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On the Time to Search for an Intermittent Signal
Source Under a Limited Sensing Range

Dezhen Song, Senior Member, IEEE, Chang-Young Kim, and Jingang Yi, Senior Member, IEEE

Abstract—A mobile robot with a limited sensing range is de-
ployed to search for a stationary target that intermittently emits
short duration signals. The searching mission is accomplished as
soon as the robot receives a signal from the target. We propose
the expected searching time (EST) as a primary metric to evaluate
different robot motion plans under different robot configurations.
To illustrate the proposed metric, we present two case studies. In
the first case, we analyze two common motion plans: a slap method
(SM) and a random walk (RW). The EST analysis shows that the
SM is asymptotically faster than the RW when the searching space
size increases. In the second case, we compare a team of » homoge-
neous low-cost robots with a super robot that has the sensing range
equal to that of the summation of the n robots. Our analysis shows
that the low-cost robot team takes ©® (1/n) time, while the super
robot takes © (1/+/n) time as n — oco. Our metrics successfully
demonstrate their ability in assessing the searching performance.
The analytical results are also confirmed in simulation and physical
experiments.

Index Terms—Coverage, intermittent signal source, mobile
robots, searching time.

1. INTRODUCTION

OBILE robots are often employed to perform searching
M tasks, such as finding a black box in a remote area after
an airplane crash, searching for victims after an earthquake or a
mine collapse disaster, or locating artifacts on the ocean floor. In
many cases, the target can intermittently emit short duration sig-
nals to assist with the search. For example, an airplane black box
transmits radio signals periodically. An earthquake victim may
knock rubble from time to time. The searching task is accom-
plished once the robot detects the signal emitted by the target.
However, the robot usually has a limited sensing range. It seems
straightforward that we can use the traditional coverage-based
motion plans to guide the robot to cyclically scan the searching
space to locate the target. However, the time to search for the tar-
get is inherently random and, hence, remains unknown despite
its importance in many searching and rescue applications.
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To address this new problem, we propose the expected search-
ing time (EST) as a primary metric to assess the searching ability
of a robot or a robot team. We model the searching process as
a delayed renewal reward process [1] and derive the EST as
a function of the searching space size, the signal transmission
rate, and the robot sensing range. The resultant closed-form
solution of the metrics can be used to analyze the searching ef-
ficiency for different robot configurations and searching plans.
Since the model components can be obtained from online mea-
surements and known robot parameters, a great benefit of the
resulting model is its capability of predicting the EST for an
ongoing searching process. This characteristic is important for
time-critical searching and rescue applications. The analytical
results are confirmed in simulation and physical experiments.

The rest of the paper is organized as follows. We begin
with the related work in Section II. We define the problem in
Section III. We derive the EST in a closed form in Section IV.
The two case studies are presented in Section V. The analytical
results are validated in simulation and physical experiments in
Section VI before we conclude the paper.

II. RELATED WORK

Searching for an object in physical space is one of the most
important tasks for robots or humans. When prior information
such as the spatial distribution of the target is known, this is com-
parable with the foraging behavior of animals [2]. For this case,
the searching problem is actually a nonlinear optimization prob-
lem in operations research [3] with searching time/path length
as objective functions. If the searching space is a graph, Trum-
mel and Weisinger show this is an nondeterministic polynomial
time-hard problem [4].

However, prior target information is often not available. If
the target is continuously emitting signals, just simply scanning
the entire searching space once enables the robot to find the tar-
get. Since the maximum searching time is the time to cover the
entire searching space, the searching problem becomes a cov-
erage problem [5]-[7]. For a known environment, a coverage
problem for a single robot often employs different approaches
to decompose the searching space and output a continuous path
that allows the robot to cover the entire searching space. If the
searching space can be modeled as a set of w-disjoint discrete
choices, searching for a target with a limited sensing range and
w-choice is known as a w-lane cow-path problem [8]. For cover-
age problems over a small region and considering scene topolo-
gies, the problem can be reduced to the art gallery (AG) problem
in computational geometry [9], [10]. In Euclidean space, if the
coverage strategy is to linearly partition the searching space to
form a connected path, this is known as the slap method (SM)
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or the trapezoid method [11], [12]. Independently, this method
is regarded as a type of linear search problems in the applied
math and operations research societies [13].

While the searching time is well understood for the cover-
age problems [14], [15], this is not the case when the searching
process depends on the signal emitted by the target because
the collocation of the robot and the target does not necessar-
ily mean that the target is found. Benkoski er al. [16] clas-
sify searching problems into two categories: stationary tar-
gets and moving targets. Our problem deals with stationary
targets. However, Benkoski’s classification does not include
cases that the target emits transmit signals, which is different
from the one-sided search on which Benkoski’s classification is
based.

Another set of related work is robot exploration and mapping
problems, where the environment is not previously known [17].
The task is not only to cover the entire space but to output the
true representations of the environment as well. Recent advances
in using a multirobot team to perform exploration and mapping
tasks mainly focuses on the coordination of the robot/sensor
team [18]-[21] under various dynamics, communication, sens-
ing, and energy constraints. Although not directly applicable to
our problem, researchers have accumulated interesting empir-
ical results: Using a team of low-cost robots usually performs
faster and more fault-tolerant [22] than a single expensive robot
(ASER). This really inspires our problem because we want to
see if our analytical model can show similar results under similar
constraints/conditions.

Our group has built experience in searching for targets that in-
termittently transmit signals by developing algorithms and sys-
tems to detect an unknown wireless sensor network [23]-[25].
In these problems, the robot can accumulate the information
about the target location over time through the signal strength
readings and antenna models. The searching problem is less
difficult because the robot can utilize the information in the
planning process. However, such information is often not avail-
able in many searching tasks, which is the focus of this pa-
per. This paper extends our previous conference paper [26] by
adding spatiotemporal sensory coverage (SSC) metric analysis
and physical experiment results.

III. PROBLEM DEFINITION

As illustrated in Fig. 1, a single robot searches for a single
target in a squared 2-D Euclidean space with a side length of a.
Let us define d; as the maximum sensing distance of the sensor
on the robot. The robot travels at the constant speed of v. To
formulate the problem and focus on the most relevant issues, we
make the following assumptions.

1) There is no prior information about possible locations of
the target. Therefore, the target is assumed to be uniformly
distributed in the searching space.

2) The target transmits short duration signals periodically
according to a Poisson process with a known rate A. The
signal duration is short due to energy concerns. A Poisson
process is a good approximation to a general random ar-
rival process in stochastic modeling [1]. In some cases, the
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Fig. 1. Robot attempts to search for a target (the red dot) that intermittently
emits short duration signals in a square. The gray circle is the region that the
robot can sense the signal from the target. The dashed line is a robot trajectory.

target may be a continuous beacon, but it is very difficult
to be detected due to environment conditions or unreli-
able sensing, which can also be modeled as a target with
intermittent signals.

3) During the searching process, the target is static. The

searching space is much larger than the sensing distance:
a > ds.

Condition 1 (Sensing condition): The robot cannot sense the
signal unless an actively transmitting target is within distance
dg due to the sensing range limit.

As illustrated in Fig. 1, Condition 1 defines a circle cen-
tered at the target with the radius of d,, which is the region
that robot has a chance to sense the target. We refer to the
region as “the circle” in the rest of the paper. Due to the
fact that the robot does not know the location of the target,
the actual position of the circle in the searching space is also
unknown.

Condition 2 (Termination condition): The searching task is
accomplished as soon as the robot senses a signal sent by the
target.

Condition 2 implies that the robot cannot find an inactive
target even it is collocated with the target. For example, an
airplane is not be able to notice the survivor on an island if the
person does not send a signal (e.g., fire or smoke). However,
only one signal reception is needed in the searching process.
Conditions 1 and 2 establish a new type of searching problem
as oppose to a regular coverage problem. Let us define T as the
searching time for the robot to find the target. Therefore, our
problem is defined as follows.

Problem Statement 1 (EST computation): Given X, dg, and
a, calculate the EST E(T5), where E(-) denotes the expected
value function.

IV. MODELING

One immediate question about Problem Statement 1 is
whether we can obtain the EST without referring to or being
limited to a particular motion plan. To address this dependency,
we first characterize the motion plans based on their outcomes
before modeling the EST.
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A. Renewal Process and Characterizing Planners

Periodically, the robot trajectory planner outputs a motion
plan and the robot executes the plan during the searching pro-
cess. The system is naturally a repetitive scanning process dur-
ing which the robot enters and leaves the circle until Condition
1 is satisfied. During the probabilistic nature, the process is a
random process with a stopping time.

The repetitiveness in coverage can be modeled as a re-
newal process [1]. Letting interarrival time X,, denote the
time between the (m — 1)st and mth event, a renewal pro-
cess can be viewed as a generalization of Poisson process with
{Xm,m=1,2,...} being independently and identically dis-
tributed (i.i.d.) random variables. Note that the distributions of
X,, can be any type but must be i.i.d.

To facilitate our analysis, we partition the continuous trajec-
tory of the robot into many repetitive i.i.d. fours.

Definition 1: A tour starts or restarts at the moment when the
robot first enters the target circle during the single independent
scanning.

The dashed line in Fig. 1 illustrates a tour. Tours may be quite
different depending upon the planner. For example, tour length
varies each time if the robot follows a random walk (RW). As
another example, a deterministic planner usually has a fixed
tour trajectory. An event happens when each tour starts. The
tour length are the interarrival time of events.

Based on Condition 2, we know that the robot does not ac-
cumulate the knowledge regarding the target location from one
tour to another tour because no signal has been perceived be-
fore the moment the searching mission is accomplished. Note
that a tour can contain multiple intersections with the circle
in a general case. Tour definition is a way of partitioning
the trajectory and does not have to be synchronized exactly
with how the robot planner works. Hence, each tour length is
i.i.d. as long as the motion planner does not change its plan-
ning algorithm. Therefore, the searching process as a renewal
process.

During each tour, the robot spends some time inside the circle
and some time outside the circle, which are defined as 71y and
TouT, respectively. Hence, iy + Tout is the overall duration
for the tour.

The characteristics of renewal process allows us to compute
its limiting properties by focusing on individual periods. For
example, we immediately know that the long run probability of
being inside the circle is 715 /(7in + TouT) from the property
of renewal processes.

If the trajectory only intersects the circle once in each period,
when a tour begins, the robot first spends 7ix inside the cir-
cle followed oy outside the circle. This yields an alternating
renewal process. If there are many intersections between the
circle and the tour, then 7y and 7oy are not two continuous
time segments but a summation of many fragmented segments,
which can be computed by conditioning on the number of inter-
sections. For simplicity of analysis and due to the limited space,
we will focus on the single intersection case in the rest of paper.
Readers can follow our methods to analyze multiple intersection
cases.

B. Modeling the EST

Without loss of generality, we assume the robot starts the
searching process from the origin which is on the boundaries
of the searching space. It takes some time to reach the circle
where the first tour starts. Let us define the time as delay D.
From Conditions 1 and 2, we know that the robot cannot find
the target in D. The searching process is a delayed alternating
renewal process. Define T’ as the time to find the target after the
robot enters the repetitive tours. Hence, the EST is as follows:

E(T:) = E(D) + E(TY). (1)

Define N as the number of signal transmissions during 7y
in a tour. Since the arrival process of the signal transmission is
Poisson, /N conforms to a Poisson distribution

67)”—11\' ()‘TIN )k
k! ’
We know that event N > (0 means that at least one signal trans-
mission happens during 7yn. This means the target is found.
Therefore, we can compute F(7T¢) by conditioning on N

E(TS) = E(TSIN > 0)P(N > 0)+ E(T:|N =0)P(N =0)
3)
where P(N >0)=1— e=*x and P(N=0)= e~ AN ac-
cording to (2). Note that N < 0 is not possible due to the fact
that IV is a counting variable.
Now let us compute E(TS|N > 0). Since event N > 0 is
equivalent to event 7y < 7yN, we have

P(N =k) = k=0,1,2,...,00. (2)

E(TEIN > 0) = B(TS TS < my) = - - 2N )
A1 —eAmy
because the conditional distribution T |T¢ < 7y is a truncated
exponential distribution [1], [27]. It is worth noting that (4) is
valid only if 7;x > 0, which is guaranteed according to Defini-
tion 1. However, we know

E(T:|N = 0) =TIN + TouT + E(T;) )

because the robot cannot find the inactive target in the current
tour and has to start all over again in next tour.

Plugging (4) and (5) into (3) and (1), we have the following
result.

Theorem 1: Given the expected time E(D) for the robot to
reach the circle, the Poisson arrival rate A of target signals, the
traveling time 7yy inside the circle, and the traveling time 7oy
outside the circle, then the EST of the target is as follows:

e*)\TL\I

1
E(T;|nin, TouT) :E(D)'FX‘FTOUT (6)

1—e Ay’

This is a conditional expectation because 7y and 7oy T are often
random variables. Since F/(D) and A are independent of 7y and
TouT, the unconditional EST can be obtained as follows:

7)\.7’11\[
e
. 7
1— e Ay ) @
The formulation of EST given in Theorem 1 has a surpris-
ingly succinct format revealing the relationship between the

E(Ts) = E(D) + % + E (TOUT
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Fig. 2. (a) Sample motion plan for the SM. (b) How a tour (line /) intersects

the circle of the target.

EST and the corresponding variables. To further explain (7), let
us consider the following extreme cases.

Case 1: When A — oo, it means that the target continuously
transmits signals. The searching time becomes the time that it
takes for the robot to enter the circle. The problem degenerates
to the traditional coverage problem, where F(T;) = E(D).

Case 2: When toyt = 0, it means that the signal emitted
by the target is so powerful that the circle defined by d; can
cover the entire searching space. In this case, E(D) = 0. Hence,
E(T;) = 1/A, the mean interarrival time of signals. The robot
finds the target as soon as the target emits a signal.

Remark 1: Tt is worth noting that (7) does not depend on a
particular motion plan or the shape/dimension of the searching
space, which makes it widely applicable in practice. Indeed,
the EST can be also applied to analyze searching tasks carried
by humans. In many cases, the signal transmission rate X is
known; E(D) can be estimated based on observations; 7jx can
be estimated based on d, and v; and 7oy can be measured
based on observations that how often a robot would revisit a
region with the same size of the circle. Based on the known
information and online measurements, we can even predict the
EST for an ongoing searching process regardless its motion
plan, which is of great importance in applications, where the
searching time literally means life or death.

V. ANALYSIS OF COMMON SEARCHING STRATEGIES

Theorem 1 can be used to analyze the searching performance
under different robot motion plans and configurations. We begin
with demonstrating how Theorem 1 can reveal the difference
between two motion plans from common coverage methods:
the SM and the RW.

A. Slap Method Versus the Random Walk

1) Slap Method: Also known as the trapezoidal decomposi-
tion [11],[12]inrobotics research, SM sequentially scans the en-
tire searching space back and forth. Fig. 2(a) illustrates the robot
motion plan for the square case. The plan is a set of y-axis paral-
lel lines [appears as vertical lines in Fig. 2(a)] that cover the en-
tire searching space. The vertical lines are interconnected using
the boundaries of the searching space to formulate a complete
tour. To guarantee an intersection between the circle and the tour,
the distance between adjacent vertical lines is set to be 2d.

The red “x” in Fig. 2(a) indicates the starting point of the
tour. Since tours are exactly the same in the SM, the subsequent
tours start exactly at the same location. The overall tour length
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is approximately a? /(2d,). Given the robot speed v, it takes
a2
2ud,

time for the robot to finish the tour. Since the target could be
anywhere in the searching space with equal probabilities, we
obtain

®)

TIN + TouT ~

_(nx +71our) @
E(D)~ 2 T dwd, ©)
To use the result in Theorem 1, the remaining undetermined
variable is 7y. Let us define Dy as the distance traveled in-
side the circle. Dyy is the length of intersection when the line
intersects the circle, as illustrated in Fig. 2(b). Here, we ignore
the boundary effect, where the circle is not a full circle because
a > d,. Line [ in Fig. 2(b) is a part of the tour. When [ intersects
the circle, we define D; as the distance between the center of
the circle and the line. Since the target is uniformly distributed
in the 2-D space, D; ~ U/(0, d;) is uniformly distributed. From
Fig. 2(b), we know

D 2\/d? — D?
my == = =L (10)

Plugging (8)—(10) into (7) and conditioning on D;, we have

a? 1 a? 2,/d? — D?
E(T,|D)) ~ - - s L r D
(T:1D1) 4vd, +k+ (21}dS v o0 1)
(11)
where
1
¢(x, D) = (12)

o2& =D} v _ 1'

Since a > d, TouT > TN, and 24/d? — Dl2 /v is negligible if
compared with a? /2vd,, we have

ETID) ~ -+ 1 % 46 by (13)
SV qod, T 20, 0T
Hence, we have the EST for the SM
ds 1
E(Ts) = E(Ts|D; = 6)—do
6=0 ds
a? 1 a?
~ Y ds>)”
4vdy + A + 2vdsg( )

where

4ol
o(d) = EG(.D)) = [ oaas  (5)

Let 6 = d cos 6, we can transform (15) into

/2 1
o(ds, 1) :/9

————sin 6d#.
—0 e?)\d_q sinf/v _ 1

(16)

When A and d, /v are very small, (15) can be further simplified

TV
dsa)‘ ~ -
glds, )~ o
Remark 2: Equation (14) suggests that a fast robot (large v)
with great sensing distance d; reduces the EST. This conclu-
sion agrees with our intuition that mobility and sensing are the

A7)
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Fig. 3. Robot motion plan based on a 2-D lattice-based RW. Two types of

tours are illustrated here. (a) Closed tour. (b) Unclosed tour.

key elements in searching. However, it also takes the target’s
cooperation to further reduce the EST. When the robot reaches
its speed and sensing limit, the only way to reduce EST is to
increase 1. Of course, the target usually has energy constraints
and cannot arbitrarily increase A.

The analysis assumes the distance between vertical lines is
2d, which ensures there is only one intersection between the
circle and the tour. When a smaller spacing is used, the overall
tour length increases, and so does 7yx. The analysis is slightly
more complicated because it needs to be conditioned on the
number of intersections between the tour and the circle. The
results actually share a similar format with (13) and the same
asymptotic properties with respect to a, v, and A. Since our focus
is to compare the asymptotic behavior of the SM with that of
the RW, we omit the analysis here.

In the earlier calculation, we ignore the boundary effect on
the final result. When the circle is located at the boundary of the
square, distance Dyy cannot be computed using (10). Since the
target has to be located within d distance of the boundary for
the boundary case, the probability that such an event happens
is less than 4d,a/a® = 4d,/a < 1, since d; < a. Hence, its
impact to the final EST is negligible because Dy for such a
case is not significantly different from that of the nonboundary
case. Therefore, we will ignore boundary effect in the rest of the
paper.

2) Random Walk: Another popular motion plan is to employ
a2-D RW to traverse the searching space. Asillustrated in Fig. 3,
we partition the entire searching space using a 2-D finite lattice
with a spacing of 2d, in each dimension. Denoting N, as the
number of lattice nodes, we have N, = a?/4d? nodes. A finer
lattice is possible but usually associated with higher energy cost
because the robot has to make a lot more turns.

The robot always moves from one lattice node to its neighbor-
ing node with equal probabilities. The robot does not cross the
boundaries. According to [28], this is a finite 2-D lattice with
reflective boundaries. Recall that a tour starts at the moment
the robot enters the circle. Since the robot might not enter the
circle at the exactly same location in different tours, each tour
is not necessarily a completely closed curve as that in the SM
case. The closed curve tour in Fig. 3(a) only happens with a
probability of 1/4, whereas the unclosed tour in Fig. 3(b) has a
probability of 3/4.

To compute the EST given in (7), we need to compute E(D).
Recall that the robot always starts at origin. Given the location of
target (X, Y;), computing the mean time that it takes the robot
to follow the RW to reach a particular location (X;,Y;) is the
mean first passage time (MFPT) [29], [30] problem in stochastic
modeling. The exact solution to this problem is expressed in
the format of pseudo-Green functions and cannot be explicitly
analyzed. Since a > d;, there are a large number of nodes
a®/4d? in the 2-D lattice, and each robot move takes 2d; /v
time. Hence, we can apply the recent results of MFPT using its
asymptotic format in [31]

a2
Sod, (ao +oapIny/X? + Y,_?) (18)

where oy and o are constants and can be determined by Monte
Carlo methods. According to [31], oy and oy strikingly do not
depend on lattice size but on local transitional properties. Hence

E(D|X:,Y;) =

a a 1
BD)= [ [ BOIX =2Yi=g) dedy  (19)
o Jo
2 a a
o0, o //ln\/xQ—i—dexdy. (20)
2udy,  2vds Jy Jo
Since
“ore - 2In2 —
//lnx/x?erzd:vdy:annaJr7r+fn6a2
o Jo
we have
a’ T+2In2 -6
FE(D) =~ 1 _ . 21
(D) QUdS(Oéo-f—Oél na+ o 1 ) (2D

The remaining unknown term in (7) is E(tour (e’)”“\' )/
(1-— e~ A )). Given the robot speed v, Tyx is uniquely deter-
mined by the distance in the circle Dy, which is independent of
the overall trajectory. In addition, E(tout) = E(TouT + 7Ix),
given that ¢ > d,. Hence

e—A.TIN
1—ehtny )

E <7'0UT N
(22)

— e_)‘-TIN
Since the 2-D lattice-based RW is undirected and symmetric
in transitional probability, from [32], we know that the stationary
probability of visiting node 4 is m; = ng(i)/2m., where ng(i)
is the degrees of freedom of node ¢ and m, is the total number
of edges in the lattice. For a nonboundary node, n4(7) = 4 and
m. ~ 4N,. Hence

e—)\-TII\'

> ~ E(rour + 1in)E (

1 4d?

N,  a*’

Without loss of generality, we assume node 7 is the node closest
to the target. This means that 7; is the long run probability
that the robot intercepts the circle. Let (z;,y;) be the node i’s
position. Given node 7 is the nearest node to the target and recall
target location is (X3, Y;), then we know |z; — X¢| < d; and
ly; — Y;| < ds based on the lattice definition. Therefore, the
conditional probability that the robot is inside the circle, given
that node 7 is visited, is the area ratio between the circle and the
square with a side length of 2d,: p,; = md? /4d? = /4 because

™, =
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(a) (b)

Fig. 4. How the robot trajectory in solid line intersects the circle. (a) Scenario
1) When the nearest lattice point on tour is located outside the circle. (b) Scenario
2) When the nearest lattice point on tour is located inside the circle. The dashed
line in the figure is part of the lattice.

the target is uniformly distributed in the searching space. Hence,
the unconditional long run probability that the robot stays inside
the circle is p. = p,;m; = wd2 /a®.

We can obtain the same long run probability using the
renewal-reward theorem [1] if we view 7yy as the reward func-
tion for each period

E(r wd?
_Bw) pe = —5. (23)
E(rout + 7n) a
Plugging (23) into (22), we have
—)\.TL\] 2 —)\.TIN
e a e
E — |~ —F El ——|.
(TOUT o ) o (71x) (1 v )

(24

Now, we focus on the computation of 77y . Since the lattice has
a spacing of 2d,, two scenarios exist when the tour on the lattice
intersects the circle: 1) The next lattice point on the tour is inside
the circle, and 2) the next lattice point on the tour is outside the
circle, as illustrated in Fig. 4. Let us define events that scenarios
1) and 2) happen as events I; and F,, respectively. Since the
circle center is uniformly located in the searching space
wdl w

P(Ei):4d2 —Zzl—P(Eo)-

(25)

When event E,, happens, we know that the robot trajectory
intersects the circle as a straight line, as shown in Fig. 4(a).
Hence, we have

TiN|Ey = — (26)

where Diy is defined in (10), and the right side of | is the
condition for the equality to be true. This is a notation convention
widely used in stochastic modeling [1]

mdg
FE E,)) = 2
(1in | Ey) 7 (27)
e—)vfm
El—S—|B, | =g(d,n). (28)
1 — e~Anx

When event E; happens, one lattice point is inside the circle.
As illustrated in Fig. 4(b), the lattice point inside the circle par-
titions the lattice edges inside the circle into four parts: [1, ls, 3,
and /4. When a robot trajectory intersects the circle, the part of
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the trajectory inside the circle can be divided into two segments,
which are defined as L’ and L”, respectively. L’ refers to the
segment that the robot takes to arrive at the lattice node and
L" refers to the segment that the robot takes to leave the circle.
Hence

Ll + LII

TIN‘EZ' = . .

Since L' and L” have equal probabilities to take l1, lo, I3, and I4,
there is a total of 2* = 16 combinations. Conditioning on the 16
(L', L") combinations and the circle center location (X;,Y}),
we obtain the same results, as shown in (27) and (28). Com-
bining those results for the E; and E, events by conditioning
on them, we have the unconditional expected values E(7y)

and E (e 275 /(1 — e Am )) coincidentally sharing the same

formats, as in (27) and (28), respectively. Plugging the two ex-
pectations, (21) and (24) into (7), we can obtain the EST for the
RW case

2
+2In2—6
E(T5) Q2Zd. (ao + o lna+a1ﬂf>
1 a’
=+ ——g(ds, 1). 29
+)\+2d5vg(‘ ) (29)

Comparing (29) with (14), we have the following conclusion.

Corollary 1: With the same square field side length a, the
sensing range d, and the signal transmission rate A, the EST
value of the SM is asymptotically smaller than that of the RW
when a — 0.

Proof: It is straightforward because E(T,) = O(a?) for the
SM from (14), while E(T}) = ©(a* In a) for the RW according
to (29). |

So far, our analysis are limited to cases in open 2-D Euclidean
space. It is possible to extend the analysis to more general cases
if certain conditions are satisfied.

Remark 3: For 2-D space with obstacles: The 2-D space
must be fully connected. The trajectory generated by motion
planner should ensure the uniform coverage of the searching
space for the SM. For the RW, the lattice may not be regularly
shaped as in the paper. To ensure the long run uniform coverage,
the transitional probability at each node should be symmetric.
These conditions are common in many search tasks. When the
conditions are satisfied, then both Theorem 1 and Corollary 1
hold.

Remark 4: For 3-D cases: The target circle becomes the target
ball. Theorem 1 can be directly applied to 3-D cases, but the
analysis of the SM and the RW needs to be modified. For exam-
ple, the searching space size should be measured by its volume
instead of its area. The results for the 3-D SM and the 3-D RW
are different, but the overall approach should be similar. The ex-
tension should be straightforward. Since most searching tasks
are 2-D, we focus on 2-D cases in this paper.

Note that although slower than that of the SM, RW-based
methods have memoryless property and do not require complex
coordination and communication, which results in more and
cheaper robots. A comparison between cheap robot team and
ASER is the next goal.
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B. Analysis of Different Robot Configurations

Theorem 1 can also be used to analyze cases under different

robot configurations. Here, we compare two configurations:

1) Low-cost robot team case: We have n identically con-
figured low-cost robots. To coordinate the searching, we
partition the searching space into n subsquare fields with
an area of a® /n each and allocate one robot for each sub-
square field.

2) A single expensive robot case: We have an expensive robot
equipped with a highly capable sensor that has a sensing
area equal to the combination of those of the n low-cost
robots. If each of the low-cost robot has a sensing range
of d;, then the area of the combined sensing region for n
robots is nd? provided that there is no overlap of sensing
region between any two robots. Therefore, the sensing dis-
tance for the expensive robot is set to d, = \/nd; to ensure
ASER has the area of sensing coverage that is no less than
that of low-cost robot team (LCRT) at any given time.

We are now ready to compare these two robot configurations.

Since the SM is asymptotically faster than the RW, we build on
the SM results in (29). For the LCRT, only one robot actually
has the target in its subfield. Hence, the rest of n — 1 robots are
irrelevant in the searching process. Compared with the original
EST in (29), we just need to replace a with a//n. Defining the
searching time for the LCRT as T, we have

2 1 2

BT ~ 4v(:1d5 P 2;;(159 (d,2). GO
Defining the searching time for the ASER as 77, we have
a? 1
BT~ poma Qde 9(vnds,2). (3D
From (16), it is straightforward to see that
g(v/nds, 1) — 0 as n — oo. (32)

Therefore, we have the following conclusion.

Corollary 2: When traveling at the same velocity v, the LCRT
can find the target asymptotically faster than the ASER does
when n increases, if 1/A is not the dominating factor in the
EST.

Proof: From (31) and (32), we know E(T)) = ©(1/y/n +
1/A). From (30), we know E(T7) = ©(1/n + 1/A). Hence, the
conclusion follows. [ |

If we use RW in comparing LCRT and ASER, Corollary 2
still holds. We skip the analysis because the EST of RW shares
a similar format of that of the SM and the proof is similar as
well. Note that the conclusion is established based on the circular
sensing region, the result would be different if a different sensing
topology is used.

Remark 5: This analysis also shows that if there are cost
functions associated with the number of robots, different sen-
sor options, or different velocity options available, we can use
the EST results as an objective function to optimize the robot
configuration for the task.

The result in Corollary 2 is actually not very intuitive at the
first sight. We have not expected such a significant difference in

Fig. 5. Linear SSC during a unit time.

the comparison. This conclusion is rather interesting because it
shows that an expensive robot with superior sensing capability
is not as good as a large number of low-cost robots with less
capable sensors when searching for targets that intermittently
transmits short duration signals.

A more intuitive explanation of the result in Corollary 2 is
that the ability of searching is directly determined by SSC of
the moving robot.

Definition 2: Given the robot travels at a speed of v with a
sensory radius of ds, SSC is measured by the area of the swept
region per unit time asgc -

For example

agsc = md? 4 2dsv (33)

for a robot travels along a line (see Fig. 5). For a LCRT with the
SM-based trajectories, SSC is the summation of n nonoverlap-
ping robots: 7rnd§ + 2ndsv. However, SSC for the correspond-
ing ASER becomes wndz + 2y/ndgv, which is less than that of
LCRT. This is consistent with the result in Corollary 2.

When the robot does not travel along a line during the unitary
time, its SSC becomes inevitably smaller than that in (33). For
example, during the RW, the robot makes a lot more turns than
that of the SM, which decreases SSC over the course of searching
and results in a longer EST, as shown in Corollary 1.

The SSC analysis can also be used to predict the behavior
of two different RW setups for the robot team. In the afore-
mentioned LCRT setup, we partition the searching space into n
equally sized subareas, which is defined as LCRT-P-RW with
P-RW stands for the partition-based RW. As we know, the EST
of LCRT-P-RW is longer than that of LCRT with the SM, which
is abbreviated as LCRT-SM. Another possible way of coordinat-
ing n RW-based robots is that we do not partition the searching
space but release all n robots at the same origin and let them
compete. The searching stops when any robot finds the target.
We name the method as LCRT-C-RW, where C-RW stands for
the competition-based RW. For the LCRT-C-RW process, we
can compute EST using order statistic [33], since the searching
time is the smallest of n i.i.d. random variables. Although the
resulting EST can be obtained either analytically or computa-
tionally [34], it cannot be expressed in a simple closed-form
format for comparison study. We will not elaborate the pro-
cess. However, the introduction of SSC can quickly compare
LCRT-C-RW to LCRT-P-RW:

Lemma 1: The expected SSC of the LCRT-P-RW is always
larger than that of the LCRT-C-RW.

Proof: In the LCRT-C-RW process, there is a nonzero proba-
bility p, that the sensing region between robots overlaps, which
reduces its effective SSC, whereas the LCRT-P-RW does not
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a, A, dg, and v, respectively. SM stands for the slap method. RW stands for the

RW. Model means the model prediction of the EST. Meas. means the measured mean searching time. (e) Simulation results for comparing four different robot
configurations. Recall that LCRT stands for the low-cost robot team and ASER stands for a single expensive robot.

allow the overlap to happen. Let us define agsc—p and agsc—c
as the SSC for LCRT-P-RW and LCRT-C-RW, respectively.
Denote €, as the reduction of SSC caused by the overlap. Con-
ditioning on the overlapping event E’, we have

E(assc-c) = E(assc—c|E')(1 — p,) + E(assc—c|E")po
= E(assc—p)(1 —po) + (E(assc-r) — E(€a))po
< E(assc-p) (34)

since €, is positive. |

Remark 6: This result indicates that the searching efficiency
of LCRT-C-RW is not as good as LCRT-P-RW. Actually, the
combination of EST and SSC analyses can help us to identify
the most efficient coordination strategy with respect to different
searching space partition, robot allocation, or robot formation
methods for the robot team. Two interesting observations can
be summarized here.

1) For the robot trajectory, try to search in straight lines to

maximize the SSC. An optimal control problem can be
formulated if searching directions are forced to change
due to searching space constraints.
For the robot team, try to avoid overlapping among search-
ing regions of robots. Partitioning the searching space is
a good practice. We could also use a particular formation
to achieve this.

2)

VI. EXPERIMENTS

We test our results using Monte Carlo simulation and physical
experiments.

A. Simulation

Simulation allows us to examine theoretical results across
complete parameter ranges without the limitation of hardware
conditions. The simulation results are illustrated in Fig. 6(a)—(e).

TABLE I
PARAMETER SETTINGS FOR RESULTS IN SIMULATION
AND PHYSICAL EXPERIMENTS

Figure a (m) A (1/sec.) | ds (m) v (m/s)
Fig. 6(a) 100-1000 0.1 1.0 1.0
Fig. 6(b) 200 0.1-1.0 1.0 1.0
Fig. 6(c) 200 0.1 1-10 1.0
Fig. 6(d) 200 0.1 1.0 0.01-100
Fig. 6(e) 200 0.1 1.0 1.0

Figs. 9&10 100 0.1 0.2 0.20

Each data point in those figures is an average of 10 000 inde-
pendent trials. At the beginning of each trial, we reset the robot
position to be at (0, 0) and generate the target location according
to a 2-D uniform distribution. We then run the robot according
to the selected motion plan and finish the trial as soon as the
target is found.

1) Validating Theorem 1 and Corollary 1: We test Theorem
1 using both the SM and the RW because Theorem 1 is supposed
to be independent of motion plans. The simulation is set up with
different a, XA, ds, and v settings in Table I. In each setting,
we collect both the model predicted EST and the measured
mean searching time. The measured mean searching time is
the average of the searching time over the 10 000 trials [the
“Meas.” values in Fig. 6(a)—(d)]. The model predicted ESTs,
which are the “Model” values in Fig. 6, refer to the predicted
ESTs according to the measured D, A, Tin, and ToyT values
in the experiment. In other words, we record their values and
average them over the 10 000 trials to obtain the estimation of
1/x, E(D),and E(tour (e ™) /(1 — e 271%)). We then feed
them into (7) to obtain the model prediction of the EST.

As illustrated in Fig. 6(a)—(d), the model prediction is consis-
tent with the measured mean searching time under all settings.
The curve trends with respect to a, A, ds, and v in Fig. 6(a)-
(d) are also consistent with our analysis in (14) and (29). The
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(®) (c)

Fig.7. (a) Mobile robot used in the experiment. (b) Xbee Pro RF module used
as the signal source, which is the target. (c) RF radiation pattern of the Xbee
Pro. This plot is from the product specification sheet of Digi International Inc.
This is also the shape of the real-sensing region.

EST increases as the field side length a increases. The EST de-
creases as A, dg, and v increase. All figures show that the RW
is slower than the SM. In particular, Fig. 6(a) is consistent with
the asymptotic difference in Corollary 1.

2) Validating Corollary 2 and Lemma 1: We have also im-
plemented different LCRT and ASER robot configurations.
Again, the parameter settings are in the Table I. The measured
ESTs for both the configurations are shown in Fig. 6(e). It is
clear that the EST for the LCRT-SM is always much smaller than
that of the ASER-SM. This is consistent with Corollary 2. In
addition, the EST for the LCRT-P-RW is always much smaller
than that of the LCRT-C-RW, which is consistent with Lemma
1. What is interesting is the fact that the EST of the LCRT-P-
RW is initially bigger than that of the ASER-SM but becomes
smaller than that of the ASER-SM as n increases. The curves in
the figure also show the general trend that the EST decreases as
the n increases. This is consistent with our analysis. In addition,
as n becomes large, the curve levels at a nonzero value. This
indicates that the signal transmission rate dominates the search-
ing time in this case. Hence, it is not desirable to arbitrarily
increase n because the marginal benefit would decrease. Actu-
ally, with an appropriate cost function, readers can extend the
analysis to find an optimal number of robots for a given search-
ing task. This would be very meaningful in resource-constrained
searching process.

B. Physical Experiments

1) Hardware and Experiment Setup: In the physical experi-
ment, we use a mobile robot to search for a buried intermittent
radio beacon (see Fig. 7). This process emulates the search of a
black box after a plane crash. The robot is custom made in our
laboratory. The robot measures 50 x 47 x 50 cm?® in size. The
robot has two front drive wheels and one rear cast wheel and
uses a typical differential driving structure. During the experi-
ment, the robot traveling speed is set at 20 cm/s. The maximum
robot operation time between recharging is 4 h. Buried under the

Fig. 8. Physical experiment settings for the “accelerated” configuration. (a)
Shaded area covers the circle. (b) Close-up view of the experiment setup for the
shaded area and the overhead camera.

floor, the target is a Zigbee radio source, which is an XBee Pro
node [see Fig. 7(b)] with a chip antenna from Digi International
Inc. (formerly known as MaxStream Inc). We program the radio
to allow it to transmit one packet every 10 s (A = 0.1).

One notable difference between the simulation and the phys-
ical experiment is the shape of the sensing region. Although the
radio antennas are omnidirectional, the radiation pattern [see
Fig. 7(c)] is irregular. The shape of the radiation pattern is the
shape of the sensing region. Since ¢ = 100 m in our settings, we
decrease antenna sensitivity to ensure a >> d. After calibration
and adjusting antenna sensitivity, we approximate the recep-
tion region with a circle (d; = 0.2 m). The physical experiment
parameters are summarized in Table 1.

Since the robot has a slow speed and a small sensing region,
recall that the field size is 10* m?2, it is estimated that it takes
the robot at least 10 s to find the target. However, the robot
only has 4-h continuous operation time due to our hardware
limitations. When the robot travels outside the sensing region,
it cannot receive signals and does not provide information for
the searching process. Therefore, we setup the experiment in
an “accelerated” configuration. In this configuration, we do not
drive the robot according to the motion plan when the robot is
far away from the signal source. Instead, we fast forward the
time to the next moment that the robot is close to the signal
source. Fig. 8 illustrates the setup. The shaded area in Fig. 8(a)
is the region, which is a square with a side length of 4d,. The
region fully encloses the sensing region as shown in the figure.
The robot obtains its location from an overhead camera, as
illustrated in Fig. 8(b). The overhead camera is an Arecont
Vision 3100 networked video camera. The camera recognizes
color markers on the top of the robot, and computes the robot
position and orientation subsequently. Configured at a 640 x
480-pixel resolution, it is capable of reaching an accuracy of
+2.0 cm with 16 Hz frame rate.

We first validate Corollary 1 in the physical experiment. The
results are summarized in Fig. 9. Each entry is an average of
100 trials. The marker positions indicate the mean value of
the 100 trials and the vertical bars are the range of +o, with
o being the standard deviation. The entries with solid vertical
bars are physical experiment results, whereas the entries with
dashed vertical bars represent the corresponding simulation re-
sults. As shown in the figure, the physical experiment results are
consistent with those of the simulation despite the significant
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Fig. 10. Comparing the EST of different LCRT and ASER configurations.

difference in sensing region shape. Both results confirmed that
the SM has a shorter EST than that of the RW. Unlike the simu-
lation, we cannot repeat the experiments under a large range of
various parameter settings due to hardware limitations.

In the second setup, we validate Corollary 2 and Lemma 1
by comparing different LCRT and ASER configurations. The
results are shown in Fig. 10. Again, we follow the same legend
convention of mean and standard deviation, as in Fig. 9. Each
entry indicates the mean value and the standard deviation of
100 trials. The simulation results and the physical experiment
results are consistent. The results conclude that the increasing
order of EST of all configurations is as follows:

{LCRT-SM, ASER-SM, LCRT-P-RW, LCRT-C-RW,
ASER-RW}

with LCRT-SM being the best and ASER-RW being the worst
searching methods, respectively. This result is consistent with
Corollary 2 and Lemma 1. In addition, the fact that ASER-
SM is faster than LCRT-P-RW and ASER-RW is slower than
LCRT-C-RW is rather interesting and worth further study in the
future.

VII. CONCLUSION AND FUTURE WORK

We analytically modeled the EST and SSC for a robot with
a limited sensing range to search for a target that intermittently
emits short duration signals. We presented the closed-form
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model for the EST. The EST model is motion-plan indepen-
dent and can be used to analyze different motion plans or robot
configurations. We demonstrated the analysis process using two
case studies. In the first case, we analyzed the SM and the RW
and found that the SM is asymptotically faster than the RW. In
the second case, our analysis revealed the interesting result that
a LCRT is always asymptotically faster than an expensive robot
when the sensory coverage is the same. In both cases, the re-
sults demonstrated the usefulness and the capability of our EST
analysis. Our theoretically results were extensively tested using
simulation and physical experiments. The experimental results
were consistent with the analytical models.

This paper will lead to a rich set of exciting future work. As
an extension, we will analyze cases, where multiple targets are
needed to be searched. We will also develop the EST metrics
for the searching of a moving target, an uncooperating target,
or multiple sensor combinations. Different sensor models will
also be considered. In addition, we also need to consider cases,
where obstacles clutter the searching space.
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