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ABSTRACT 
Thermal analysis of a cylindrical tissue subject to a train 

of ultrashort pulse irradiations was made by developing a 
combined time-dependent radiation and conduction bio-heat 
transfer model. Ultrashort pulsed radiation transport in the 
cylindrical tissue is simulated using the transient discrete 
ordinate method. Treatment of focused beam is introduced. The 
model skin tissue is stratified as three layers with different 
optical, thermal and physiological properties. Comparisons 
between the collimated irradiation and focused beam are 
conducted. The effect of pulse train is investigated. 

 
1. INTRODUCTION 

 

Lasers have been widely used in clinical applications [1, 
2] like laser-induced hyperthermia [3], laser-induced interstitial 
thermotherapy [4] as well as optical imaging [5-7]. The 
objective of hyperthermia treatment in cancer therapy is to raise 
the temperature of cancerous tissue above a therapeutic value 
while maintaining the surrounding normal tissue at sub-lethal 
and safe temperatures. 

Ultrafast laser is a special type laser with pulse width in 
the range from picoseconds down to femtoseconds. The 
advantages of using short-pulsed lasers rather than traditional 
methods for therapeutic applications include the precise control 
of the output energy and the ability to control energy 
dissipation and the heat-affected zone. 

Two characteristics in ultrafast radiation heat transfer are 
worth mentioning. One is that the transient effect is significant 
when the pulse duration is not substantially longer than the 

characteristic time of radiation propagation in the medium. For 
applications in tissues where the typical characteristic thickness 
is in the order of millimeters to centimeters, the corresponding 
characteristic time (length over the speed of light) is in the 
range 0.01–1 ns. Hence, the propagation of an ultra-short pulse 
with the speed of light must be incorporated in the equation of 
radiative transfer. Another characteristic is that the emission 
from the medium is generally negligible as compared with the 
high laser intensity. Thus, the medium is cold in the modeling 
of radiative heat transfer [8, 9]. 

As an invasive technique to deliver heat energy to the 
location inside the body, converging beams can eliminate the 
perforation of the skin. Moreover, due to concentrating the 
energy at the focal plane, it may penetrate greater depths in the 
tissue without significant attenuations. The technique of 
focusing a collimated beam at the zone of treatment by using an 
optical objective lens is selected in this paper to achieve the 
desired temperature and focal spot size. 

Accurate predictions of temperature distribution and heat 
transport rates are necessary for clinical applications during any 
laser therapy [10]. A recent review compared several bio-heat 
transfer models; and concluded that the Pennes model is still 
the most practical for fast prediction of transient temperature 
profiles such as those expected in certain hyperthermia 
conditions [11]. 

In this work a combined transient heat transfer and Pennes 
bio-heat transfer model is developed to simulate the heat 
transfer process in a model skin tissue subject to a train of short 
pulsed irradiations. Parametric studies such as comparisons 
between converging beam and collimated irradiation, the effect 
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of the pulse train and the influence of the tissue property are 
also conducted.  

2. NOMENCLATURE 
 

Symbols 
c  Speed of light 
C  Specific heat capacity 
d  Collimated beam diameter 
h  Convective heat transfer coefficient 
H  Length 
I  Radiative intensity 
k  Conductivity 
L  Focused length 
M  Number of angular discretization 
n  Refractive index 
r  Radial direction 
R  Radius 
q  Heat flux 
S  Source term 
t  Time 
V  Volume 
w  Angular weight 
z  Axial direction 
Greek symbols 
θ  Azimuthal angle 

, ,μ η ξ  Direction cosine 
v  Beam waist 
ρ  Reflectivity 

aσ  Absorption coefficient 
eσ  Extinction coefficient 
sσ  Reduced scattering coefficient 

φ  Circumferential angle 
ω  Scattering albedo 
Φ  Scattering phase function 
Subscripts 
b  Blood perfusion 
c  Collimated 
d  Diffusive 
i  Incidence 
l  Discrete direction index 
m  Metabolism 
p  Pulse 
r  Reflectance 
s  Specular 
w  Wall 
 
 
3. MATHEMATIC FORMULATIONS  

 

 

3.1 Governing Equations 

A collimated laser beam is focused into a skin tissue as 
shown in figure 1. The intensity Il in the discrete ordinates 
direction sl is described by the ultrafast radiative transport 
equation [12]: 
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μl, ηl, ξl are three directional cosines; σe is the extinction 
coefficient, which is the summation of absorption coefficient σa 
and the reduced scattering coefficient σs; c is the speed of light 
in the tissue, expressed by c0/n; n is the refractive index of the 
tissue, which is assumed constant as 1.4; Sl is the radiative 
source term: 
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ω=σs / (σs+σa) is the scattering albedo; wi is the appropriate 
angular weight in the discrete direction si; Φil represents 
scattering phase function Φ (si→sl), Sl

c is the source 
contribution of the laser irradiation and can be expressed as  
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the unit vector sc represents the laser incident direction. When 
the reduced scattering coefficient is used, the scattering 
function is unity. In the region where no laser irradiation is 
passing through, Ic=Sc=0. 

The incident laser beam is assumed to have a Gaussian 
profile both temporally and spatially and it is expressed as 
follows: 
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I0 (z) is the amplitude of the pulse strength, v is the beam waist, 
tp is the pulse width, ρ is the reflectance on the tissue-air 
interface. We consider an impinging area 2v(0) and a time 
duration within 4tp. The averaged incident laser power density 
P is obtained by: 
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N is the number of pulses and tr is the time duration of the 
whole irradiation. 

Because of the mismatch of refractive indices at the air and 
tissue interface, the incident laser beam was refracted at the 
incident surface of the tissue. So the bunch of incident laser 
beams was not converged to the focus of the lens but rather to a 
deeper distance in the tissue as shown in figure 2. The focused 
spot radius is calculated as: 
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λ is the wavelength of laser beams, f is the focal length of the 
converging lens in the free space and d is the diameter of the 
collimated beam impinging on the lens. 

Inside the tissue, linear propagation of converging beam 
was assumed. Then the beam radius in the propagation 
direction varies with z can be expressed as follows: 
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Fig. 1 Geometric sketch 
 

 
Fig. 2 Propagation of converging beam 

During the time between two successive pulses irradiation, 
the thermal process in the tissue integrated two parts: 

First, within nanosecond time scale, a dimensional analysis 
reveals that heat diffusion is negligible. A localized temperature 
rise is induced totally by the single ultrafast pulse irradiation 
which is described as: 
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Second, within millisecond time scale, Penne’s equation 
was used for modeling heat transfer in the skin tissue: 
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Ta is the supplying arterial blood temperature. 
 
3.2 Boundary conditions  

For radiative heat transfer model, we consider two types of 
radiation boundary condition for the present problem. 

For internal radiation at the tissue-air interface (z=0mm), a 
critical angle is given by Snell’s law: 

1sin (1 / ).cr nθ −=  (11)

Total reflection occurs when the incident angle θi >θcr. 
When θi <θcr, the reflection on the interface is purely specular 
and the reflectance is calculated by Fresnel’s equation: 
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Surfaces except the laser incident one are the second type 
interface. Since biological tissues are highly scattering, photons 
reaching the boundary of tissues must have been undergone 
multiple scattering events and the possibilities of photons 
passing through the boundary or reflecting back are almost 
equal. Thus, we specify a diffuse reflectance of Rd=0.5 on such 
surfaces. Reflecting boundary conditions are given by [13] 
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The centerline of the tissue cylinder (r=0) is specified as an 
axisymmetric boundary. 

For conductive heat transfer model, except for the laser 
incident surface which is exposed to the ambient air at room 
temperature of Tam=25 º C with convective heat transfer 
coefficient h=15W/(m2·K), all other two surfaces of the tissue 
cylinder are surrounded by tissue remained at 37ºC. Again the 
centerline of the cylinder is treated as an axisymmetric 
boundary. All initial and boundary conditions for conduction 
model are: 
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3.3 Properties of skin tissue 

Human skin is organized in distinct layers, which are 
epidermis, dermis and subcutaneous fat, respectively. Here we 
consider two types of skin tumor: IBCC (infiltrative basal cell 
carcinomas) and NBCC (nodular basal cell carcinomas), suited 
in the dermis layer. Laser parameters, optical, thermal and 
physiological properties of different layers of tissues are listed 
in tables 1, 2, 3 and 4 respectively: 

Table 1 Laser parameters 

profile power repetition rate (f) 
Gaussian  0.1W 1 kHz 

pulse width 
(tp) 

beam diameter (d)  wavelength (λ) 

10 ps 6 mm 1200 nm 

Table 2 Optical parameters for different tissue layers at 
wavelength 1200 nm [14] 

tissue epidermis dermis fat IBCC NBCC 
σs  

(mm-1) 2.6 1.7 1.5 1.05 1.0 

σa  
(mm-1) 0.06 0.12 0.18 0.15 0.02 

Table 3 Thermal parameters for different tissue layers [15] 

tissue epidermis dermis fat tumor 
ρCp 

(J/mm3/K) 4.2E-3 4.2E-3 4.2E-3 4.2E-3 

k (W/m/K) 0.21 0.30 0.21 0.59 

Table 4 Physiological parameters for different skin tissue layers 
[16] 

tissue epidermis dermis fat 
perfusion ratio  

(ml/ml/s) 0 1.63E-3 1 E-3 

metabolic heat 
generation  

(W/kg) 
1 1 0.32 

 
3.4 Numerical methods 

The TDOM (Transient Discrete Ordinates Method) with 
S10 scheme was employed for the solution of the present 
ultrafast radiative heat transfer problem. Detailed information 
on numerical scheme and accuracy, please refer to publications 

[9, 13, 17]. The transient conductive heat transfer equations are 
solved numerically by using an ADI (Alternating Direction 
Implicit) scheme [18]. Combined radiation and conduction 
modeling [19, 20] has been considered. Recently experimental 
validation with tissue phantom has also conducted [21]. 

For both the radiation and conduction simulations, the same 
grid system is adopted to avoid interpolation. To improve the 
numerical calculation efficiency, the non-uniform grid system 
is employed for the focused laser beam. The stagger grid size 
(r, z) was 80×80 for a typical skin tissue cylinder with 
R=10mm, H=10mm.  

4. RESULTS AND DISCUSSION  

First, to validate our numerical models, two simple heat 
transfer process were studied to compare the numerical results 
and exact solutions. Figure 3 (a) shows the comparison of 
incident radiation fields G along the axial direction at plane r=0 
for a participating medium enclosed by a finite cylinder with 
unit aspect ratio [21]. The medium is assumed to be gray and 
homogeneous; the boundaries are assumed to be nonreflecting. 
A uniform collimated radiation with unity intensity is incident 
on the top of the cylinder. z* is defined as the product of 
extinction coefficient and the geometric coordinate in axial 
direction. t* is defined as ct/H. Both the pure absorption and 
pure scattering cases are investigated. It can be seen that our 
results from TDOM using S10 scheme gradually converge to the 
exact solutions [22] at long time stage for both cases. 

ADI method is applied to solve the heat transfer problem in 
a homogenous tissue cylinder (R=10mm, H=10mm). Except 
the bottom surface exposed to surrounding temperature 37ºC 
[h=15W/(m2·K)], all other surfaces have the constant 
temperature of 37ºC. Initial temperature 50ºC is the same 
everywhere in the enclosure of the cylinder. The predicted 
temperature differences at different time instants at origin 
(0mm,0mm) and the point (5mm,5mm) are plotted in figure 3 
(b). It is can be seen that numerical results calculated with 
different grid sizes collapse to each other and match well with 
the exact solutions obtained by the method of separation of 
variables [23].  
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(a) Radiation model 
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(b) Conduction model 

Fig. 3 Comparison between exact solutions and numerical 
predictions 
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(a) Collimated beam at t=4.7ps  (b) Focused beam at t=4.7ps 
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(c) Collimated beam at t=9.4ps  (d) Focused beam at t=9.4ps 

Fig. 4 Laser intensity distribution at certain time instant  
 

Figure 4 shows the laser intensity contours at three time 
instants in the skin tissue subjected to one single 10ps pulse 
irradiation, in which the collimated and converging beams of 
the same power are considered for comparison. An IBCC tumor 
is located in the region 1 to 2mm beneath the skin surface. For 
the focused beam irradiation, the focal plane is at z = 1 mm. 
Since the speed of light in the skin tissue is approximately 
0.21429mm/ps, the times for light traveling 1 and 2mm 
distances are 4.666 and 9.333ps, respectively. Figures 4 (b) and 
(d) all show good convergence of the focused laser beam at the 
focal spot. At t = 4.7ps, the wave front just passed the line z = 1 
mm. At t = 9.4ps, the wave front passed the line z = 2 mm. 

Comparing the focused beam results with the corresponding 
collimated beam results, it is seen that the focused beam can 
penetrate a great depth covering the whole tumor region; while 
the collimated beam can only penetrate a superficial layer. The 
intensity of the focused beam is generally two to five orders of 
magnitude stronger than that of the collimated beam. More 
importantly, the maximum intensity in the collimated beam 
situation is always at the skin surface; while the focused beam 
can deliver the maximum power to the target (i.e., the focal 
spot) inside the tissue. The advantage of the focused beam is 
then obvious. 
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Fig. 5 Temporal profile of divergence of radiative heat flux at the 

focused point 

The temporal profiles of divergence of radiative heat flux at 
the focused point for both collimated and converging laser 
beams are shown in the figure 5. The divergence of radiative 
heat flux represents the absorbed volumetric laser energy in the 
medium. For collimated irradiation, the divergence increases 
gradually initially, while for the converging irradiation, there is 
an intense deposition at the focused spot at the time t=4.7ps for 
lights travelling the distance 1mm. Then, the absorbed radiation 
energy is found to increase rapidly to its maximum value with 
the input of a laser pulse and then decreases exponentially after 
the pulse was shut down because lights have been scattered out 
of the region. The converging laser beam produces almost four 
orders of magnitude higher energy absorption at the focused 
point than that of collimated beam due to most of laser energy 
is converged on it. Besides that，the radiation energy in the 
IBCC is much larger than in NBCC because of the relatively 
strongly absorbing ability of IBCC.  

A collimated laser beam with a radius 3mm is focused to a 
spot with radius approximately 5µm on the focal plane 
(z=1mm). The incident beam radius on the skin surface is about 
210µm. Figure 6 shows the axial temperature distributions on 
four radial positions. At r=0 and 1µm, in the range of the 
focused spot, the maximum temperature rise appears at the 
focal plane due to the highly concentrated energy deposited 
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within this range. At r=5µm, it is out of the focused spot. 
Therefore no direct laser energy is injected at the points (5µm, 
1mm). The temperature rise on these points results from the 
energy accumulation of the scattered lights. At r=500µm, the 
axial temperature rise is totally caused by absorbing scattered 
lights. 
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Fig. 6 Axial temperature rises on the different radial planes at the 

end of one pulse  
 

It has been reported that a temperature rise to 56ºC for one 
second or more could be sufficient to kill tumor [24]. Therefore 
laser beam is directly focused to the tumor surface (z=1mm) 
until 19ºC temperature elevation on the focal spot is obtained. 
Figure 7 (a) shows the transient profiles of temperature rise at 
four different locations along the centerline of the skin tissue 
cylinder. The temperature rise is calculated by averaging the 
volumetric temperature distribution on the focused spot. At any 
location, the temperature increases with time since more energy 
was input into the skin tissue by the pulse laser. The highest 
temperature rise is found at the focal spot during the irradiation 
time. 

Figure 7 (b) shows the temperature rise at these four 
locations when the skin tissue is subjected to the first several 
pulses. It is observable that at any location there is rapid 
temperature increase at the time when a new pulse irradiation is 
incident on the skin tissue. This temperature response is caused 
by the volumetric laser energy deposition in the nanosecond 
time scale. After turning off the laser pulse, the heat conduction 
occurs in the millisecond time scale. This procedure is repeated 
during the whole irradiation time of the pulse train. The 
temperature rise at the focal spot is the largest comparing with 
those of other locations along the centerline due to the most 
amount laser energy was deposited at the focused spot. 
However, the highly localized temperature increase also 
generates a greater temperature gradient around the focal spot 
which leads to a great amount of temperature drop by heat 
conduction between two successive pulses. 

t (s)

Te
m

pe
ra

tu
re

ris
e

(K
)

0 1 2 3 4

5

10

15

20

25

30

z= 0 mm
z= 0.75mm
z= 1.0mm
z= 1.25mm

Δ t > 1s

Average power 0.1W

Repetition rate 100 kHz

Irradiation time 4s

 
(a) at meso-time scale 
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(b) at millisecond time scale 

Fig. 7 Transient profiles of temperature rises subjected to 
the pulse train (1 kHz) 

  

5. CONCLUSION 

A combined time-dependent radiation and conduction 
model is developed to predict the temperature field in the multi-
layer skin tissue cylinder subject to a train of short pulse 
radiation. Transient discrete ordinates method was employed to 
model the radiation absorption and scattering in the skin tissue 
subject to one laser pulse in the nanosecond time scale. 
Between two successive pulses, in the millisecond time scale, 
Pennes model is adopted to predict the temperature distribution 
in the skin tissue.  

Converging laser beam focused at a subsurface location can 
produce a high temperature rise at the desired subsurface 
location. During a single pulse irradiation, most energy was 
converging to the focused point and it produces a much more 
compact heat affected zone compared to that of collimated laser 
beams. The characteristics of skin tissue subject to a pulse train 
are also investigated. The highly concentrated energy 
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deposition at the focused spot causes an intense temperature 
rise at the every beginning of new pulse incident while it also 
generates a great temperature drop due to much larger 
temperature gradient at this point. 
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