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A new phase function normalization technique is developed for use with anisotropic scattering media
and is applied to the conventional discrete-ordinates method. The new approach is shown to ensure con-
servation of both scattered energy and phase function asymmetry factor after directional discretization
when considering the Henyey–Greenstein phase function approximation. Results show the necessity of
conservation of the asymmetry factor as well as of the scattered energy. Lack of either conservation
can lead to false results for radiation analysis in highly anisotropic media. Wall flux profiles predicted
by the normalized DOM in a highly anisotropic scattering cylinder are compared with FVM and isotropic
scaling profiles. The effect of scattering albedo and optical thickness is examined. For the tested bench-
mark problem, it is found that heat flux profiles generated with the present normalization approach
conform more accurately to both FVM and isotropic scaling profiles than when the previous normaliza-
tion techniques are implemented.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

In many high-temperature processes, photon energy transfer
and conversation, or laser material processing, the contribution of
radiative heat transfer far exceeds that of other heat transfer modes
[1–6]. Accurate modeling of radiative processes is essential for the
complete characterization of overall heat transfer. The contribution
of radiative transfer can be accurately determined through solution
of the Equation of Radiative Transfer (ERT). There are many meth-
ods that can be used to solve the ERT. One of the most well-known
and commonly used methods is the discrete-ordinates method
(DOM).

First developed extensively in 1968 for the solution of the
neutron transport equation [7], the DOM has been expanded for
use in a wide variety of radiative heat transfer problems. Fiveland
[8] pioneered the use of the DOM for radiative heat transfer anal-
ysis by both examining radiative transfer in rectangular enclosures
and also predicting radiative transfer with isotropic and aniso-
tropic scattering [9]. Truelove [10] applied the DOM to an absorb-
ing–emitting–scattering medium housed in a three-dimensional
rectangular enclosure. Menguc and Viskanta [11], Jamaluddin
and Smith [12], and Jendoubi et al. [13] provided detailed frame-
work for DOM solutions in an axisymmetric cylindrical medium
in order to more accurately predict combustion processes in
ll rights reserved.
furnaces and boilers. Chai et al. [14] investigated the impact of
ray effect and false scattering on the DOM, and many recent pub-
lications have attempted to reduce said effects. In fact, a recent
publication by Huang et al. [15] introduces an improved DOM that
drastically mitigates ray effect, leading to more accurate compari-
sons with other solution techniques.

More recently, application of the DOM has extended to laser
applications involving biological tissues, partially due to the in-
creased awareness regarding laser treatment [16,17] and biomedi-
cal optics [18,19]. A review article by Tuchin [20] noticed that a
more strict solution of the transport equation in tissues is possible
by DOM. Guo and Kumar [21,22] were the first to use the DOM to
solve the time-dependent ERT for applications involving ultrafast la-
ser–tissue interactions. Specific applications by Guo and co-authors
include modeling laser welding and soldering processes, predicting
the effects of laser ablation of cancerous cells on skin tissue, and new
techniques for optical imaging of diseases. Some modifications to
the DOM have recently been put forth, in an attempt to increase
computational efficiency and feasibility of implementation for var-
ious problems. The modified discrete ordinates method, introduced
by Mishra et al. [23], claimed to not require complicated and inten-
sive calculation to determine the discrete directions and directional
weights, allowing for freedom of direction selection so that direc-
tions can be chosen to suit the particular problem. A follow-up pub-
lication by Mishra et al. [24] used this method to determine
radiative transfer in a 1-D concentric cylindrical enclosure.

The scattering of radiant energy is highly anisotropic in many
media, in particular biological tissue. Previous publications have
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Nomenclature

Al0 l normalization coefficients
Eb blackbody emissive power = rT4 (W/m2)
g asymmetry factor
H half height of cylindrical enclosure
I radiative intensity (W/m2sr)
M total number of discrete directions
N/, Nh number of directions in azimuthal and polar direction,

FVM
n̂ surface outward unit normal vector
q radiative heat flux (W/m2)
r position vector
r radial location
R radius of cylindrical enclosure
ŝ unit direction vector
T temperature (K)
w discrete direction weight
z axial location

Greek symbols
b extinction coefficient = ra + rs (m�1)
DX discrete solid angle (sr)
� emissivity
l, g, n direction cosines

U scattering phase function
~U normalized scattering phase function
u azimuthal angle (rad)
q reflectivity
r Stefan–Boltzmann constant = 5.67 � 10�8 (W/m2K4)
ra absorption coefficient (m�1)
rs scattering coefficient (m�1)
s optical thickness = bR
H scattering angle (rad)
h polar angle (rad)
x scattering albedo = rs/b

Subscripts
b blackbody
HG Henyey–Greenstein
norm normalized
0 original
w boundary wall

Superscripts
0 radiation incident direction
l,l0 radiation directions
l0l from direction l0 into direction l
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shown that scattered energy is not conserved after DOM discretiza-
tion for phase functions with a strong-forward peak [25–27]. In or-
der to ensure energy conservation, the scattering phase function
must be normalized. Techniques have previously been introduced
to normalize the scattering phase function [25,28]. While these ap-
proaches do effectively conserve scattered energy, Boulet et al. [27]
showed that they alter the overall shape and asymmetry factor of
the phase function, leading to large discrepancies when compared
to results generated with the finite volume method (FVM) and
Monte Carlo method. Although this phenomenon is documented,
no correction attempts have been found in the literature.

In this treatise, a new phase function normalization approach is
introduced for highly anisotropic scattering media. The new ap-
proach is shown to accurately conserve both scattered energy
and the shape of the phase function after DOM discretization for
the Henyey–Greenstein phase function approximation. This new
normalization technique is applied to the benchmark problem of
a scattering cylinder subject to a diffuse incidence at the side wall
in order to gauge the impact of accurately conserving asymmetry
factor. Wall flux profiles in a scattering cylinder generated by the
conventional DOM with both the present technique and previous
technique are compared to results generated using FVM. A com-
parison is also performed between DOM normalization and isotro-
pic scaling. The effects of optical thickness and scattering albedo
are analyzed for each approach.
2. Mathematical formulation

2.1. Equation of Radiative Transfer

The steady-state ERT for a gray, absorbing–emitting and aniso-
tropically scattering medium can be written, for an axisymmetric
cylindrical enclosure, as [1,29]:

l
r
@

@r
rIðr; ŝÞ½ � � 1

r
@

@/
gIðr; ŝÞ½ � þ n

@Iðr; ŝÞ
@z

¼ �bIðr; ŝÞ þ Sðr; ŝÞ ð1Þ

where the source function Sðr; ŝÞ is
Sðr; ŝÞ ¼ raIbðr; ŝÞ þ
rs

4p

Z
4p

Iðr; ŝ0ÞUðŝ0; ŝÞdX0 ð2Þ

The first term in Eq. (2) accounts for medium blackbody emission,
and the second term accounts for radiative energy scattered from
direction ŝ0 into ŝ. The direction cosines l, g, and n correspond to
the r, u, and z directions, respectively.

The enclosure walls are taken to be gray, diffuse emitters and
reflectors. The intensity at any given point rw on the enclosure wall
is expressed as [21,22]

Iðrw; ŝÞ ¼ �ðrwÞIbðrwÞ þ
qðrwÞ

p

Z
n̂�ŝ0<0

Iðrw; ŝ0Þjn̂ � ŝ0jdX0 ð3Þ

where n̂ is surface outward normal vector, and n̂ � ŝ0 represents the
cosine of the angle between the surface normal n̂ and an arbitrary
incoming direction ŝ. The first term accounts for surface blackbody
emission, while the second term accounts for reflection of incoming
intensities. At the radial centerline, an axisymmetric boundary con-
dition is imposed [16,30]. The net radiative heat flux at the enclo-
sure wall can be calculated using

qw ¼
Z

4p
Iðrw; ŝÞðŝ � n̂wÞdX ð4Þ

The highly oscillatory nature of the Mie phase function U can
make numerical implementation difficult [1]. Therefore, it is com-
mon to implement an approximation to the Mie scattering phase
function in order to reduce calculation difficulty. There are many
approximations for the scattering phase function U. For applica-
tions involving highly anisotropic forward scattering, the Henyey–
Greenstein phase function is commonly used, due to its ability to
accurately accommodate strong forward-scattering peaks [1,28].
The analytic form of the Henyey–Greenstein phase function is

UHGðHÞ ¼
1� g2

½1þ g2 � 2g cos H�1:5
ð5Þ

where g is the asymmetry factor and H is the scattering angle.
The phase function U must satisfy the following relation to en-

sure that scattered energy is conserved in the entire system [1]:
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1
4p

Z
4p

Uðŝ0; ŝÞdX0 ¼ 1 ð6Þ

Furthermore, the asymmetry factor g, which is a measure of the de-
gree of anisotropy of scattering, is related to the phase function in
the following manner [1]:

g ¼ 1
4p

Z
4p

UðHÞ cosðHÞdX ð7Þ
Fig. 1. Minimum and maximum values of phase function integral condition vs.
prescribed asymmetry factor for DOM S16 quadrature with Henyey–Greenstein
phase function.

Fig. 2. Examination of conservation of pre-normalization scattered energy and
asymmetry factor vs. prescribed asymmetry factor for DOM S8, S12 and S16
quadratures.
2.2. Phase function discretization and normalization

In this study, the DOM was used to solve the ERT. Using the
DOM, the ERT is evaluated for a number of discrete directions,
and all integrals are replaced by quadrature summations [8,9].
For example, for a given direction l0, the source term integral in
Eq. (2) can be represented by the following discrete sum:

1
4p

Z
4p

Iðr; ŝ0ÞUðŝ0; ŝÞdX0 ffi 1
4p

XM

l¼1

IlUl0 lwl ð8Þ

where wl is the quadrature weight for direction l, and Ul0 l is the dis-
crete value scattering phase function between directions l0 and l. For
an axisymmetric cylindrical medium, Ul0 l can be expressed using the
Henyey–Greenstein phase function:

Ul0 l ¼ 1
2
½UHGðH1Þ þUHGðH2Þ� ð9Þ

where the scattering angles H1 and H2 are found using the direc-
tion cosines:

cos H1 ¼ llll0 þ glgl0 þ nlnl0 ð10Þ

cos H2 ¼ llll0 � glgl0 þ nlnl0

The necessity of using an average of phase functions calculated at
two angles comes from the calculation of the discrete ordinate

g ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2 � n2

q
. This gives rise to two possible signs for the

product glgl0 .
The choice of directions and quadrature weights in the DOM

must be such that the zeroth, first, and second order moment con-
straints are satisfied [1]. For brevity, full details on the discretiza-
tion and solution procedure using the DOM are not presented
here. For a more complete description of the DOM, see textbook
[1] and the authors’ previous publications [16,21,22,28].

The scattered energy conservation relation given by Eq. (6) can
be expressed, for a given direction l0, as

1
4p

XM

l¼1

Ul0 lwl ¼ 1 ð11Þ

This summation is explicitly satisfied if scattering is isotropic, i.e.
Ul0 l ¼ 1 for all directions. For highly anisotropic scattering, however,
scattered energy is not exactly conserved [28,30]. Fig. 1 shows the
minimum and maximum values of the left hand side summation
in Eq. (11) for all directions l0 vs. asymmetry factor using the
DOM S16 quadrature. For asymmetry factors less than 0.7, scattered
energy is effectively conserved. However, at asymmetry factors of
0.8 and greater, the values of the summation increase drastically.
This leads to divergent iterative solutions of the ERT.

The asymmetry factor relation given by Eq. (7) can be discret-
ized in the following manner, for a given direction l0:

1
4pg

XM

l¼1

Ul0 lwl cosðHl0 lÞ ¼ 1 ð12Þ

The asymmetry factor must be explicitly specified in order to calcu-
late the phase function using the Henyey–Greenstein approxima-
tion. Thus, Eq. (7) serves as a conservation constraint, i.e. the
asymmetry factor should remain unaltered after discretization.
However, for highly anisotropic scattering media, this constraint
is not accurately satisfied. Fig. 2 depicts the conservation ratio of
both scattered energy and asymmetry factor vs. prescribed asym-
metry factor for the S8, S12, and S16 quadrature schemes. Conser-
vation ratios are calculated as the average values of the
summations on the left-hand side of Eqs. (11) and (12) for all direc-
tions l0. If scattered energy and asymmetry factor are accurately
conserved after directional discretization, the values of the conser-
vation ratios will be unity. From Fig. 2, it is witnessed that as the
number of chosen directions increases, the conservation ratio de-
creases for all asymmetry factors. However, even for the S16 quad-
rature (288 directions), the conservation ratios deviate greatly from
the desired value of 1.0 for asymmetry factor greater than 0.8.

In order to ensure the conservation of scattered energy, the
phase function must be normalized. Previous publications have



Fig. 3. Examination of conservation of scattered energy and asymmetry factor vs.
prescribed asymmetry factor for DOM S8, S12 and S16 quadratures using (a) old
normalization technique and (b) asymmetry factor normalization alone.
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provided normalization techniques that satisfy the condition of Eq.
(11). The most common approach, introduced by Kim and Lee [25]
and expanded on by Liu et al. [26], is to normalize the phase func-
tion using a directional averaging technique, as follows:

~Ul0 l ¼ Ul0 l � 1
4p
PM
l¼1

Ul0 lwl

� ��1

ð13Þ

Another normalization technique, introduced by Wiscombe [28],
uses specific corrective factors for each individual direction to en-
sure the conservation of scattered energy. The phase function is
normalized as

~Ul0 l ¼ ð1þ cl þ cl0 ÞUl0 l ð14Þ

where cl and cl0 are solutions to the system of equations

1
4p

XM

l¼1

1þ cl þ cl0
� �

Ul0 lwl ¼ 1; l0 ¼ 1;2; . . . ;M ð15Þ

In both cases, the normalized phase function will exactly satisfy the
condition of Eq. (11). However, Boulet et al. [27] pointed out that for
highly anisotropic scattering, both normalization procedures pro-
duce similar deformations in the shape of the phase function, lead-
ing to heat flux overpredictions when compared to solutions
obtained by FVM and Monte Carlo simulations. The previous nor-
malization procedures produce inaccurate solutions due to the fact
that the condition given by Eq. (12) is not satisfied, meaning that
the overall asymmetry factor of the normalized system does not
match the original prescribed value.

Fig. 3a shows the conservation ratio for both scattered energy
and asymmetry factor vs. prescribed asymmetry factor for S8,
S12 and S16 quadratures with the old normalization technique gi-
ven by Eq. (13). As in Fig. 2, conservation ratios are calculated as
the average value of the summations on the left-hand side of
Eqs. (11) and (12). It is seen that the condition of Eq. (11) is satis-
fied for all asymmetry factors and quadrature schemes. Conversely,
the asymmetry factor of the normalized system starts to deviate
from the prescribed value for strong forward scattering. For the
S16 scheme, the deviation manifests for asymmetry factors of 0.7
and greater. Fig. 3b depicts the conservation ratio for both condi-
tions if we instead normalize the phase function to only satisfy
the asymmetry factor condition of Eq. (12), i.e.

~Ul0 l ¼ Ul0 l � g0

gnorm
ð16Þ

where g0 is the originally prescribed asymmetry factor and gnorm is
the asymmetry factor of the normalized phase function. Although
this procedure guarantees the conservation of asymmetry factor,
scattered energy is not conserved for highly anisotropic scattering.
Fig. 3a and b show a clear need for any normalization technique to
consider both conditions in order to conserve both scattered energy
and the prescribed asymmetry factor.

The proposed phase function normalization technique used in
this study is as follows:

~Ul0 l ¼ 1þ Al0 l
� �

Ul0 l ð17Þ

where the normalized phase function ~Ul0 l satisfies the conditions of
Eqs. (11) and (12) simultaneously, i.e.

1
4p

XM

l¼1

~Ul0 lwl ¼ 1; l0 ¼ 1;2; . . . ;M ð18aÞ

1
4pg

XM

l¼1

~Ul0 lwl cosðHl0 lÞ ¼ 1; l0 ¼ 1;2; . . . ;M ð18bÞ

The phase function must also satisfy the symmetry condition
~Ul0 l ¼ ~Ull0 ð18cÞ

due to the fact that phase function value depends only on the angle
between two given directions. Eq. (18c) allows for a reduction in the
total number of variables in the system defined by Eqs. (18a) and
(18b) from M2 to (M2 + M)/2. The current system of equations is
not closed, as there are only 2M equations. For this system of equa-
tions, there are infinitely many possible solutions.

The desired solution of the system is that which has the mini-
mum-norm. To find said solution, QR decomposition can be used
[31]. Any m � n matrix F can be decomposed as

F ¼ QR ð19Þ

where Q is an orthogonal m � n matrix, and R is an upper triangular
n � n matrix. The minimum norm solution of the system of equa-
tions Fx = b can then be computed, using QR factorization, as

x ¼ QT bR�1 ð20Þ



Fig. 4. Normalized asymmetry factor vs. prescribed asymmetry factor for new and
old normalization techniques.

Fig. 5. Comparison of discretized phase function values vs. cosine of scattering
angle for both new and old normalization techniques for (a) g = 0.9 and (b) g = 0.95.
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assuming that R is nonsingular. Alternatively, the system of equa-
tions can be solved using a pseudo-inverse technique. Using this
technique, the values of Al0 l that will accurately conserve both scat-
tered energy and the overall asymmetry factor of the phase function
can be easily determined.

Fig. 4 shows a comparison of the normalized and prescribed
asymmetry factors for different DOM quadrature sets using both
the new and old normalization techniques. Using the old approach
given by Eq. (13), there is significant deviation at high prescribed
asymmetry factor, as well as a difference stemming from the num-
ber of chosen directions. For example, using the S16 quadrature
with a prescribed asymmetry factor of 0.95, the old normalization
technique produces a phase function with an overall asymmetry
factor of 0.983. According to the isotropic scaling law [33,34], the
reduced scattering coefficient is expressed as (1 � g)rs. The slight
increase of g from 0.95 to 0.983 substantially decreases the scatter-
ing effect (manifested in the change in (1 � g)) by 66%. Hence, con-
servation of asymmetry factor for highly anisotropic scattering
media is imperative. The new approach, given by Eqs. (18a)–
(18c), however, accurately conserves the original prescribed asym-
metry factor, and also shows no dependence on quadrature
scheme. Furthermore, Fig. 5a and b show a comparison between
the theoretical and normalized phase functions after discretization
using both the normalization techniques. The theoretical phase
function is calculated using the averaging technique described in
Eq. (9). For asymmetry factors less than 0.8, a noticeable skew in
phase function shape cannot be seen. For g = 0.9, a slight skewing
of the phase function values after discretization using the old nor-
malization technique is witnessed. The values of the phase func-
tion with old normalization tend to underpredict the theoretical
values. For g = 0.95, the skewing phenomenon is more clearly vis-
ible. The discretized phase function has been significantly shifted
downwards from the theoretical values after normalization using
the old technique. For both asymmetry factors, phase function val-
ues after discretization using the new normalization technique
accurately conform to the theoretical phase function.
3. Results and discussion

In order to gauge the effect of conservation of asymmetry factor
and scattered energy, phase function normalization is applied to a
benchmark problem. The benchmark problem investigated in this
study is an axisymmetric cylindrical enclosure containing a partic-
ipating medium. The enclosure has radius R and height 2H. The as-
pect ratio of the cylinder is unity, i.e. R/H = 1. All enclosure walls
are considered as black, and the axial end walls are cold. The radial
side wall, however, is hot, with unity blackbody emissive power.
The enclosed medium temperature is fixed cold throughout. The
heat flux at the side wall can be non-dimensionalized by the black-
body emissive power.

The workstation used for the calculations is a Dell Optiplex 780,
with an Intel 2 Dual Core 3.16 GHz processor, and 4.0 GB of RAM. In
general, the conventional DOM, as outlined by Modest [1], with
S16 quadrature (288 total directions) is used for all following re-
sults due to higher accuracy. The minimum-norm solution for
the normalization parameters was computed using MATLAB
R2011a, and imported into FORTRAN for use with the DOM code.
For all simulations, a spatial grid of ðNr � NzÞ was implemented
to eliminate grid dependence.
3.1. Comparison with FVM

In order to gauge the impact of each normalization technique,
the generated wall flux profiles predicted by the conventional
DOM are compared with those determined using the FVM as



Fig. 7. Percentage difference from FVM solution of side wall flux profiles vs. axial
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described in our recent publication [29], following a similar ap-
proach presented by Chui and Raithby [30] and Chai et al. [32].
When comparing the DOM and FVM, an equal number of directions
are used for both the methods. The S16 quadrature is chosen for
the DOM, and thus, 288 total directions (Nu � Nh = 16 � 18) are
necessary for the FVM. Furthermore, it is found that even with
the phase function splitting technique presented by Chui and Rai-
thby [30], FVM normalization is necessary to ensure accurate
asymmetry factor conservation for highly anisotropic media. Using
the splitting technique, errors between the theoretical and discret-
ized phase function are minimal, but normalization is necessary for
exact conservation. Thus, DOM results will be compared to FVM re-
sults generated using the present normalization technique. Details
on FVM normalization will be presented in a follow-up paper.

Fig. 6 compares non-dimensionalized side wall flux profiles vs.
axial location predicted by the FVM and the DOM with both nor-
malization techniques for g = 0.8, 0.9 and 0.95. The medium is ta-
ken to be optically thick (s = 25.0). For g = 0.8, the profiles for all
three methods are nearly identical. This conforms to expectations,
as the conservation ratio for asymmetry factor with the old
normalization (seen in Fig. 3a) is only slightly above unity for
g = 0.8. However, as asymmetry factor increases, we see a growing
discrepancy between the DOM profiles generated with the differ-
ent normalization techniques. At the axial midplane, the old nor-
malization technique overpredicts the FVM solution by 17.85%
and 21.84% for g = 0.9 and 0.95, respectively. Conversely, the new
normalization technique replicates the FVM solution accurately,
with maximum percent differences of 2.88% and 1.89% for g = 0.9
and 0.95, respectively.

Fig. 7a depicts the relative difference of side wall flux between
the FVM and the DOM with the new normalization versus axial
location for g = 0.95 at various optical thicknesses. The largest per-
cent error actually occurs for the thin medium (s = 1.0) due to ray
effect. Ray effect manifests itself as physically unrealistic bumps in
the flux profile [14], and has been shown to occur inconsistently
between the FVM and DOM due to the difference in angular dis-
cretization [29,35]. As optical thickness increases to s = 5.0, ray ef-
fect decreases, leading to a decrease in relative difference. In
general, as optical thickness increases, the percent difference be-
tween the methods does increase, but the increase is slight for
DOM with the new normalization technique. For larger optical
thicknesses, the difference is fairly consistent for all axial locations
Fig. 6. Comparison of non-dimensional side wall flux profiles vs. axial location
using normalized FVM and DOM for optically thick medium.

location at various optical thicknesses for DOM with (a) new normalization and (b)
old normalization.
except those close to the endwall. Furthermore, the difference is
less than 2% for all axial locations, showing good agreement be-
tween the DOM and FVM results.

Fig. 7b depicts the relative difference between the FVM and the
DOM with the old normalization for similar conditions. As with the
new normalization, there is an error spike for s = 1.0 between the
endwall and axial midplane due to ray effect. The discrepancy
due to ray effect decreases as optical thickness increases to
s = 5.0. For optically thick media, however, the old normalization
technique produces profiles that are relatively accurate near the
endwalls, but greatly overpredict the FVM solution near the axial
midplane. At the axial midplane, the old technique overpredicts
the FVM by 9.56% for s = 15.0, and 21.84% for s = 25.0, confirming
previous literature observations by Boulet et al. [27] for increasing
optical thickness. Maximum and average percent differences be-
tween the FVM and normalized DOM schemes are tabulated for
various optical thicknesses in Table 1. The tabulated data shows
a similar trend for g = 0.9, with the new DOM normalization being
within 3% of the FVM for all tested optical thicknesses and the old
technique producing overpredictions of up to 18%.



Table 1
Comparison of averaged and maximum percentage difference from FVM solution for
side wall flux profiles for DOM with new and old normalization techniques.

g s Average % difference from FVM Max % difference from FVM

New Old New Old

0.9 25 1.57 12.36 2.88 17.85
15 1.25 4.55 2.07 10.94

5 0.75 1.62 1.44 1.5
1 1.28 1.55 2.66 3.61

0.95 25 1.59 11.68 1.89 21.84
15 1.18 6.85 1.43 9.56

5 0.68 0.73 1.3 3.43
1 1.05 1.43 3.43 4.33

Fig. 8. Comparison of non-dimensional side wall flux profiles vs. axial location for
DOM with normalized techniques vs. isotropic scaling for optically thick medium
with (a) g = 0.95 and (b) g = 0.9.
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3.2. Comparison with isotropic scaling law

The results generated by both DOM normalization techniques
are also compared to those generated via the isotropic scaling
law [33,34]. The scaling law allows anisotropic scattering to be
approximated as isotropic by altering the values of the optical
depth and scattering albedo of the medium, leading to a much
quicker convergence time than with the conventional anisotropic
approach. In previous works, the isotropic scaling law has been
shown to produce accurate results for steady-state, forward scat-
tering problems, especially for optically thick media [6,36]. For this
reason, comparisons are presented here to help investigate the im-
pact of conservation of asymmetry factor on the DOM solution.
However, Guo and coauthors [33,34] showed that the isotropic
scaling law is not reasonably accurate for transient problems
(especially at small times) due to the decrease in photon flight dis-
tance and time inherent with the reduced optical thickness. They
also concluded that it is not an accurate method to predict radia-
tive transfer for backwards-scattering media. Thus, the isotropic
scaling law cannot be used in place of the traditional anisotropic
scattering approach for all cases.

Fig. 8a shows a comparison of side wall heat fluxes generated
using the normalized DOM schemes and the isotropic scaling law
vs. axial location for s = 25.0 and g = 0.95. As previously discussed,
the old normalization approach distorts the phase function and
changes the overall asymmetry factor. For a prescribed asymmetry
factor g = 0.95, the normalization process alters the asymmetry
factor of the discretized phase function to g = 0.983. Flux profiles
generated with the isotropic scaling law are then presented for
g = 0.95 and 0.983. The new technique matches fairly well with
the isotropic scaling results generated with g = 0.95, with maxi-
mum and average differences of 4.20% and 3.40%, respectively.
The old normalization overpredicts the isotropic scaling results
with g = 0.95, but almost exactly conforms to the isotropic scaling
results with the altered asymmetry factor g = 0.983. This gives con-
fidence that the results given by the old normalization conform to
the altered asymmetry factor; and again confirms the necessity of
conservation of asymmetry factor in phase function discretization.
Fig. 8b shows similar profiles for g = 0.9. The old technique pro-
duces flux profiles similar to the isotropic scaling law with the al-
tered asymmetry factor g = 0.9214, whilst the new technique
produces results that are in good agreement with the isotropic
scaling results with the true asymmetry factor g = 0.9.

Fig. 9a and b show the percent difference of side wall flux be-
tween the normalized DOM schemes and the isotropic scaling
law vs. axial location for varying optical thickness with g = 0.95.
The isotropic scaling results are produced using the DOM, so ray ef-
fect manifests itself equally for both the isotropic scaling and nor-
malized DOM results. Thus, there is no large discrepancy seen for
optically thin media as there was when comparing to the FVM.
For an optically thin medium (s = 1.0), both of the normalization
procedures predict within 1% to the isotropic scaling results at all
axial locations. The maximum relative difference between the old
normalization technique and the isotropic scaling results at
g = 0.95 is a 0.48% overprediction at the axial midplane. However,
when we compare these results with the isotropic scaling results
generated for the altered asymmetry factor g = 0.983, we find the
maximum relative difference is an underprediction of just 0.21%
at the same location. This shows that, once again, the old technique
conforms closer to the isotropic scaling results with the altered
asymmetry factor than to results generated with the original pre-
scribed value. The main reason why both of the normalization pro-
cedures conform well to the isotropic results is due to the fact that
the difference in radiant energy propagation between g = 0.95 and
0.983 is minimal in the optically thin case. The maximum relative
difference between the isotropic scaling profiles with g = 0.95 and
0.983 is 0.69% for s = 1.0, compared to 25.17% for s = 25.0. An in-
crease in optical thickness produces a dramatic increase in the ef-
fect of small changes in asymmetry factor, leading to the large flux
discrepancies produced by the old normalization technique.

For optically thick media, large deviations from the isotropic
scaling predictions appear for the old approach. The DOM with this



Fig. 9. Percentage difference from isotropic scaling solution of side wall flux
profiles vs. axial location at various optical thicknesses for DOM with (a) new
normalization and (b) old normalization.

Table 2
Comparison of averaged and maximum percentage difference from DOM isotropic
scaling solution for side wall flux profiles for DOM with new and old normalization
techniques.

g s Average % difference from
Isotropic

Max % difference from
Isotropic

New Old New Old

0.9 25 1.91 12.63 2.64 20.66
15 2.90 8.74 3.36 14.68

5 3.01 2.69 3.84 4.39
1 0.93 0.36 1.58 0.73

0.95 25 3.45 13.90 4.20 25.59
15 3.65 6.84 4.70 13.13

5 2.18 1.51 3.10 3.14
1 0.55 0.24 0.95 0.48

Fig. 10. Comparison of non-dimensional side wall flux profiles vs. axial location for
normalized FVM and DOM and isotropic scaling for various optical thicknesses with
g = 0.95 for (a) x = 0.95 and (b) x = 0.9.

B. Hunter, Z. Guo / International Journal of Heat and Mass Transfer 55 (2012) 1544–1552 1551
normalization overpredicts the isotropic scaling solution by 13.13%
for s = 15.0 and 25.59% for s = 25.0. As was the case when compar-
ing with the FVM, the relative difference increases dramatically
from the endwall to the axial midplane. The new technique, how-
ever, shows a fairly consistent relative difference vs. axial location
except for locations very near the endwall. The relative difference
is under 4.70% for all axial locations for optically thick media. Max-
imum and average percent differences between the isotropic scal-
ing and normalized DOM schemes are tabulated for various optical
thicknesses in Table 2. Similar results can be seen for a prescribed
asymmetry factor of g = 0.9. Predictions generated with both meth-
ods agree well for both of the schemes when considering optically
thin media, but as optical thickness increases, the solution gener-
ated with the present technique has a much smaller discrepancy.

For many applications, the medium of interest may not be
purely scattering (i.e. x – 1.0). This is especially true for tissue
applications, where the scattering albedo can frequently vary be-
tween 0.9 and 1. Fig. 10 a and b show side wall flux profiles gener-
ated by the FVM, the isotropic scaling law, and both the DOM
normalization techniques for g = 0.95 with scattering albedos
x = 0.95 and 0.9, respectively. For the case with optical thickness
s = 1.0, both the normalization techniques conform well when
compared to the isotropic scaling law, and the difference between
the FVM and DOM is caused by ray effect. As optical thickness in-
creases, the new normalization technique and isotropic scaling law



1552 B. Hunter, Z. Guo / International Journal of Heat and Mass Transfer 55 (2012) 1544–1552
still predict very similar flux profiles for both the scattering albe-
dos, but the old normalization technique starts to overpredict
these results. For s = 25.0, the old technique greatly overpredicts
the isotropic scaling results, whilst the new technique provides
flux profiles that match more closely.

The solution generated by the FVM, however, underpredicts the
DOM solutions for optically thick media. The discrepancy between
FVM and DOM solutions for absorbing–scattering optically thick
media was shown by Kim and Baek [37] for the same cylindrical
geometry. Overall, the results for absorbing–scattering media
match the results shown for purely scattering media. DOM with
the new normalization technique compares more closely to both
the FVM and isotropic scaling results than the old normalization
technique.
4. Conclusions

A new phase function normalization technique is proposed for
phase function discretization for radiation transfer problems
involving anisotropic scattering, and is applied to the conventional
discrete-ordinates method. The necessity for normalizing the
Henyey–Greenstein phase function after directional discretization
for highly anisotropic scattering media is established. Previously
published normalization techniques have been shown to distort
the shape of the phase function after discretization, thereby chang-
ing the overall asymmetry factor. The new technique ensures accu-
rate conservation of both scattered energy and the overall
asymmetry factor after discretization. The new normalization tech-
nique is implemented to the benchmark problem of an axisymmet-
ric cylindrical enclosure subject to a diffuse side wall incidence.
Non-dimensional side wall flux profiles predicted with the new
technique and the previously published technique are compared
to fluxes determined using the FVM and isotropic scaling law for
varying optical thicknesses and scattering albedos. All results pre-
sented in this work show that the DOM with the present normali-
zation approach produces heat flux profiles that conform to those
determined by the FVM and isotropic scaling law for the bench-
mark case examined. The new normalization technique appears
to be a significant improvement over previous techniques, due to
the accurate conservation of phase function asymmetry factor.
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