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Abstract One of the major sources that affect measurement ac-
curacy and limit the use of high motion speeds in coordinate
measuring machines (CMM) is the position error. In fact, static
and dynamic probe errors are more direct factors in measur-
ing machine accuracy, but are not the subject of this research.
However the accuracy of acquisition of component position er-
rors using a CMM in motion is also of importance, hence the
dynamics of a CMM need to be considered. Therefore, this re-
search aims to model the dynamics of a horizontal arm CMM
by considering drive flexibility at joints and evaluates the char-
acteristics of the system for fine motion control purposes. De-
sign of a precision tracking controller (PTC) to perform supe-
rior tracking for enhancing the measurement accuracy and the
probing speed in providing less inspection time at high mo-
tion speeds is carried out. A dynamic model for the CMM is
developed including drive flexibilities represented with lumped
springs at the joints. Due to the non-collocated nature of the
control scheme in the flexible CMM dynamics, a non-minimum
phase system is observed in the proposed CMM model. Using
the derived CMM model with joint flexibilities, tracking motion
control simulations are conducted at different probing speeds for
the cases where a PI controller and a feedback PTC are em-
ployed. A comparison of the PI controller with the feedback
PTC is also performed. Results demonstrate that the effects of
joint flexibilities on the contour error and probing speeds are sig-
nificant and the PI controller is not capable of providing good
accuracy during challenging tasks such as corner tracking. How-
ever, the simulation results indicated that by using the proposed
feedback precision tracking controller, contour errors in corner
tracking that are caused by joint flexibilities can be reduced
effectively.
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1 Introduction

The coordinate measuring machines (CMM) that are widely used
in manufacturing systems pose measurement and position er-
rors that are caused by structural vibrations and thermal condi-
tions [1–3]. The main sources of static and quasi-static errors
in accuracy of CMMs are geometric errors, stiffness and mass
related errors of the components. The dynamic probe errors are
a major factor in measuring machine accuracy at high speeds
and fast probing as a result of high demand in shorter inspection
times. It is widely reported that under high operational speeds,
machine vibrations due to the effects of structural stiffness, elas-
ticity and drive flexibility are problematic [4, 5]. Many studies in
the assessment of dynamic errors of CMMs are carried out and
several solutions to compensate such errors are proposed [6–8].
But static and dynamic probe errors are not the subject of this
research.

One of the other major sources that affects measurement ac-
curacy and limits the use of high motion speeds in CMM is the
position error. In this case, the accuracy of acquisition of com-
ponent position errors using a CMM in motion are of importance,
so the dynamics of a CMM need to be considered, and is the aim
of this paper.

Various control schemes have been developed to deal with
structural vibrations and position control problems in CMMs [9–
11]. However, none of these studies considered the tracking pos-
ition control problem in the presence of dynamic flexibilities.
Therefore, the objective of this study is to determine the effects
of joint flexibilities, that are observed in the system dynamics,
on tracking performance of the CMM, and to design a feedback
precision tracking controller (PTC). Hence, this study presents
dynamic models of a horizontal arm CMM including drive flex-
ibilities at joints, which are the cause of structural vibrations
affecting CMM measurement accuracy. Design of a feedback
PTC is aimed in order to improve CMM performance in fol-
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lowing challenging trajectories. The tracking performance of the
designed PTC is expected to outperform a classical PI controller.

At first, a simplified dynamic model of a horizontal arm
CMM is studied. Modeling the dynamics of the CMM is accom-
plished in three consecutive steps: (1) Dynamic modeling of the
rigid CMM body, (2) Dynamic modeling of rigid CMM body
with a rigid drive system, and (3) Dynamic modeling of rigid
CMM body with drive flexibility at joints. These models are uti-
lized in obtaining a nominal plant model for the design of the
PTC.

2 Dynamic model

A simplified geometrical model for a horizontal arm CMM is
given in Fig. 1. In an earlier study, Katebi et al. [9] presented
a rigid body dynamic model for a horizontal arm CMM. Equa-
tions of motion with five degrees of freedom and with the dy-
namic coupling between probe and CMM arms are given as:

T1 = (m1 +m2 +m3 +m4 +m5) q̈1

+m5lc5
(−s4c5q̈4 − c4s5q̈5

)+h1 +C1 (1)

h1 = m5lc5

(
−c4c5q̇2

4 − c4c5q̇2
5

)
, C1 = 0 (2)

T2 = (m2 +m3 +m4 +m5) q̈2

+m5lc5
(
c4c5q̈4 − s4s5q̈5

)+h2 +C2 (3)

h2 = m5lc5

(
−s4c5q̇2

4 −2c4c5q̇4q̇5 − s4c5q̇2
5

)
(4)

C2 = g (m2 +m3 +m4 +m5) (5)

T3 = (m3 +m4 +m5) q̈3 +m5lc5
(
c5q̈5

)+h3 +C3 (6)

h3 = −m5lc5s5q̇2
5 , C3 = 0 (7)

Fig. 1. Kinematical model of a horizontal arm coordinate measuring
machine

T4 = m5lc5
(−s4c5q̈1 + c4c5q̈2

)

+
[

I114 + I334 + I225s2
5 + I335 +m5l5c2

5 (l5 −2rc5)+ I115c2
5

−2I125c5s5

]
q̈4 − [I135s5 + I235c5] q̈5 +h4 +C4 (8)

h4 = 2
[
(I225 −I115 −m5l5 (l5 −2rc5)) c5s5 + I125

(
s2

5 − c2
5

)]
q̇4q̇5

+ [I235s5 − I235c5] q̇2
5 (9)

C4 = m5gc4c5 (l5 − rc5) = m5gc4c5lc5 (10)

T5 = m5lc5
(−c4s5q̈1 − s4s5q̈2 + c5q̈3

)− (I135s5 + I235c5) q̈

+ [I115 + I225 +m5l5 (l5 −2rc5)] q̈5 +h5 +C5 (11)

h5 =
[
(I115 − I225 +m5l5 (l −2rc5)) c5s5 + I125

(
c2

5 − s2
5

)]
q̇2

4

(12)

C5 = −m5gs4s5 (l5 − rc5) = −m5gs4s5lc5 (13)

Since, the probe and CMM arms are not operated simul-
taneously, the interaction between the probe and the horizontal
CMM arm can be assumed insignificant. Hence the effect of the
load torque on the arm dynamics is neglected. The velocity and
acceleration terms for the probe, i.e., q̇4, q̇5, q̈4, q̈5 are zero in
the global motion of CMM arms. According to that legitimate
assumption, the equations of motion can be easily simplified as:

T1 = (m1 +m2 +m3 +m4 +m5) q̈1 (14)

T2 = (m2 +m3 +m4 +m5) q̈2 + g (m2 +m3 +m4 +m5) (15)

T3 = (m3 +m4 +m5) q̈3 (16)

Hence, the dynamic model of the plant is derived and the as-
sumptions made to simplify the system are stated. It is common
practice to simplify the system and use linear elements to ap-
proximate nonlinear elements so that the design and analysis can
be performed with the mathematical tools available. Therefore,
the uncoupled set of equations given by Eqs. 14–16 is used as
a dynamic model for rigid body CMM in the tracking control
problem. In addition, the derivation of a mathematical

model for a rigid drive system, and a drive system with joint
flexibilities are discussed in the following sections, respectively.

2.1 Rigid drive system model for a single axis CMM joint

A drive system mathematical model for each CMM joint is de-
veloped to simulate single-axis linear motion due to the actuator
input. An armature controlled DC-motor with motor inertia and
viscous friction is assumed as the driving actuator. The model
consists of a gear train with overall gear ratio N , a lead screw
with a pitch p, and a carrier together with a prismatic link that
exerts load inertia and viscous friction that need to be overcome
by a DC-motor. The schematic diagram of the electromechanical
model is shown in Fig. 2.

A transfer function for the linear motion of the prismatic link
with respect to the input supply voltage can be written by using
the circuit equation of the DC-servomotor:

ea − eb = La
dia

dt
+ Ra ia (17)
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Fig. 2. Schematic diagram of the rigid joint
model

where the induced voltage is proportional to the angular velocity
with a back-emf constant given as

eb = Kgθ̇m (18)

and motor torque directly proportional to the armature current
with a torque constant

Tm = Ktia (19)

The DC-servomotor torque-load relation can be obtained as

Tm − NTL = Jm θ̈m + Bmθm (20)

and the load torque can be written in terms of the load shaft pos-
ition as,

TL = Jlink θ̈L + BL θ̇L , (21)

where Jlink = (link_mass)p2

(2π)2 and p is the pitch of the lead screw.
The angular displacement of the load shaft and linear displace-
ment of a single link are, θL = Nθm and q = θL p = pNθm .
By taking Laplace transforms of Eqs. 18–21 and substituting
into Eq. 17, the transfer function of linear link displacement for
input voltage can be written as,

q(s)

ea (s)
= Kt pN

JeffLa s3 + (BeffLa + JeffRa)s2 + (Beff Ra + Kg Kt)s
,

(22)

where the effective inertia and the viscous friction are given as,

Jeff = Jm + N2 JL , (23)

Beff = Bm + N2 BL . (24)

The block diagram representation of the above model is shown in
Fig. 3.

Fig. 3. Block diagram for the rigid joint drive model

Fig. 4. Block diagram of the single-axis position control of the rigid joint
model

2.2 Feedback control of the rigid joint drive model by using the
load shaft position

The tacho generator that uses encoder output in a velocity loop,
along with a tacho gain k̄v and a tacho amplifier gain k̄, provides
velocity feedback in a DC-servomotor system. The position feed-
back control of above drive system model can be carried out by
employing a PI controller in which a load shaft position is pro-
vided as a feedback signal. The block diagram for the overall
control system is shown in Fig. 4.

2.3 Drive system model for a single axis CMM with joint
flexibility

In order to investigate the effects of joint flexibility in the pro-
posed single axis drive system, a flexible joint model is de-
veloped. Due to backlashes, drive compliance, and trust bearing
at the torque transmission, a joint flexibility is added to the rigid
model as two lumped springs to both the rotor and load sides.

An armature controlled DC-motor with motor inertia and vis-
cous friction is assumed as a driving actuator. A gear train with
overall gear ratio N , lead screw with a pitch p, a carrier along
with a CMM link, which has load inertia and viscous friction
that have to be driven by a DC-motor. The schematic diagram of
electromechanical model is shown in Fig. 5.

The transfer function for the linear motion of a prismatic link
with respect to input supply voltage in the flexible joint model
can also be derived by using circuit equation of DC-servomotor

ea − eb = La
dia

dt
+ Ra ia (25)

where back emf, eb = Kgθ̇m and motor torque Tm = Ktia . The
DC-motor torque-load relation can be written in both the DC-
motor and the load side as

Tm = Jm θ̈m + Bmθm + ks
(
θm − θ ′

�

)
(26)
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Fig. 5. Schematic diagram of the flexible joint
model

0 = J ′
�θ̈

′
� + B′

�θ̇
′
� + ks

(
θ ′
� − θm

)
(27)

where J ′
� = 1

N2 Jlink , B′
� = 1

N2 B�, ks = k�km
k�+N2km

, and Jlink =
(link_mass)p2

(2π)2

Dm(s) = Jms2 + Bms + ks (28)

D′
�(s) = J ′

�s2 + B′
�s + ks (29)

By defining Eqs. 28 and 29 and by taking Laplace transforms of
Eqs. 26 and 27 and by substituting into Eq. 25, the transfer func-
tion of the linear link displacement for input voltage in flexible
joint models can be obtained and written as

q(s)

ea (s)
=

Kt ks p
N

As5 + Bs4 +Cs3 + Ds2 + Es
(30)

where

A = Jm J ′
�La

B = [(
Jm B′

� + J ′
�Bm

)
La + Jm J ′

�

]

C = [(
Jmks + Bm B′

� + J ′
�ks

)
La + (

Jm B′
� + J ′

�Bm
)

Ra + J ′
�Kt Kg

]

D = [(
Bmks + B′

�ks
)

La + (
Jmks + Bm B′

� + J ′
�ks

)
Ra + B′

�Kt Kg
]

E = (
Bmks + B′

�ks
)

Ra + ks Kt Kg (31)

The block diagram representation of this model is given in Fig. 6.

2.4 Feedback control of the flexible joint drive system by using
the load shaft position

The tacho generator that uses encoder output in a velocity loop
along with a tacho gain k̄v and a tacho amplifier gain k̄ provides
velocity feedback in a DC-servomotor system. The position feed-
back control of above drive system model can be carried out by
employing a PI controller in which load shaft position is pro-
vided as the feedback signal. The block diagram for the overall
control system is shown in Fig. 7.

Fig. 6. Block diagram for the flexible joint drive model

Fig. 7. Block diagram of the single-axis position control of the flexible joint
model

Table 1. Characteristics of the axis drive system

Ra = 0.086 ohm
La = 0.0258 H = (v− s/A)
Kg = 0.89 back-emf v/rad/s
Kt = 0.65104 motor constant lbf − ft/A
Bm = 0.071354 lbf − ft/A
Jm = 0.002083 slug− ft2

N = 0.15 gear ratio
JL = 0.2 slug− ft2

BL = 0.0187 lbf − ft2/s
km = 9.271 spring constant lbf − ft/rad
p = 0.15 pitch
kl = 9.271 spring constant lbf − ft/rad
m1 = 15 slug
m3 = 8 slug
m2 = 10 slug
m4 = 0.8 slug
m5 = 0.2 slug
k̄v = 0.011 tacho velocity gain
k̄ = 50 amplifier gain
T = 0.004 second sampling time

Characteristics of the axis drive system of a horizontal arm
CMM are given in Table 1.

3 Design of a precision tracking controller

The coordinate measuring machines require high position con-
trol precision just like any other manufacturing machinery.
Tracking control of the machines to achieve precision position-
ing with minimum errors has been an attractive field of study
for the researchers. Digital control algorithms including cross-
coupled control [12], zero-phase error tracking control [13] and
precision tracking control [14] are widely utilized in designing
tracking controllers in high-speed motion machines [15–17]. In
this study, a precision tracking controller is designed.
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In a position control system, a feedback Qc
(
z−1

)
and a feed-

forward Q f
(
z−1

)
controller can be presented with a block dia-

gram shown in Fig. 8, where r is the input trajectory, d is distur-
bance, and y is output trajectory.

The mathematical model of the plant under control can be
written as, G

(
z−1

) = Ĝ
(
z−1

) (
1+∆

(
z−1

))
and |∆(ω)| < �(ω)

where nominal plant model is denoted as Ĝ
(
z−1

)
, and structural

uncertainties are denoted as ∆
(
z−1

)
. The output signal y can be

derived as,

y = Q f

(
z−1

) Qc
(
z−1

)
G

(
z−1

)

1+ Qc
(
z−1

)
G

(
z−1

) r

+ 1

1+ Qc
(
z−1

)
G

(
z−1

) G
(

z−1
)

d . (32)

The complementary sensitivity function without any uncertainty
can be defined as

CS0

(
z−1

)
= Qc

(
z−1

)
Ĝ

(
z−1

)

1+ Qc
(
z−1

)
Ĝ

(
z−1

) . (33)

A direct design approach presented by Xia and Menq [14] is used
to design the desired feedback controller according to a comple-
mentary sensitivity function, CS0

(
z−1

)
. In that respect, a target

complementary function was selected as

CS0

(
z−1

)
= 0.2z−1

(1−0.8z−1)
. (34)

Therefore, the feedback precision tracking controller (PTC) can
then be given as

Qc

(
z−1

)
= CS0

(
z−1

)

1−CS0
(
z−1

) Ĝ−1
(

z−1
)

. (35)

The plant model of the rigid drive system model becomes

Grig

(
z−1

)

= 0.00076765z−1 +0.0029404z−2 +0.000720139z−3

1−2.6665z−1 +2.54698z−2 +2.54697z−3 −0.880463z−4 .

(36)

The zeros in this system are z1 = −3.5674 (non-minimum phase
zero) and z2 = 0.262964. Since z1 is an unacceptable zero in the
nominal model, the inverse of the nominal model cannot be im-
plemented directly in the feedback controller [14]. A bi-casual
inverse model, non-casual step m is set zero, and casual step n

Fig. 8. Block diagram of the single axis tracking control system

Fig. 9. Block diagram of the proposed tracking control scheme

is chosen as 1. The designated target function is employed. The
feedback controller is now

Qcrig

(
z−1

)

=

(
0.2

(
1−2.6665z−1 +2.54698z−2 +2.54697z−3

−0.880463z−4
) (

0.7248+0.2752z−1
)

)

z−3
(
1− z−1

) (
1+0.262964z−1

) (37)

and the plant model of the flexible drive system model becomes,

G flx

(
z−1

)
=

(
10−4

(
0.0034z−1 +0.0836z−2 +0.2005z−3

+0.0756z−4 +0.0028z−5
)

)

(
1−4.4475z−1 +8.0883z−2 −7.5779z−3

+3.681z−4 −0.7438z−5

)

(38)

The zeros of that system become z1 = −21.7301, z2 = −2.1904
(non-minimum phase zeros), z3 = −0.4131 and z4 = −0.0417.
Notice that z1 and z2 are unacceptable zeros in the nominal
model. A bi-casual inverse model, non-casual step m is set zero,
and casual step n is chosen as 1 and the designated target func-
tion is employed. The feedback controller is now

Qcflx

(
z−1

)

=

(
0.2

(
1−4.4475z−1 +8.0883z−2 −7.5779z−3

+3.681z−4 − .7438z−5
) (

.5216+ .478452z−1
)
)

z−4
(
1− z−1

) (
1+ .4131z−1

) (
1+ .0417z−1

) (39)

The block diagram of the proposed feedback loop is shown in
Fig. 9.

4 Tracking control simulations

Comparison of the feedback PTC with the PI controller in CMM
motion control is also studied. Thus, a feedforward controller
was not designed. An input trajectory in the form of a sharp cor-
ner was given for the CMM arms. Simulations of the CMM mo-
tion are performed for a given two-axis sharp corner trajectory
at a conservative speed of 3.33 mm/s, and then higher speeds of
37.5 mm/s and 93.8 mm/s, respectively. The contour error, de-
fined as the position error normal to the input trajectory, at each
sampling time is calculated and results are presented.

By using the rigid joint drive system model, tracking con-
trol simulations are carried out for both the PI controller and the
feedback PTC, Qc

(
z−1

)
. The graphics for input and output tra-

jectories and the contour error vs. time are given in Fig. 10, at
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Fig. 10. Simulation results for the PI controller by
using the rigid joint model

Fig. 11. Simulation results for the feedback PTC
by using the rigid joint model

speeds of 37.5 mm/s and 93.8 mm/s for the rigid joint CMM
model.

As shown in Fig. 10, the PI controller is capable of provid-
ing a fair tracking control except around the sharp corner. During
corner tracking the maximum contour error is about 1.7 mm

at the speed of 37.5 mm/s and about 4.4 mm at the speed of
93.8 mm/s. However, the feedback PTC provides less contour
error during a sharp corner tracking. In this case, maximum con-
tour error is about 0.7 mm at a speed of 37.5 mm/s and 1.7 mm
at a speed of 93.8 mm/s as shown from Fig. 11.
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Fig. 12. Simulation results for the feedback PTC by using
the flexible joint model

Fig. 13. Simulation results for the feedback controllers by
using the flexible joint model
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Fig. 14. Control effort of the feedback controllers at
a low speed when considering the flexible joint model

Fig. 15. Control effort of the feedback controllers
at a high speed when considering the flexible joint
model

Simulation results for the CMM’s end point positions by using
flexible joint drive system model are shown in Fig. 12. In this case,
the PI controller’s ability in tracking control of a given corner tra-
jectory is poor even at a conservative speed of 3.33 mm/s. During
corner tracking, the response of the system is oscillatory and the
contour error is large. The results are more dramatic when the trav-
eling speed of the CMM is increased to 37.5 mm/s. At a speed

of 3.33 mm/s, the PI controller barely handles the corner tracking
with a maximum contour error of 3.25 mm, but at higher speeds,
the proper tracking of sharp corners can not be accomplished by
using a PI controller alone. The maximum contour error is more
than 10 mm when using the PI controller.

However, the feedback PTC provides better tracking with
0.12 mm and 1.2 mm as maximum contour error at the speeds
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of 3.33 mm/s and 37.5 mm/s, respectively. The feedback PTC
also provides fair tracking at a speed of 93.8 mm/s as shown in
Fig. 13.

The control effort for both the PI controller and the feedback
PTC are also studied when considering the flexible joint drive
system in the CMM model. The control effort of the PI controller
is about 0.0013 V at the speed of 3.33 mm/s. However, it is much
higher when the feedback PTC is employed. As shown in Fig. 14,
the maximum control effort occurs at the corner tracking and is
about 5.3 V at a speed of 3.33 mm/s. The more the speed is in-
creased, the more the control effort is required at tracking sharp
corners. Consequently, the system with feedback PTC results in
high and oscillating control effort at a speed of 37.5 mm/s as
indicated in Fig. 15.

5 Conclusions

This paper presents a tracking control problem for a horizontal
arm coordinate measuring machine when a rigid structure with
dynamic flexibility at joints and the drive systems are consid-
ered. A classical feedback PI controller fails to provide precision
tracking at the sharp corners during high-speed movements of
the CMM. Therefore, another digital controller is proposed and
designed to track challenging trajectories at higher speeds. The
designed feedback precision tracking controller provided fine-
tracking control. However, tracking control simulations showed
that PTC requires larger control effort with respect to a PI con-
troller to be able to keep the contour error small.

List of symbols

Bl equivalent viscous-friction coefficient of the lead screw
Bm equivalent viscous-friction coefficient of the dc servomotor
ci cos qi

ea armature voltage of the dc servomotor
eb back e.m.f. of the dc servomotor
g gravitational acceleration
ia armature current of the dc servomotor
Iijk (i, j)th element of inertia matrix of link k
Jl equivalent moment of inertia of the lead screw
Jm equivalent moment of inertia of the dc servomotor
ks lumped spring constant representing dc servomotor flexibili-

ties
kl lumped spring constant representing lead screw flexibilities
k̄ tacho amplifier gain in the dc servomotor
k̄v tacho gain in the dc servomotor
Kt torque constant of the dc servomotor
Kg back e.m.f. constant of the dc servomotor
La armature inductance
mi mass of the links of the coordinate measuring machine
N gear ratio at each joint
p pitch of the lead screw at each joints

qi linear displacements for joints 1, 2, 3 and angular displace-
ments for joints 4, 5

q̇i linear velocities for joints 1, 2, 3 and angular velocities for
joints 4, 5

q̈i linear accelerations for joints 1, 2, 3 and angular accelera-
tions for joints 4, 5

rci center of mass for link i
si sin qi

Tk load torque of link k
Tm torque developed by the dc motor
θl angular displacement of the lead screw
θm angular displacement of the dc motor shaft
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