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Prediction of Radiative Heat
Transfer in Industrial Equipment
Using the Radiation Element
Method
The radiation element method by ray emission method, REM2, has been formulated to
predict radiative heat transfer in three-dimensional arbitrary participating media w
nongray and anisotropically scattering properties surrounded by opaque surfaces
validate the method, benchmark comparisons were conducted against the existing s
radiation methods in a rectangular three-dimensional media composed of a gas mixt
carbon dioxide and nitrogen and suspended carbon particles. Good agreements be
the present method and the Monte Carlo method were found with several particle d
variations, in which participating media of optical thin, medium, and thick were includ
As a numerical example, the present method is applied to predict radiative heat tra
in a boiler model with nonisothermal combustion gas and carbon particles and dif
surface wall. Elsasser narrow-band model as well as exponential wide-band mod
adopted to consider the spectral character of CO2 and H2O gases. The distributions o
heat flux and heat flux divergence in the boiler furnace are obtained. The differen
results between narrow-band and wide-band models is discussed. The effects
model, particle density, and anisotropic scattering are scrutinized.
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Introduction
In recent decade, significant progress has been made in d

opment of solution methods for multi-dimensional radiative h
transfer in absorbing, emitting, and scattering participating me
@1#. However, it is usually a formidable task if the nongray a
anisotropic scattering characters of the medium are accounted
as pointed out by Farmer and Howell@2#. Furthermore, it is fre-
quently difficult to apply these methods to complex thre
dimensional configurations such as that used in finite elem
analysis, except the Monte Carlo method which may be extrem
time-consuming, and the results are subject to statistical error.
radiation element method by ray emission model proposed
Maruyama@3# and Maruyama and Aihara@4# is an extension of
zone method and is a generalized numerical method for analy
radiation transfer in participating media and specular and/or
fuse surfaces with arbitrary configurations and thermal conditio
This method was applied to very complicated configurations, e
the applications to a large device for nuclear fusion reactor@5# and
a Czochralski crystal growth furnace@6#.

Accurate prediction of thermal radiation in combustion cha
ber is of practical importance. However, many investigators in
combustion field did not take nongray and anisotropic scatte
characteristics into account. The assumption of isotropic sca
ing used by Fiveland and Latham@7# is somewhat questionable a
pointed out by Fiveland and Wessel@8#. It is also well known that
the use of gray assumption is not appropriate for gas radiation@9#.
The wide-band model is widely employed in radiation transfer
combustion@7#. However, the wide-band model has not be
compared with the narrow-band model in realistic problems.

An instinctive weakness in REM2 method is the requirement o
isotropic scattering phase function@4#. However, this problem can
be solved with ease by an appropriate scaling technique. Ther
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numerous ways to scale a complex anisotropic scattering, suc
d-M method@10#. The validity of the scaling approximation an
its high accuracy have been verified by many researchers@11,12#.
Maruyama has applied the zeroth-order delta function approxi
tion to REM2 for the case of plane parallel system with very go
accordance with exact solution, even for strong forward scatte
particles@13,14#.

In this paper, the REM2 is developed to incorporate the radia
tion properties of spectral dependence with narrow-band mo
and anisotropic scattering of particles. The temperature and ra
tive properties should be uniform in each radiation element,
can be inhomogeneous among radiation elements. The view
tors are attained by ray tracing method in which path lengths
each radiation element can be specified; thus, all gas models
feasible in the present method to account for the nongray cha
teristics of participating gas. For the sake of benchmark comp
son, the Elsasser narrow-band model is employed in conjunc
with the exponential wide-band model@15#. The present REM2

approach was firstly applied to radiation transfer in thre
dimensional rectangular media involving CO2 and nitrogen gas
mixture and anisotropic scattering carbon particles. The valid
and sensitivities of the present method were verified by the ex
ing Monte Carlo calculation of Farmer and Howell@2# and several
other methods@1,16,17#. Its calculation efficiency was compare
with the YIX method@16#.

As a numerical example of application in complicated syst
of arbitrary shape, the radiative heat transfer is demonstrated
three-dimensional boiler furnace. The Elsasser narrow-b
model ~NBM! as well as the exponential wide-band mod
~WBM! is adopted to consider the spectral character of CO2 and
H2O gases. The results of heat flux on the walls and heat
divergence in the boiler are compared between the narrow-b
model and the wide-band model. The effect of the anisotro
scattering is also discussed.
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Mathematical Formulation
To consider a radiation element of participating medium,

shown in Fig. 1, the spectral radiation intensityI l at r in the
direction ŝ can be formulated as

dIl~r ,ŝ!

dS
52~kl1ss,l!I l~r ,ŝ!1klI b,l~T!

1
ss,l

4p E
4p

I l~r ,ŝ8!Fl~ ŝ8→ ŝ!dv (1)

wherekl and ss,l are spectral absorption and scattering coe
cients, respectively, andFl( ŝ8→ ŝ) is the phase function.

The following assumptions are introduced to simplify the pro
lem: 1! Each element is at a constant uniform temperature.
refractive index and heat generation rate per unit volume are
constant and uniform over the polyhedral radiation element!
Scattering in the participating medium is isotropic, while scali
technique is employed for anisotropic scattering. 3! The scattering
radiation distributes uniformly over the element. The third term
the right-hand side of Eq.~1! is approximated as

ss,l

4p E
4p

I l~r ,ŝ8!Fl~ ŝ8→ ŝ!dv5
ss,l

4p E
4p

I l~r ,ŝ8!dv5ss,lI l
D

(2)

where I l
D is the averaged diffuse radiant intensity. It should

noted thatI l
D is similar to diffuse radiosity that was used fo

radiation transfer of arbitrary diffuse and specular surfaces@3#.
Bringing the extinction coefficientbl and albedoV forward, Eq.
~1! is rewritten as

dI l~r ,ŝ!

dS
5bl@2I l~r ,ŝ!1~12V!I b,l~T!1VI l

D# (3)

If the albedoV is redefined asVD and the specular reflectivity
of surface elementVS is defined, a generalized form of the spe
tral radiant energy of elementi, which may be either a volume o
a surface element, can be expressed as follows:

QJ,i ,l~ ŝ!5@~12V i
D2V i

S!I b,i ,l~Ti !1VI i ,l
D #

3E
4p

Ai~ ŝ!F12expS 2E
0

S

b i ,ldS8D Gdv (4)

Surface element and volume element are distinguished by the
ditions *0

Sb ildS8@1 andV i
S50, respectively.

To simplify the integration in Eq.~4!, we introduce an effective
radiation areaAi

R as

Ai
R5

1

p E
4p

Ai~ ŝ!F12expS 2E
0

S̄
b i ,ldS8D Gdv (5)

where an averaged thickness of the radiation element in the d
tion ŝ was introduced as

S̄5V/A~ ŝ! (6)

Fig. 1 Attenuation of radiation passing through an element
Journal of Pressure Vessel Technology
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in which, V andA( ŝ) are the volume and area projected onto t
surface normal toŝ, respectively. The rate of spectral radiatio
energy emitted and isotropically scattered by the radiation elem
can be expressed in a generalized form as

QJ,i ,l[Ai
R~« iEb,i ,l1V i ,l

D Gi ,l! (7)

where« i512V i
D2V i

S , Eb,i ,l5pI b,i ,l , Gi ,l5pI i ,l
D , andQJ,i ,l

is the diffuse radiation transfer rate. It should be noted that
valueAi

R is a function of wavelength for a nongray participatin
medium. The net rate of heat generation can be derived from
heat balance on the radiation element as

QX,i ,l5Ai
R« i~Eb,i ,l2Gi ,l! (8)

The expressions of heat transfer rates of irradiation energyQG,i ,l
and emissive powerQT,i ,l of the radiation element are

QG,i ,l[Ai
RGi ,l , QT,i ,l5Ai

R« iEb,i ,l (9)

If the system is consisted ofN volume and surface elements
then Eqs.~7! and ~8! can be rewritten as

QJ,i ,l5QT,i ,l1(
j 51

N

F j ,i
D QJ, j ,l

QX,i ,l5QT,i ,l2(
j 51

N

F j ,i
A QJ, j ,l

6 (10)

in which, the absorption view factorFi , j
A and diffuse scattering

view factor Fi , j
D are introduced as defined by Maruyama a

Aihara @4#. The heat transfer rate of spectral emissive pow
QT,i ,l for each radiation element is given as a boundary conditi
The unknownQX,i ,l can be obtained by solving Eq.~10!. The
total net rate of heat generation is obtained as

QX,i5E
0

`

QX,i ,ldl (11)

The heat flux of a surface element or the heat flux divergence
volume element is calculated by

qX,i5QX,i /Ai or qX,i5QX,i /Vi (12)

The radiation elements consisted of numerous polygons
polyhedrons can be produced by applying general-purpose pre
post-processor packages for the finite element method,
PATRAN. The view factors are calculated by ray tracing meth
@18#. The ray emission model is the same as used by Maruya
and Aihara@4#. The discrete directions were distributed uniform
over the entire solid sphere. If the total number of emitted ray
Nr, the discrete solid angle isDv54p/Nr.

Spectral Optical Properties
The Elsasser narrow-band model is used in conjunction w

the correlation parameters in Edwards wide-band model@15# to
determined the spectral absorption coefficients of CO2 and H2O,
which is given as follows:

ah5r
Sc

d

sinh~pb/2!

cosh~pb/2!2cos@2p~h2hc!/d#
(13)

where

Sc

d
5

a

v
exp@2~a/v!uh2hcu# (14)

b5
C2

2Pe

4C1C3
(15)

a5C1 (16)

v5C3 (17)
NOVEMBER 2001, Vol. 123 Õ 531
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whereC1 , C2 , andC3 are the correlation parameters and giv
by Siegel and Howell@19#. Then, the apparent extinction coeffi
cient of element in the directionŜ is obtained as a function of th
averaged path length as follows:

bg5 lnF E
2d/2

d/2

exp~2ahS̄!dhG (19)

The particles are assumed to be carbon spheres with a diam
of 30 mm. Mie theory and the optical constants for carbon spe
men no. 2 in Foster and Howarth@20# were used to compute
scattering and extinction efficiencies. The values are listed
Table 1 of Tong and Skocypec@1#. The scattering phase functio
is approximated by a delta-Eddington function as@21#

P~C!52 f d~12cosu!1~12 f !~113g cosu! (20)

where f 50.111 andg50.215.
As mentioned in the introduction, however, Eq.~2! requires the

assumption of isotropic scattering. The phase function Eq.~20!
was scaled to zeroth-order delta function approximation as
cussed in Maruyama@13,14#. The scaled extinction coefficientbP*
and albedoVD are

bP* 5bP~12a1V/3!, VD5
V~12a1/3!

12a1V/3
(21)

wherea1 is a coefficient of the first term in Legendre polynom
als. The final extinction coefficient of the mixture of particles a
gases is expressed as

b5(
k51

Ng

bgk1bP* (22)

wherebgk is the apparent extinction coefficient of thekth gas, and
Ng is the total number of gas components.

Results and Discussion

Three-Dimensional Enclosure. The present method is firstly
applied to solve radiation heat transfer in a three-dimensional r
angular medium as shown in Fig. 2. The participating medium
a mixture of CO2 and N2 gases and carbon particles. The to
mixture pressure is specified to be 1 atm, with a volume fract
of CO2 of 0.21. The temperature of the medium is constant a
uniform at 1000 K. The enclosure is covered with black and c
surface. Since this is a symmetric problem, a one-eighth symm
ric analysis model is considered in calculation, in which thr
symmetric surfaces are specified as totally specular reflectio
Vs51. The analysis model includes 216 volume elements,
black surface elements, and 108 perfect mirror elements.

The present calculations are compared with the results of
eral other solution methods for several carbon particle densitie
Nc52.03107, 2.03108, and 2.03109 particles per cubic meter
which represent participating media of optical thin, medium, a
thick, respectively. The benchmark comparison of radiative h
flux is shown in Fig. 3. The results of the Monte Carlo metho

Fig. 2 Geometry of a rectangular medium
532 Õ Vol. 123, NOVEMBER 2001
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the YIX method, and the GZX Method are from Farmer and Ho
ell @2#, Hsu et al.@16#, and Yuen et al.@17#, respectively. Good
agreements are found among the simulations of the Monte Ca
the YIX, and the present methods. In particular, the present
culation is the closest to the results of the Monte Carlo of Farm
and Howell @2# in the cases of optical thin (Nc52.03107) and
optical thick (Nc52.03109). Comparing these two methods, th
general error is 5 percent. ForNc52.03108, the difference in-
creases to 10 percent in the boundary area. The present predic
are generally lower than those of Farmer and Howell@2# and Hsu
et al. @16#, but are higher than the predictions of Yuen et al.@17#.

The divergence of radiative heat flux is displayed in Fig. 4,
which comparisons are performed between the present me
and the Monte Carlo method@2# in the same conditions of Fig. 3
In all the cases of three particle densities, the present results a

Fig. 3 Comparison of heat flux at YÄ0 and ZÄ1.5 m

Fig. 4 Comparison of divergence of heat flux
Transactions of the ASME
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well with those of Monte Carlo. The difference between the t
solutions is basically within 10 percent. However, an error of
percent exists in the boundary area.

The computation efficiency is a major concern in thre
dimensional radiation solutions. The calculation CPU time
available for the YIX method@16#, in which the computation was
performed on a Cray Y-MP/864 supercomputer.

In the present computation, a Cray C-916 supercomputer
employed. The most time-consuming part of the calculation w
the ray tracing process. This portion in the program was not v
torized. Neither parallel technique was used. The CPU time~1
CPU! for the two solutions is listed in Table 1. No direct compa
son is available due to different computers used in the two m
ods. However, it should be noted that the trends of CPU time
accordance with the particle density are different between the
approaches. When the particle density increases, i.e., the pa
pating media changes from optical thin to optical thick, the C
time increases enormously in the YIX method, while a slight d
crease of CPU time is found in the present method. This is du
the ray tracing time decreases as the medium optical len
increases.

In the foregoing calculation cases, the number of ray emiss
bundles was set to beNr5155. The influence of ray emissio
number is demonstrated in Fig. 5, in which the radiative heat
and divergence of heat flux are illustrated in the case ofNc
52.03109 for Nr545, 155, and 561, respectively. It is seen th
the ray effect@22#, which causes errors in analysis of a comp
cated geometry by the discrete ordinate method, is minimize
the present method. This is because the calculation of view fac
is corrected using a method similar to that of Omori et al.@23# and
the number of ray emission in the present solution is usually m
larger than that used in the discrete ordinate method.

Radiation Transfer in a Boiler Model. The present method
has advantages over other solutions except the Monte C
method in dealing with radiation transfer in arbitrary geometry.
a numerical example of complicated configuration, radiative h
transfer in a boiler furnace was investigated. A practical bo
configuration of 125 MW~e! is presented in Fig. 6@9# with ASTM
No. 6 heavy oil fed from two opposite side walls. The boiler
operated in atmospheric pressure. The temperature of the b
wall is 623 K. In the gas exit region, the wall temperature is h
since a reheater is usually located. It is given to be 813 K. T
wall surfaces are diffuse with diffuse reflectivity of 0.8. A tem

Fig. 5 Effect of ray emission number

Table 1 Comparison of CPU time
Journal of Pressure Vessel Technology
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perature profile inside the boiler was modeled according to
result of Aoki et al.@9# as expressed by the following equations
WhenZ>H1

T5T0Fa1S 12
u2X2W1u
2W2W1

D S 12
u2Y2Lu

2L D S 12
uZ2H1u
H2H1

D1b1G
(23)

WhenZ,H1

T5T0Fa2S 12
u2X2Wu3

W3 D S 12
u2Y2Lu

10L D S 12
u2Z2H1u

10H1
D1b2G

(24)
in which, a151, b152.5,a252.8,b251, and the input fuel tem-
peratureT05563 K.

The combustion gas is composed of CO2, H2O, and N2 with the
mole fractions of CO2 and H2O being 0.119 and 0.085, respe
tively. The profile of the combustion gas is assumed to be unifo
all over the boiler. According to the measurement of Smyth et
@24#, the soot inception region in flame is found to occur at t
high-temperature edge with maximum intensity in a region
1300;1650 K. Carbon particles in the present model are assum
to produce in a region which satisfies the expression of

H 1000 K<T<2000 K

H1/9<Z<6H1/9
(25)

The particle fraction is assumed to be uniform in the parti
region. Three cases of particle concentration ofNc52.03107,
2.03108, and 2.03109 particles per cubic meter are considere

The division grid of radiation element of boiler is also shown
Fig. 6. The total element number in the boiler is 2142, whi
includes 1360 volume elements and 782 surface elements loc
on the furnace wall. In actual calculation, a half-symmetric
analysis model is adopted since the boiler is symmetric along
center plane ofY5L/2. The number of ray emissions for a radi
tion element is set to beNr5155. All calculations were per-
formed in SX-4/128H4 supercomputer.

At first, the effect of anisotropic scattering of particles is inve
tigated. The heat flux distributions on the wall and the diverge
of heat flux at the center plane of the boiler are illustrated in Fi
7~a! and~b!, respectively, for anisotropic scattering~left! and iso-
tropic scattering~right! in the case of particle concentration o
Nc52.03109. The heat flux and the divergence of heat flux
Figs. 7–9 are normalized by2sTN

4 and sTN
4 /W, respectively,

with TN52000@K#. The negative value of heat flux represen
that the heat is from participating medium transfer into wall s
face. In the present radiative heat transfer, the divergence of

Fig. 6 Geometry and grid arrangement of a boiler model
NOVEMBER 2001, Vol. 123 Õ 533
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flux is the same as heat production per unit volume. As for
divergence of heat flux, a negative value means absorbing h
while a positive value stands for heat generation. It is seen
larger heat flux is distributed in the wall surfaces near the
region, while the heat flux on the surfaces in pure combustion
and gas exit regions is very low. This reveals that the radia
from high-temperature particles is much stronger than that fr
high-temperature combustion gas, especially for the case of la
number density of the particles. Comparing the results betw
anisotropic and isotropic scatterings in the particle region in F
7~a! and ~b!, it was found that the heat flux as well as the dive
gence of heat flux increased when the anisotropic property
accounted for. The difference of the results between the an
tropic and isotropic scatterings is generally 15 percent. There
some points where the difference is about 30 percent. In
present model, no particles exist in the central part of the
according to the assumption of soot production, Eq.~25!. As in the
practical case, fire is turbulent flame and soot is produced in
whole region of fire. In such a case, the prediction differen
between anisotropic and isotropic scattering would increase.

Fig. 7 Comparison between anisotropic scattering and isotro-
pic scattering with NcÄ2.0Ã109—„a… distribution of normalized
heat flux, „b… normalized heat flux divergence at YÄL Õ2
534 Õ Vol. 123, NOVEMBER 2001
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The comparison of numerical results of heat flux and heat fl
divergence between gas models of narrow band and wide ban
demonstrated in Fig. 8 in the case ofNc52.03107 with aniso-
tropic scattering. The foregoing Elsasser narrow-band mode
used in conjunction with the correlation parameters in a wi
band model. The Edwards exponential wide-band model@15# is
used as a wide-band model. The absorption coefficient calcul
by these gas models were compared with LBL solution
Maruyama et al.@25#. It was shown that the solution of th
narrow-band model agrees with that of LBL and was more ac
rate than that of the wide-band model. It is seen that the gas m
has active effect on the accuracy of numerical prediction. T
predicted results by the wide-band model are generally larger
those by the narrow-band model. Comparing two different m
els, the differences of heat flux are about 10 percent, while
differences of divergence of heat flux increase to 20 percent, w
40 percent detected in some positions.

In both Figs. 7~b! and 8~b!, it was seen that negative values
divergence of heat flux appeared in the region near burners an

Fig. 8 Comparison between narrow-band model „NBM… and
wide-band model „WBM… with NcÄ2.0Ã107—„a… distribution of
normalized heat flux, „b… normalized heat flux divergence at Y
ÄL Õ2
Transactions of the ASME
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ports. This radiation energy absorption is caused by the l
temperature combustion gas cooled by the input of very lo
temperature fuel and air~563 K!. Thus, if the fuel is premixed, it
can be heated by absorbing radiation energy. Since we ne
convection heat transfer and assume temperature distribution
calculated value of heat generation rate or divergence of radia
heat flux may not describe the realistic value; however, this h
absorption region will appear in a real boiler.

Finally, the comparison is extended to solutions with ani
tropic scattering and the narrow-band model and with isotro
scattering and the wide-band model. Figure 9 portrays the c
parisons of heat flux on the wall and heat flux divergence in
center plane for particle densityNc52.03108. The wide-band
model tends to increase the prediction of heat flux and its div
gence; on the other hand, the effect of isotropic scattering is
versed. Hence, the differences between the two solutions in F
are not so large as observed in Figs. 7 and 8. In general
percent difference of heat flux and divergence of heat flux
found. However, in the case of Fig. 9, maximum difference
heat flux divergence reaches 30 percent. Comparing Figs. 7–9

Fig. 9 Comparison between solutions of anisotropic and NBM
and of isotropic and WBM with NcÄ2.0Ã108—„a… distribution of
normalized heat flux, „b… normalized heat flux divergence at Y
ÄL Õ2
Journal of Pressure Vessel Technology
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influence of particle density is revealed. The heat flux as wel
the divergence of heat flux increases as the increase of par
density. However, the influence is mainly focused on the fire
gion and the wall surface nearby the fire. In the pure combus
gas region in the top of the boiler, the influence of particle dens
is very weak.

Conclusions
To predict radiative heat transfer in three-dimensional arbitr

participating media with nongray and anisotropically scatter
properties, the radiation element method by ray emission met
REM2, has been used. As benchmark comparisons, radiative
transfer of rectangular media was predicted by the pres
method. Good agreements between the present method an
Monte Carlo method were found in the cases of participating m
dia of optical thin, medium, and thick. But the calculation CP
time by the present method is shorter by several factors than
by the Monte Carlo method. Furthermore, the calculation o
participating medium of optical thick does not require longer CP
time than that of optical thin medium compared with the YI
method.

As a numerical example of arbitrary shape and engineering
plication, radiative heat transfer in a boiler model with no
isothermal nongray combustion gas and anisotropic scattering
bon particles has been investigated. Emphasis was placed o
discussion of the influences of gas models and scattering cha
teristics. The use of wide-band model increases the heat flux
divergence of heat flux by a range of 10 to 40 percent compa
with the results by employing the narrow-band model, while t
assumption of isotropic scattering decreases the prediction b
to 30 percent of the anisotropic scattering. As the increase of
particle density, the radiative heat flux and the divergence of h
flux increase.
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Nomenclature

A 5 area
AR 5 effective radiation area, Eq.~5!

a 5 band symmetry factor, Eq.~13!
Eb 5 blackbody emissive power

f 5 coefficient of scattering phase function, Eq.~20!
Fi , j

A 5 absorption view factor from elementi to j
Fi , j

D 5 diffuse scattering view factor
H 5 height @m#
I 5 radiation intensity

I l
D 5 diffuse radiant intensity
L 5 length @m#
N 5 no. of element

Nc 5 density of carbon particles
Nr 5 no. of ray emission bundles
Pe 5 gas band correlation parameter

QG 5 heat transfer rate of irradiation, Eq.~9!
QT 5 heat transfer rate of emissive power, Eq.~9!
QJ 5 heat transfer rate of diffuse radiosity, Eq.~4!
QX 5 net heat transfer rate of heat generation, Eq.~8!
qX 5 heat flux for surface element or divergence of heat

flux for volume element, Eq.~12!
r 5 position vector
S 5 path length through element
S̄ 5 averaged thickness of element in directionŜ
NOVEMBER 2001, Vol. 123 Õ 535
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s 5 unit direction vector
Sc 5 mean line intensity, Eq.~14!
T 5 temperature

Vi 5 volume of elementi
W 5 width @m#

X,Y,Z 5 coordinates
a 5 band intensity, Eq.~16!
b 5 extinction coefficient; pressure broadening paramete
d 5 Dirac-delta function; absorption line spacing
« 5 emissivity,[12VD2VS

k 5 absorption coefficient
l 5 wavelength
F 5 scattering phase function
h 5 wave no.
u 5 scattering angle

VD 5 albedo of volume element or diffuse reflectivity of
surface element, respectively

VS 5 specular reflectivity
v 5 solid angle; bandwidth parameter
s 5 Stefan-Boltzmann constant

sS 5 scattering coefficient

Subscripts

b 5 blackbody
g 5 gas
i 5 elementi
j 5 elementj

P 5 particle
l 5 spectral value
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