
further from the wall. For the thicker media, FVM with normaliza-
tion predicts much closer to the normalized DOM than when nor-
malization is ignored. For the optically thick case (s = 25.0), the
percent difference is less than 0.71% for all axial locations when
normalization is used versus 4.82% for the non-normalized case.

The preceding results were generated for a purely scattering
medium (x = 1). In many cases, however, the medium will not
be purely scattering. For example, the scattering albedo for differ-
ent types of tissue commonly varies from 0.9 to 1. Fig. 8a and b
shows side wall and end wall heat flux profiles generated with
both normalized and non-normalized FVM and normalized DOM
with g = 0.95 and x = 0.95. The results are similar to those deter-
mined for the purely scattering medium. For the optically thin

medium, the difference between the DOM and FVM profiles is
caused mainly by ray effect. As optical thickness increases, the nor-
malized FVM tends to predict closer to both the normalized DOM
and isotropic scaling solutions than does the non-normalized
FVM. The largest discrepancies are seen at the axial midpoint (z/
H = 1) when considering radial wall flux profiles, and near the cen-
terline (r/R = 0) when considering end wall flux profiles.

As presented earlier, when normalization is not implemented, a
largenumber of sub-angles are required to accurately conserve scat-
tered energy. Evenwith this large number of sub-angles, the overall
asymmetry factor is skewed after directional discretization. The
insufficiency of angle splitting without normalization and the com-
putational efficiency as well as accuracy using the normalization
technique are further investigated below. Fig. 9a and b shows the
percentage differences of side wall and endwall flux profiles gener-
ated with the non-normalized FVM using various degrees of solid-
angle splitting to the normalized FVM with (Ns/ � Nsh) = 24 � 24
splitting versus axial location. In addition, the solutionwith the nor-
malized FVM using (Ns/ � Nsh) = 2 � 2 splitting is also compared.

Fig. 6. Percentage difference fromnormalized DOMsolution of sidewall flux profiles
versus axial location at various optical thicknesses for FVMwith (Ns/ � Nsh) = 24 � 24
splitting (a) with normalization and (b) without normalization.

Fig. 7. Percentage difference fromnormalized DOM solution of endwall flux profiles
versus radial location at various optical thicknesses for FVM with (Ns/ � Nsh) =
24 � 24 splitting (a) with normalization and (b) without normalization.
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Themedium is optically thickwith g = 0.95. It is seen that the differ-
ence of flux profiles is very slight between the normalized FVMwith
(Ns/ � Nsh) = 2 � 2 splitting and the normalized FVM with
(Ns/ � Nsh) = 24 � 24. The maximum percentage difference in side
wall flux between the normalized FVM with 24 � 24 splitting and
normalized FVMwith 2 � 2 splitting is 0.187% at the axialmidpoint.
For the end wall flux, themaximum percentage difference is 0.068%
at the radial centerline. The wall heat flux discrepancy of less than
0.2% for all axial locations and less than 0.1% for all radial locations
indicates that both the scattered energy and asymmetry factor are
effectively conserved for the (Ns/ � Nsh) = 2 � 2 normalized FVM
case, showing that further angle splitting is not necessary to produce
an accurate flux profilewhen the present phase function normaliza-
tion technique is considered.

Fig. 9a and b also reiterates the insufficiency of splitting solid an-
gle into many sub-angles without use of normalization. For the side
wall heat flux shown in Fig. 9a, splittingwith (Ns/ � Nsh) = 8 � 8 pro-
duces a solution that differs by 19.74% from the normalized
(Ns/ � Nsh) = 24 � 24 case at the axial midpoint. As the number of

divisions increases, a decrease in overall percent difference is seen
up to (Ns/ � Nsh) = 16 � 16. Profiles produced at this splitting level
and higher are nearly identical, with a maximum percentage differ-
ence of 3.82% at the axial midpoint. The results for the end wall flux
in Fig. 9b are more interesting. At first glance, it appears that a split-
tingof 8 � 8produces amoreaccurate solution than further splitting
levels, with a maximum percentage difference of 1.81% near the ra-
dial centerline. However, at this splitting level, it has already been
shown that scattered energy is not effectively conserved, meaning
that the flux profile generated for this splitting level is inaccurate.
As each solid angle is further split, the flux profiles converge on
one another. At a splitting level of (Ns/ � Nsh) = 24 � 24, the maxi-
mum percentage difference from the normalized 24 � 24 solution
attains a value of 4.238% at the radial centerline. The present
normalization technique with minimal angle splitting of
(Ns/ � Nsh) = 2 � 2 is not only seen to conform well to normalized
profiles with higher splitting levels (indicating that further splitting
is unnecessary), but also is seen to conform within 5% to profiles

Fig. 8. Comparison of (a) side wall flux profiles versus axial location and (b) end
wall flux profiles versus radial location using normalized and non-normalized FVM
with (Ns/ � Nsh) = 24 � 24 splitting, normalized DOM and isotropic scaling law for
various optical thicknesses with g = 0.95 and x = 0.95.

Fig. 9. Percentage difference from normalized FVM solution with
(Ns/ � Nsh) = 24 � 24 solid angle splitting of (a) side wall heat flux versus axial
location and (b) end wall heat flux versus radial location generated with both
(Ns/ � Nsh) = 2 � 2 normalized FVM and non-normalized FVM with various solid-
angle splitting in an optically thick medium with g = 0.95.
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determined without normalization with large numbers of sub-an-
gles. This demonstrates that the new technique allows for a large
reduction in sub-angles without major consequence.

In the calculation of many practical engineering problems such
as radiative heat transfer in combustion systems, use of a high
angular resolution (FVM 288, for example) can be inefficient, due
to large increases in computational memory and CPU times. In or-
der to investigate the impact of the normalization technique with
varying angular resolution, four different angular resolutions are
investigated: (N/ � Nh) = 4 � 6, 8 � 10, 12 � 14, and 16 � 18
(equivalent to the S4, S8, S12, S16 quadratures in the DOM). It is
found that use of a lower angular resolution mandates the neces-
sity of splitting each solid angle into even greater numbers of
sub-angles. Table 3 lists the number of sub-angles necessary to
guarantee scattered energy conservation within 0.01%, as well as
the discretized asymmetry factor, for the four angular resolutions
presented earlier. For the low angular resolution (4 � 6), it is found
that solid angle splitting of (Ns/ � Nsh) = 84 � 84 is required for
accurate scattered energy conservation. As resolution increases,
the number of sub-angles necessary for scattered energy conserva-
tion decreases. For the low resolution, it is found that the overall
asymmetry factor after directional discretization is skewed from
a prescribed value of 0.95 to a value of 0.9116, leading to a change
in scattering effect of 76.8%. As angular resolution is increased, the
asymmetry factor increases towards 0.95, but there are still signif-
icant changes in scattering effect noticed for all angular
resolutions.

When discussing the (N/ � Nh) = 16 � 18 angular quadrature, it
was seen that normalized solutions produced using
(Ns/ � Nsh) = 2 � 2 splitting differed from solutions produced using
(Ns/ � Nsh) = 24 � 24 splitting by less than 0.2% at all axial and radial
locations at the enclosure walls, justifying that further splitting was
not required. When the angular resolution is decreased, it is found
that a higher number of sub-angles are required when normaliza-
tion is considered to guarantee sufficient invariance in the flux
profiles with further splitting. For angular resolutions of (N/ �
Nh) = 4 � 6, 8 � 10, and 12 � 14, it is determined that solid-angle
splitting of (Ns/ � Nsh) = 24 � 24, 12 � 12, and 8 � 8 are required
to produce sufficient invariance with further splitting. Although
the required number of sub-angles does increase as angular resolu-
tion becomes coarser, it is a large improvement over the number of
sub-angles necessary to conserve scattered energywhennormaliza-
tion is not implemented. As shown in Table 3, non-normalization re-
quires solid angle splitting of (Ns/ � Nsh) = 84 � 84, 42 � 42, and
28 � 28 for the same angular resolutions.

Fig. 10a shows side wall flux profiles generated with and with-
out normalization for the four previously introduced angular reso-
lutions. The medium is taken to be optically thick and purely
scattering, and the asymmetry factor is g = 0.95. For comparison,
profiles generated using the normalized FVM with angular resolu-
tion of (N/ � Nh) = 16 � 18 with splitting of (Ns/ � Nsh) = 2 � 2 are
taken as the standard. When normalization is not considered, the
maximum difference from the normalized FVM 288 profile is
19.68%, 7.068%, and 2.297% for (N/ � Nh) = 4 � 6, 8 � 10, and

12 � 14, respectively. When normalization is considered, the pro-
files generated with the same angular resolutions underpredict
the normalized 16 � 18 profiles by 8.98%, 2.00% and 0.652%,
respectively.

Fig. 10b presents end wall flux profiles generated with different
angular resolutions with the same optical properties as Fig. 10a.
The discrepancies in flux values caused by the changes in angular
resolution are much more prevalent along the radial direction than
at the side wall, due to the propagation of radiant energy away
from the side wall. When normalization is neglected, profiles gen-
erated with (N/ � Nh) = 4 � 6, 8 � 10 and 12 � 14 underpredict the
non-normalized 16 � 18 profiles by a maximum of 33.19%, 11.23%,
and 3.64%. When normalization is considered, the profiles gener-
ated with the same angular resolutions underpredict the normal-
ized 16 � 18 profiles by 17.89%, 4.56% and 1.33%, respectively.
For all tested angular resolutions, axial and radial heat flux profiles
generated with the normalization technique more closely conform
to the normalized FVM 288 profile than profiles generated without
normalization and large amounts of solid-angle splitting.

Table 3
Analysis of conservation of scattered energy and asymmetry factor for FVM with 24,
80, 168 and 288 total directions for g = 0.95 without phase function normalization.

FVM with no normalization

(N/ � Nh) Prescribed
g

(Ns/ � Nsh) to Consv.
Energ.

Discretized
g

% Diff
(1 � g)

4 � 6 0.95 84 � 84 0.9116 76.8
8 � 10 0.95 42 � 42 0.9323 35.4
12 � 14 0.95 28 � 28 0.9399 20.2
16 � 18 0.95 24 � 24 0.9436 12.8

Fig. 10. Comparison of (a) side wall heat flux profiles versus axial location and (b)
end wall heat flux profiles versus radial location generated using FVM with 24, 80,
168 and 288 total directions for a purely scattering, optically thick medium with
g = 0.95 with both no and new phase function normalization.
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A consequence of splitting solid angles into a large number of
sub-angles is that the computational time drastically increases.
Fig. 11 presents both CPU convergence time and convergence time
ratios of non-normalized FVM with varying levels of solid-angle
splitting to the normalized FVM with (Ns/ � Nsh) = 2 � 2 splitting
for varying optical thickness with g = 0.95. For coarse splitting,
the effect of optical thickness is more easily seen. The CPU conver-
gence time for s = 25 is 9.60 times higher than for s = 1 with
(Ns/ � Nsh) = 2 � 2 splitting. As the number of sub-angles increases,
the effect of optical thickness dramatically decreases, with the CPU
time ratio between s = 25 and s = 1 equaling 1.026 for
(Ns/ � Nsh) = 24 � 24. The increase of CPU time with increasing
optical thickness becomes negligible compared with the increase
brought on by the increased number of sub-angles. As seen in
Fig. 11, the CPU time ratio between the (Ns/ � Nsh) = 24 � 24 and
2 � 2 case is extremely large. For the optically thick medium
(s = 25), the 24 � 24 case takes 45.03 times longer to converge
than the 2 � 2 case. The ratio increases dramatically with decreas-
ing optical thickness, reaching a value of 421.59 for the optically
thin case (s = 1). This illustrates another advantage of using phase
function normalization. Not only are scattered energy and asym-
metry factor explicitly conserved, leading to more accurate flux
profiles, the convergence time is decreased by a few orders of mag-
nitude when compared to the non-normalized convergence time
with a large number of split sub-angles.

Table 4 presents convergence times for the optically thick, purely
scattering case with g = 0.95 for varying angular discretization. For
the non-normalized FVM, it is seen that the computational times
are extremely large in comparison with the normalized FVM. The
maximum computational times occur for the case with low angular

discretization due to the necessity of splitting each solid angle into
84 � 84 sub-angles, and for the highest angular discretization due
to the large number of total directions. For the normalized FVM,
computational times are less than 140 s for the cases presented. In
addition, the timenecessary to determine the normalization param-
eters inMATLAB is listed. For low angular discretization, the QR fac-
torization process takes less than a second, while for high angular
discretization the process takes an average of about 125 s to com-
plete. The importantpoint about thenormalizationprocedure is that
these parameters only have to be determined once, assuming that
the phase function asymmetry factor and splitting level remains
constant. The normalization parameters do not depend on the opti-
cal properties, boundary conditions, or geometry of the medium, so
they can be reused for a parametric study where the phase function
and splitting level are kept constant. In addition, the combination of
the CPU time with the parameter determination time, even at the
highest angular discretization, produces a total computational time
of 263.76 s; 23.63 times lower than the solution time necessary
when normalization is ignored. All of the results indicate that the
normalization procedure not only produces results that conform
accurately to both non-normalized solutions with large amounts of
solid-angle splitting and solutions generated using the normalized
DOM, but also significantly reduces the computational cost to
produce a more efficient FVM solution method.

4. Conclusions

Phase function normalization is applied to the FVM in order to
accurately conserve both scattered energy and phase function
asymmetry factor. The alteration in scattering effect due to the
breakdown of asymmetry factor conservation after phase function
directional discretization, even with solid angle splitting into many
sub-angles, mandates the necessity of normalization and demon-
strates the insufficiency of the traditional angle splitting technique.
The calculated discretized phase function values, generated both
with and without normalization, are compared to the preset values
in the Henyey–Greenstein and Legendre polynomial phase func-
tion approximations. The normalization is found to accurately con-
serve the overall asymmetry factor, in particular to preserve the
scattering effect (1 � g). The side and end wall heat flux profiles
produced with and without normalization are compared to fluxes
determined using the normalized DOM for varying scattering albe-
do and optical thickness. An analysis of the impact of normaliza-
tion on the FVM with varying angular discretization is
performed. It is found that profiles generated with the normaliza-
tion technique predict closely to profiles generated without
normalization and high solid-angle splitting, as well as profiles
generated via the normalized DOM. The new normalization tech-
nique greatly reduces the need of dividing each solid angle into
numerous sub-angles, leading to a vast reduction in convergence
time over the non-normalized case. All of the results in this study
demonstrate the advantages of phase function normalization in the
FVM scheme for prediction of radiative heat transfer in highly
anisotropic scattering media.

Fig. 11. CPU convergence times with varying angle splitting and convergence time
ratios of non-normalized FVM with varying solid-angle splitting to normalized FVM
with (Ns/ � Nsh) = 2 � 2 splitting.

Table 4
Analysis of computational time for FVM with 24, 80, 168 and 288 total directions using no normalization and the new normalization technique for s = 25.0,
x = 1.0, and g = 0.95.

(N/ � Nh) FVM – no normalization FVM – normalization

(Ns/ � Nsh) Total CPU time (s) (Ns/ � Nsh) Code time (s) Parameters time (s)

4 � 6 84 � 84 6288.45 24 � 24 44.79 0.489
8 � 10 42 � 42 4403.23 12 � 12 40.34 3.026
12 � 14 28 � 28 3826.67 8 � 8 57.12 25.18
16 � 18 24 � 24 6234.26 2 � 2 138.09 125.67
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