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ABSTRACT 

The Discrete Ordinates Method (DOM) for solving 
transient radiation transfer equation in cylindrical coordinates 
is developed for radiation heat transfer in participating turbid 
media in pico-scale time domain. The application problems 
addressed here are laser tissue welding and soldering. The 
novelty of this study lies with the use of ultrashort laser pulses 
as the irradiation source. The characteristics of transient 
radiation heat transfer in ultrafast laser tissue welding and 
soldering are studied with the DOM developed. The temporal 
distribution of radiative energy inside the tissue cylinder as 
well as the radiative heat flux on the tissue surface is obtained. 
Comparisons are performed between laser welding without 
use of solder and laser soldering with use of solder. The use of 
solder is found to have highly concentrated radiation energy 
deposition in the solder-stained region and reduce the surface 
radiative heat flux accordingly. Comparisons of transient 
radiation heat transfer between the spatially square-variance 
and Gaussian-variance laser inputs and between the 
temporally Gaussian and skewed input profiles are also 
conducted. 

 
 

INTRODUCTION 
The study of short-pulsed laser radiation interaction and 

propagation in turbid media is of great significance in a wide 
spectrum of emerging technologies such as in optical 
tomography [1-3], laser medical treatment [4], laser ablation 
[5,6], and laser material processing of microstructures [7-9], to 
name a few. Many new phenomena occurred with the use of 
short laser pulses are attributed to the short time duration. For 
example, our previous studies [10-13] have shown that the 
wave propagation of transient radiation with the speed of light 
is a unique feature in ultrashort-pulsed laser radiation transport. 
Recently the study of transient radiation transfer has attracted 
considerable interest in heat transfer community. Here we will 
apply ultrashort laser pulses with pulse duration from 
picoseconds down to femtoseconds to laser tissue welding and 
soldering. 

Laser welding of tissues is a surgical technique for 
bonding of tissues by using a laser beam to activate 
photothermal bonds and/or photochemical bonds. This method 
is potentially more advantageous than the conventional 
suturing technique because it is a non-contact method, which 
does not introduce foreign materials, and it is capable of 
forming an immediate watertight seal. For over 25 years, laser 
tissue welding has been studied as an alternative tool of tissue 
closure [14]. Typical tissue enclosure methods include sutures, 
clips, or staples. Sutures create a scar during passage of the 
needle and tying the knot. This tissue scar and foreign body 
reaction can result in inflammation, stenosis, and granuloma 
formation [15]. Unlike handcrafted sutures, clips and staples 
have limited range of adaptability in the face of different 
conditions such as tissue friability and thickness. Furthermore, 
these traditional methods are hardly applicable to tissue 
closure in microsurgery like vascular anastomosis, closure of 
nerve and uterine horn.  

Laser tissue welding can be augmented with solders. The 
solders serve two roles. First, the solders can include 
chromophores that are used to control the laser penetration 
such that it is concentrated at the fusion site. Since extrinsic 
chromophores are not limited to the absorption characteristics 
of native tissue or body fluids, solders may be tailored to 
selectively absorb energy that passes through normal tissue. 
Second, solders can include other biochemical constituents to 
improve the weld strength and/or weld leakage characteristics. 
Typical additives include native collagen, gelatinous collagen, 
fibrin, elastin and albumin. In addition to solders, many 
researchers are using feedback control to optimize and 
improve laser welding consistency. Temperature, radiation 
scattering and birefringence, optical properties are among the 
parameter candidates. 

Suitable lasers deliver wavelengths that are highly 
absorbed either by water or the tissue’s natural chromophores 
[16]. For example, argon lasers (488 and 514 nm) and KTP 
lasers (532 nm) are used with hemoglobin [17], Nd:YAG 
(1.064 and 1.320 µm) and CO2 (10.6 µm) lasers are used with 
water [18]. Endogenous and exogenous materials such as 
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indocyanine green (ICG) are often added to solders to enhance 
light absorption. ICG dye has a maximum absorption 
coefficient at 805 nm. Independent of the choice of 
chromophore, more energy is generally absorbed near the 
upper portion of the solder, closer to the laser spot. A 
temperature gradient is established over the depth of the solder. 
Depending on the temperature gradient and the laser exposure, 
the upper portion of the solder can become over-coagulated 
while the most critical region, the solder/tissue interface, does 
not get fully coagulated. Such under-coagulated solder has 
been shown to create unstable bonds with tissue [19]. Hence, 
the clinic use of laser welding and soldering has been hindered 
[15] because of unreliable fusion strength, excessive thermal 
damage of tissue, unevenly heating, etc. 

Here we propose a new method for laser welding and/or 
soldering with use of ultrashort laser pulses. When ultrashort 
laser pulses are used, the thermal diffusion to surrounding 
healthy tissues is negligible and the thermal affecting region is 
expected to be focused on the cutting and/or solder region. 
The possible advantages associated with the use of ultrafast 
lasers are the reduction of thermal damage, the improvement 
of evenly heating, etc. A literature survey shows that such a 
concept is novel. 

In this treatise, we will focus on the development of the 
discrete ordinate method (DOM) for solving transient 
radiation heat transfer in cylindrical enclosures that are 
axisymmetric. We will use this numerical method to 
investigate time-dependent radiation heat transfer in tissue 
welding and/or soldering with the use of ultrashort laser pulses. 
We have developed the DOM in Cartesian rectangular 
coordinate systems for transient radiation transfer in 2-D and 
3-D problems. Nevertheless the DOM has not been extended 
to curvilinear geometric problems for solving transient 
radiation transfer equation in participating media. The DOM 
for solving steady state radiative transfer equation in 
cylindrical coordinates is available in literature [20, 21].  
 
NOMENCLATURE  
c  = speed of light 
D    = diameter 
H    = depth 
I   = radiation intensity 
n  = number of angular discretization 
r  = position vector   
R  = radial direction 
S  = source term 
t  = time 
tp  = pulse width  
V   = volume 
Z  = axial direction 
Greek symbols 
φ   = angular direction 

µ,η,ξ = directional cosines 
w  = angular weight  
ρ            = reflectivity 
σa  = absorption coefficient 
σe  = extinction coefficient 
σs  = scattering coefficient 

ω  = scattering albedo 
Subscripts 
d  = down-stream 
P  = control volume index 
u  = up-stream  
w   = wall 
Superscripts 
l   = discrete direction index 
 
 
MATHEMATICAL MODEL 
1. GOVERNING EQUATIONS  

Consider a collimated laser pulse incidence upon a 
biological tissue cylinder as shown in Fig. 1. The laser pulse 
radiation heat transfer can be described by the time-dependent 
radiative transfer equation (RTE) in cylindrical coordinate 
system as   
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where lµ , lη and lξ represent the directional cosines for a 

discrete direction ˆls , lI  is the radiation intensity, eσ  is the 

extinction coefficient that is the sum of absorption coefficient 

aσ and scattering coefficient sσ , c is the speed of light at 

tissue medium, t is the time, and lS is the source term that can 
be expressed as 
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Here, the scattering albedo is s eω σ σ=  and the scattering 

phase function is Φ ˆ ˆ( )i ls s→ . A quadrature set of n discrete 

ordinate with the appropriate angular weight lw  

( 1,2,..,l n= ) is used. The laser source l
cS  in Eq. (2) is the 

driving force of the transient radiation heat transport in tissues 
and can be expressed by 

       ( ),
4

l c l c l c lS I
c c

ω µ µ η η ξ ξ
π

= + +                                 (3)          

where the unit vector of ( , , )c c cµ η ξ  represents the collimated 

laser incident direction.  
For a pulse input that has Gaussian profile in both 

spatial and temporal domains, the ballistic laser radiation 
intensity at any location and time can be expressed as 
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In which pt is the pulse width that is full width at half 

maximum (FWHM), and 2 2v  is the spatial variance of the 

Gaussian incident beam.  
Another pulse which has skewed profile in temporal 

domains has implemented with two different Gaussian profiles. 
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This skewed profile increases steeply until pt t=  and 

gradually decreases until 4 pt t= . So, this profile is skewed to 

the left side.  In this research, 0I =0.46. In most of the present 

calculations, however, we basically used a spatially square-
variance pulse input, in which the intensity is uniformly 
spread over the laser beam. Otherwise, it will be specified. 
 
2. BOUNDARY CONDITIONS 

In the present study, we only consider about the radiation 
transfer associated with the laser pulse. The emission of tissue 
that has a finite value of temperature is negligible. Such 
neglect does not introduce any appreciable error in the 
treatment of transient radiation heat transfer because of two 
facts: (1) the laser intensity is much stronger than the 
blackbody emission intensity of the tissue; and (2) the pulse is 
extremely short such that the thermal diffusion and 
temperature change in a short time are negligible. A complete 
study incorporating thermal and mechanical laser-tissue 
interactions in a short time period will follow up in the future.  

There are two types of boundary in laser welding or 
soldering. At the tissue-air interface, Fresnel reflection must 
be considered because of the mismatch of refractive indices 
between tissue and air. While other surfaces in the heat 
transfer affecting tissue zone can be specified as diffuse. 
Specifically for Fig. 1, only the interface with the laser 
incidence is considered as the tissue-air interface. This 
interface reflects and refracts incident radiation. The refraction 
and reflection obey Snell’s law and the Fresnel equation, 
respectively. Because the refractive index of tissue is greater 
than that of air, total reflection occurs when the incident angle 

iθ  of an internal radiation is not less than the critical 

angle crθ = 1sin ( / )air Tissuen n− . When iθ < crθ , the reflectivity 

is calculated by the Fresnel equation: 

2 2tan ( ) sin ( )1
2 22 tan ( ) sin ( )

i r i r

i r i r

θ θ θ θ
ρ

θ θ θ θ

 − − = + + +  

,               (6) 

where rθ  is the refraction angle predicted by Snell’s law. In 

the Fresnel boundary condition, the reflection is specular. 
For diffusely reflecting boundary, the boundary radiation 

intensity (e.g., at / 2R D= ) is 
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where wρ is the diffuse reflectivity of the surface. No real 

surface exists at / 2R D= . There are surrounding healthy 
tissues beyond that surface and radiation heat transfer there is 
negligible. We assume that half of the incident radiation at that 

imaginary surface will be diffusely reflected back to the tissue 
cylinder considered. Thus, we must choose a suitable diameter 
for setting up the tissue cylinder model such that it will not 
affect the result at the tissue at the tissue 
 Along the centerline of the cylinder, the axisymmetric 
condition is applied. 
 
3. NUMERICAL SCHEME 

To solve the discrete radiative transfer equations, the 
finite volume approach is employed. The discretized form of 
equation (1) at a control volume cell is 
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In which, a direct-differencing technique [22] was used for the 
angular direction and a relationship exists [20, 21]: 
                1 2 1 2p p p pwα α µ+ −− = .                               (9) 

The subscripts d, u, and p stand for downstream, upstream, 
and the cell center, respectively. The diamond scheme is used 
to relate the up- and down-stream intensities in a control 
volume cell. The final discretization equation for the cell 
intensity in a generalized form is               
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where 
            2ru rd pA A A r zφ= + = ∆ ∆                                    (11a) 

            1 2 1 2( )( ) /p ru rd p p pA A wβ α α+ += − +                    (11b) 

            2zu zd pB B B r r φ= + = ∆ ∆                                        (11c) 

      pV r r zφ= ∆ ∆ ∆                          (11d) 

In the present calculations, the 4S  scheme is adopted for 

the angular discretization. A PC with one CPU of Pentium IV 
1.7GHz was used. It took about half an hour in one run with a 
grid size of 42 x 12 x 22.  
  
RESULTS AND DISSCUSSION 

The DOM S4 method for transient radiation heat transfer 
is first validated through comparison with analytical solution 
in a purely absorbing medium. The absorbing cylinder with a 
diameter of 10mm and a depth of 2mm has an absorption 
coefficient -11mmaσ = . An ultrashort laser pulse of 10 ps is 

normally and uniformly irradiated to the entire cylinder 
bottom surface, and the output signals were detected in the 
upper surface. Four detectors are located at R=0, 0.25mm, 
0.5mm, and 0.75mm in the radial direction, respectively. The 
cylindrical wall is treated as a perfect mirror and the upper and 
bottom surfaces are black. Figure 2 compares the DOM 
solution at the four detector positions with the analytical 
solution. Clearly the numerical results match the analytical 
solution well. 
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Now the DOM for cylindrical coordinates is used to study 
transient radiation heat transfer for laser tissue welding and/or 
soldering. The transient radiation heat transfer is considered of 
a tissue cylinder with a diameter of D = 10 mm and a depth of 
H = 2 mm as shown in Fig. 1. The optical properties of the 
tissue are -10.001mmaσ =  and -11.00mmsσ = . A laser pulse is 

normally incident from the center of the tissue surface at z = 0. 
The beam diameter and pulse width of the incident laser are 

cd = 0.88 mm and tp = 1 ps, respectively. When the laser 

soldering is concerned, 6.5µM  ICG is spread uniformly in the 
dye column of 0.5 mm diameter in size. The optical properties 
of the ICG dye are -10.17mmaσ =  [23] and -11.00mmsσ = . 

Uniform control volume meshes are adopted with the step 
size 0.125mmr∆ = , 0.1z mm∆ = , and o30φ∆ = . The time 

resolution is 0.4t∆ = ps. The refractive index of the biological 
tissue is assumed to be 1.4.  

Figure 3 exhibits the temporal profiles of divergences of 
radiative heat flux under the laser irradiations of temporally 
Gaussian pulse and skewed pulse, respectively. Three different 
axial locations along the cylinder centerline are chosen for 
comparison. The initial peak value at Z/H =0 is larger for the 
skewed pulse than for the Gaussian pulse. In the rest time 
domain or at the other two locations, the divergence of 
radiative heat flux is greater for the Gaussian pulse than for 
the skewed pulse. Since the welding tissue is not thick, the 
left-skewed pulse is apt to pass through the tissue quickly and 
the number of remanent photons for diffusion is less.  
However, the temporal shapes for these two input pulses are 
quite similar.  

Figure 4 compares the temporal profiles of divergence of 
radiative heat flux at different axial locations along the 
centerline of the cylinder between the laser welding (without 
use of dye) and the laser soldering (with use of the dye). The 
incident laser pulse is spatially flat over the beam range 
(square-variance). At any axial location, the absorbed 
radiation energy is found to rapidly increase to the maximum 
value with the input of an ultrashort laser pulse and then 
decrease exponentially. Initially there is a very intense energy 
deposition at the location close to the laser incident spot (Z/H 
=0). After the ballistic pulse passes out of the tissue cylinder, 
the radiation energy deposition is even lower at location near 
the laser incident spot than at other axial locations. The 
temporal variations under the welding condition are very 
similar to those under the soldering condition except for the 
magnitude of the value of divergence of radiative heat flux. 
The values of the divergence of radiative heat flux are almost 
two orders of magnitude larger in the laser soldering condition 
than in the laser welding condition. This is because the 
relatively strongly absorbing dye is embedded in the welding 
region.  
       Figure 5 shows the outgoing net radiative heat flux from 
the laser-tissue interface. Comparisons of the predictions 
between the laser welding and soldering are conducted at four 
selected time instants. The use of ICG dye as a solder 
diminishes the outgoing surface radiative heat flux because of 
the enhancement of laser energy absorption inside the tissue, 
particularly in the solder-stained region. Also it is noticed that 

the use of solder improves the evenness of the radiative heat 
flux profile along the surface. At the initial time stage, the 
outgoing radiation is focused on the center of the surface (i.e. 
around R=0). With the proceeding of time, it is seen that the 
peak radiative heat flux under the soldering condition shifts to 
the intermediate value of R. This is due to the radiation energy 
is strongly absorbed by the solder in the vicinity of the solder. 
All these conditions are important in the formation of tissue 
closure scar. 

The profiles of the divergence of radiative heat flux along 
the centerline of the tissue cylinder are compared between the 
laser welding and soldering in Fig. 6. As long as the relative 
shape of the energy absorption profile is concerned, no 
obvious difference is found between the results of these two 
laser closure conditions. Again, the magnitude of the absolute 
values of the divergence is very different. The radiation 
energy absorption in the soldering condition is about two 
orders of magnitude larger than in the welding condition. The 
profiles vary with the advance of time. Within a short time, 
e.g., t = 20 ps, the profiles become quite flat. This may result 
in an evenly heating in the cutting region when ultrashort 
pulses are deployed for laser welding and/or soldering.  

The contour plots of divergence of radiative heat flux at 
the R-Z half plane are displayed in Figs. 7 and 8 for laser 
welding and soldering conditions, respectively. Three time 
instants (t = 10, 30, and 60 ps) are selected for comparison. 
Since the speed of light in the tissue is about 0.2 mm/ps, the 
ballistic component of the incident pulse has already passed 
out of the tissue cylinder after 10 ps time delay. The radiation 
fields shown in Figs. 7 and 8 are all due to the fact of multiple 
scattering of photons associated with laser radiation transport 
in highly scattering tissues. 

It is clear that the radiation in Fig. 7 under the laser 
welding condition is diffusing from the centerline to the 
surrounding tissue region with the advance of time, whereas 
the radiation is well confined in the highly absorbing solder 
region in Fig. 8. Thus, thermal damage to the surrounding 
healthy tissue in laser welding should be a concern and can be 
quantitatively justified using a radiation heat transfer model in 
conjunction with heat conduction. The very strong radiation 
energy deposition in the solder-stained region may cause over-
coagulation in the lower portion of the solder that is close to 
the laser incidence spot. However, it is seen from Fig. 8 that 
the peak energy deposition is shifting to the upper portion of 
the solder with the increase of time. Such a feature is unique 
with ultrafast laser soldering. A modeling-based optimal 
design of ultrafast laser soldering system may make a 
breakthrough in laser soldering technology and make its 
clinical application possible.  

 In the above laser welding and soldering studies, spatially 
square-variance laser pulses were employed. To investigate 
the effect of the spatial variance of laser beam, both the 
square-variance beam and Gaussian variance beam with a 
diameter of 0.88 mm are used as the irradiation source. The 
profiles of divergence of radiative heat flux along the radial 
direction at a specified axial location (Z/H =0.5) are compared 
between the square-variance beam and Gaussian beam in Fig. 
9 under the laser welding condition. Although the incident 
radiation intensity is spatially uniform over the range of the 
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beam under spatially flat laser beam condition, there exists a 
gradient of the divergence of radiative heat flux along the 
radial direction. Of course, the gradient for the square-
variance beam input is smaller than that for the Gaussian beam 
input. Clearly the square-variance beam can improve the 
evenly heating condition in the radial direction in laser 
welding.  
 
CONCLUSIONS 
 The discrete ordinate method for transient radiative heat 
transfer in cylindrical enclosures is developed. The method is 
validated in a purely absorbing medium. Ultrafast laser tissue 
welding and soldering are proposed in this study. The 
characteristics of ultrafast laser radiation heat transfer in tissue 
welding and soldering are intensively investigated. The time-
resolved and spatially-resolved radiation heat transfer 
information can be predicted by using the DOM method. This 
will enable simulation based design in clinical settings. It is 
found that laser radiation diffusion to surrounding healthy 
tissue occurs in the laser welding without the use of solder, 
whereas highly concentrated radiation energy deposition in the 
narrow solder-stained region exists in the laser soldering. 
Radiation diffusion to surrounding tissue in the laser soldering 
is minor. The use of the spatially flat laser beam results in a 
relatively even heating in the radial direction in the laser 
welding as compared to the case of the Gaussian beam input. 
In ultrafast laser welding and soldering, no constant radiation 
gradient will be established inside the tissue, either in the 
radial direction or in the axial direction. The radiation field is 
dynamic. The location of the peak radiation energy deposition 
is always moving. This makes it achievable to design an 
evenly heating condition through modeling based optimization. 
It is quite distinct from the conventional laser welding and 
soldering methods using continuous or relatively long-pulsed 
lasers.  
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Fig. 1. Geometric sketch and coordinate system. 

 

 
Fig. 2. Comparison between analytical and numerical solutions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
Fig. 3. Comparison of temporal divergence of radiative heat flux at 
different axial locations along the centerline between the Gaussian 
incident laser and the skewed incident laser. 
 

 

Fig. 4. Comparison of temporal divergence of radiative heat flux at 
different axial locations along the centerline between the laser welding 
and soldering.  

 

 

 

H
 

D 

θ  

φ  r
!

 

Ŝl
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Fig. 5. Net radiative heat flux profiles on the tissue surface at  
z = 0 for various time instants  
 
 
 
 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Contours of divergence of radiative heat flux at various time 
instants for laser welding: (a) t=10 ps, (b) t=30 ps, (c) t=60 ps. 

 

 

 

 

Fig. 6. Profiles of divergence of radiative heat flux along the centerline. 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 8. Contours of divergence of radiative heat flux at various time 
instants for laser soldering: (a) t=10 ps, (b) t=30 ps, (c) t=60 ps. 
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Fig. 9. Influence of the spatial profile of incident laser pulse on the 
divergence of radiative heat flux along the radial direction at Z/H =0.5 
for laser welding. 
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